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PREFACE  TO  THE  EIGHTEENTH  EDITION 


It  gives  me  great  pleasure  in  bringing  out  the  Eighteenth 
Edition  of  this  book  in  such  a short  time. 

This  book  has  been  thoroughly  reviseed  according  to  the 
latest  Syllabuses.  A number  of  new  examples  selected  from  recent 
examinations  papers,  have  been  added. 

Besides  giving  due  credit  to  the  printers  and  publishers,  I 
express  my  thanks  to  the  professors  and  students  for  the  apprecia- 
tion and  patronage  of  the  book. 

Suggestions  for  further  improvement  of  the  book  will  be 
highly  appreciated . — Author 


PREFACE  TO  TH  E FIRST  EDITION 

The  present  book  comprising  the  subject  “Dynamics’*  is 
meant  for  the  students  appearing  in  the  B.  A.  & B.  Sc.  Examina- 
tions’Qf  All  Indian  Universities.  Efforts  have  been  made  to  make 
the 'treatment  logical  and  simple. 

I gratefully  acknowledge  my  indebtedness  to  various  authors 
and  publishers  whose  books  have  been  freely  consulted  during  the 
preparation  of  this  book. 

I shall  be  gntteAil  to  the  readers  for  pointing  out  errors  and 
omissions  that,  inspite  of  all  care,  might  have  crept  in. 

I look  forward  to  the  suggestions  from  the  readers  for  the 
improvement  of  the  book.  v —Author 
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Mothemottes  For  CM**1®?* 

COMPETITIONS 

(TWO  VOLUMES  ) 

By : 

Prof.  r.  N.  mKrTt^S} .ta, hematics 


Velocity  and  Acceleration 

§ 1,  Definitions  ; 

Dynamics.  It  is  that  branch  of  Mathematics  which  treats  the 
bodies  in  motion  (a  body  is  said  to  be  in  motion  if  it  changes- 
position  with  respect  to  the  surrounding  objects). 

Space.  The  region  in  which  different  events  occur  is  called 
space. 

A body.  A portion  of  matter  occupying  finite  space  i.e.  limi- 
ted in  every  direction  is  called  a body. 

A particle.  A particle  is  defined  as  a body  which  is  so  small 
that  for  the  purpose  of  reasoning  its  position  at  any  instant  coin- 
cides with  a geometrical  point. 

Path  of  n particle.  A particle  occupies  different  positions  in 
space  while  in  motion  and  the  curve  joining  such  positions  of  a 
particle  is  known  as  the  path  of  the  particle. 

Rigid  Body.  A rigid  body  is  defined  as  the  agglomeration  of 
innumerable  particles  which  does  not  change  Its  size  or  shape  and 
the  distance  between  any  two  particles  ofit  remains  canstant  thro- 
ghout  the  motion. 

> According  to  the  above  definition  of  particle  and  rigid  body 
Dynamics  has  further  been  divided  into  two  parts  viz.  Dynamics 
of  a particle  and  Dynamics  of  a rigid  body. 

In  order  to  describe  the  motion  of  particle  or  of  a rigid  body 
two  things  are  necessary,  (i)  a frame  of  reference  and  (ii)  time- 

Frame  dr  Reference.  'Motion  relative  to  surrounding  objects 
can  only  be  described  and  motion  implies  change  of  position  in 
space.  ■ To  locate  the  position  of  an  object  an  origin  O and  a set 
of  axes  .through  O are  needed.  In  general  a system  of  two  or  three 
rectangular  Axes  through  O are  chosen  as  a frame  of  reference.  In 
the  case  of  bodies  moving  on  or  near  the  surface  of  the  earth,  O is 
generally  chosen  on  the  surface  of  f***  ""d  ♦*''*  through 

, O fixed  with  reference  to  the  earth.  . ■ . r 1 ‘ “ 

of  the  planets  generally  a frame  of  : ,r*  1 1 r 

origin  at  the  centre  of  the  sun. 

'Time.  It  is  the  measure  of  succession  of  events.  Its  unit  is 
. ^generally  taken  as  second,  though  it  is  sometimes  taken  as  minute 
or  hour  also'.  _ -- 

§ 2.  Speed  The  speed  of  a moving 'point  or  particle  is  the 
rate  at  which  the  point  or  the  particle  is  describing  its  path  which 
may  be  a straight  line  orja  curve.  - .39/1/1 
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then  the  particle  has  traversed  the  distance  PQ  ( ~Sx)  in  time 

(/+$/)-//.{?.  8/. 

k »*.  The  displacement  of  the  particle  in  time  5f=8.*. 

Average  velocity  of  the  moving  point  during  the  interval 
' p.-  > ».  displacement  in  the  time  Sf  _ Sx 

of  time  Sl=  r ,.me  a— sT‘.  . 

A Velocity  at  P at  time  t=  s^"#|~  =gf . 

and  is  in  the  sense  of  x increasing.  This  velocity  dxjdt  is  also  , 
denoted  by  x,  where  dot  denotes  differentiation  with  respect  to  t. 

In  vector  notations : — 

‘ If  I be  the  unit  vector  a\0ngOA,  then  if  v be  the  velocity  vec- 
tor of  the  particle  at  P.  we  have 

. ' ' y —(dxfdt)  i and  it  is  in  the  sense  of  x increasing. 

Not<?:  Velocity  is  a vector  quantity  whereas  the  speed  is  a 
-scalar  one.  ^ 

Units  of  Velocity. '■ 

The  most  common  an  its  of  velocity  are  cm.}  sec.,  km.}hr.  and  ’ 

Msec. 

IF  L and  T denote  the  units  of  length  and  time  respectively 
then  the  unit  of  velocity  is  LT“V 

§ 4.  Uniform  and  Variable  Velocity. 

ip-  . ‘ ‘ -i  «. 


moving  with  uniform  velocity, 

- Uon  the  other  hand  either  the  magnitude  or  the  direction  or 
both  change  from  time  to  time  l.e,  from  point  to  point  then  the 
particle  is  said  to  be  moving  with  variable. velocity  and  this  may 
happen  when  the  particle  is  moving  in  a straight  line  or  a curve. 
Acceleration  at  a point. 

.Definition.  The  rate  of  change  of  velocity  with  respect  to  time 
is  defined  as  the  acceleration. . 

- ' A If  the  particle  has  a velocity  v at  P at  time  i and  has  a 
velocity  v-4-Sv  at  Q at  time  t- f-S/,  ie.  after  an  interval  or  time  S/, 
then  in  time  St.  the  change  in  velocity  =s(r+$r)— v— Sv 
, . ,.\  -'Average  rate  of  change  of  velocity =Sv/S/ 

A,  Rate  of  change  of  velocity  =*  ^ 

or  acceleration  et  time  t or  rt  ^ 

- . But  as  proved  in  § 3 Page  2 of  this  chapter,  we  have  1 
Jhe  velocity  v of  the  particle  at  P^dxfdl  ' 


Dynamics 


From  (i),  we  get  acceleration  at  time 


935-44  . 


dv__  fdx\ 
dt  dt  \dt  / ‘ 


J*x 

"<R* 


. , dv  dvdx 

Also  we  can  write  7-  as  7-  £ 

dt  ax  at 


T' 

dx 


dv 


Hence  the  acceleration  of  a particle  moving  along  a. straight  . 
line  can  bo  expressed  in  three  ways  as 

dv  d*x  , dr  ‘ - , dt 

dt  ' dT*  aod  v dx  ot  V’  * and  Tx  (Remrmber) 

In  vector  notations  * 

We  know  from  § 3 Page  2 that  if  v be  the  velocity  vector  of 
the  particle  at  P then y=*{dxfdt)  l,  where  ! is  the  unit  vector,  in 
the  direction  in  which  x increases.  . ’ . , 

If  a is  the  acceleration  vector  in  thfr  direction  of!  l.e.  ifl 

direction  in  which  x increases/ then 
Also  *** 


where  1 

dt  dx  dt  dx v ' 


■ M 


(’£)'■  ••• 


dr 


r”rf  (Note)  ...{Ki) 

A'!0a»^  = ^(,l,=  (*)l  ' • ..  Jiv) 

Here  from  (ii),  (iii)  and  (iv),  we  conclude  that  the  magnitude 
of  acceleration  of  a particle  moving  along  a straight  line  can  vc 

d*x  dv  ■ .av 

expressed  as  before,  in  three  ways  as  jji  • v fa  and  37  ’ 

Note  1.  Magnitude  of  acceleration  vector  is  denoted  by  /or  u- 

Here  also  the  direction  of  acceleration  is  the  direction  in 
which  x increases. 

Note  2.  Acceleration  is  also  a vector  quantity. 

Units  of  Acceleration. 

The  most  common  units  of  acceleration  &re  cm./sec*,  km/.hr2, 
and  ft. /sec*. 

If  L and  T denote  the  units  of  length  and  time  respectively 
then  the  unit  of  acceleration  is  . __ 

Solved  Examples  on  § 3 to  $ 5. 

Ex.  1.  A particle  Is  moving  In  a straight  line  and  Its  velocity 
et  a distance  x from  the  origin  h ki/ia'—x*).  Find  the  acceleration 
and  nature  of  motion. 
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Sol.  Given  v-k^/ia'—x*)  ...(i) 

X-  - dvjdx—k.  i (a3-**)-*'3  (-2x)=-kxW(a*~x!)  ...(ii) 

Required  acceleration s=  v (dv/dx) 

- ^kV(a'-x*)  [~ta/v'(al-*,)J, 

from  (i)  and  (ii) 

~~k*x, 

which  varies  as  its  distance  from  the  origin  and  being  negative  is 
towards  it. 

Also  from  (i)  writing  v as  dx/dt,  we  can  get  • - 
. k df=[l/V'(a*-*,)l  dx. 

Integrating,  Ar/+c=sin"'1  (x/a),  which  gives  the  distance  of 
the  particle  at  a particular-instant. 

Ex.  2,  A particle  moves  along  a straight  line,  so  that  after 
seconds  its  distance  x from  a fixed  point  O on  the  line  Is  given  by 
(/~1).  Find  the  velocity  and  acceleration  on  each  occassion 
when  it  passes  through  O. 

Sol  Given  x*»<f  (f— l)=rs— /*  ,.,(i) 

dx/d/=3f3— 2/  ...(ii)  and  d,x/d/*=6t— 2 ...(Hi) 

From  (i)  when  the  particle  passes  through  O t.e.  when  x— 0 
we  get  0=/*— r3  or  r*  (r — 1)*=0  or  /^=0, 1. 

• t.e.' the  particle  passes  through  O,  at  two  instants  yiz.  when 
/-Oandf=*J. 

From  (ii)  at  r=0;  the  velocity  of  the  particle =0  and  at 
/=1,  the  velocity  of  the  particle=3  (1)*— 2 (1  )=3 — 2=»1  unit  of 
velocity. 

And  from  (iii)  at  f=0,  the  acceleration  of  the  particle 
= 6 (0) — 2= — 2 units/rec3. 

And  at  / = I,  the  acceleration  of  the  particle 

=6  (1)— 2 4 units/sec*.  Ans. 

Ex.  3,  A particle  moves  along  a straight  line  such  that  its 
displacement  x from  a fixed  point  on  the  line  at  time  t,  is  given  by 
7 ' x— f*— 9/3+24/-f  6 

, Determine,  (I)  the  Instant  when  tho  acceleration  becomes  zero, 

. (H)  the  position  of  the  particle  at  that  fostant  and  (ill)  the  velocity 
of  the  particle  at  that  instant. 

Sol.  > Given  x=*/s— 9/*-f  24/+6. 

- ' de!dt±3t*-l 8/+24  and  d3x/d/3=6/~18. 

- * (i) . When  the  aceleration  is  zero,  we  get 

cPx 

-j-j-  =0  or-  6r~l8«0  or  /«=3  units. 
dr . Atis. 

'(ii)  At  r=3;  from  x=tl— 9/*d-24/+6  we  have 

x=‘(3)*— 9 (3)3+24  (3)-h^=*24  units  - Ana. 

(iii)  At  f— 3,  from  dx/dt~3/<—18f'f-24  we  get  „ * 

, the  required  velocity— 3 (3)*— 18  (3)+24“— 3 units.  Ans.  , 
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Ex«  4 (a).  If  at  time  I the  displacement  s of  a particle  moving 
away  from  the  origin  is  given  by  sin  t+b  cos  t,  Gnd  the  velo- 
city and  acceleration  of  the  particle.  . * ■ 

Sol.  We  arc  given  that  s=a  sin  t+b  cos  t. 

Differentiating  with  respect  to  /,  we  have  the  velocity 
^=ds}dtT=a  cos /— b sin  t.  , : 

''  Differentiating  again  with  respect  to  t,  the  acceleration  . 

d*s  . , • . 

“ rfrt  c=”£,S,n  t-b  cos  t~-s.  . - . AnS> 

Ex.  4 (b).  A point  moves  in  a fixed  straight  path  so  <f»f 
s =^(f);  show  that  the  acceleration  is  negative  and  proportional  to  „ 
the  cube  of  the  velocity. 

Sol.  Given  ' . - 

Differentiating  w.  r.  to  t,  velocity =dsjdt=*\  t"v*. 

d*s  l * 

Again  differentiating,  = — ir~a/2 

or  -accclcration=s—|t_s/*= -^2  2 (velocity)8 


_ acceleration  _ 

or  "(velocity)8'  =-2«constant.  Hence  proved. 

Ex.  5.  If  a particle  moves  along  a straight  line  according  to 
the. la\v  va=ox  — hx8,  prove  the  27.  4 ( a—2f ) (a-f/)3,  where  a 

and  b are  constants  and  / is  the  acceleration.  » - . 

Sol.  We  are  given  v*=s ax—bx3  •••(*)  ( 

Differentiating  with’respect  to  x,  We  get 
2v  (c/v/r/x)=a-’3ftX* 

Acceleration (dv[dx)—%  [o— 36.x2 * *]  =/ (given)-  *•  0*0 
Now  4 (a-2/  ) (a  +f  )8  \ 


1 ‘ ’■  ■ ■ •.  ; ■ 1 , from(i) 

=27 bv*  - - -Hence  proyed. . 

Ex.  6.  Prove  that  if  a particle  moves  so  that  the  space  des- 
cribed is  proportional  to  the  square  ol  the  time  of  descriptMMi,  toe 
velocity  will  be  proportional  to  time  and  the  .rate  'of  increase  or 
velocity  will  be  constant.  _ 

Sol.  Given  x—kt*,  where  k is  a constant  of  proportionality. 

Differentiating  w.r.  to  t.  We  get  dxjdt—2kt  ' ^ 

l.t.  the  velocity  dx/dt  is  proportional  to  time  t. 

Differentiating  (i)  again,  acceleration^  ^ =2 k,  which  is 
constant  and  positive.  * - 

' Hence  the  rate  of  increase  of  velocity  Is  constant 
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Ex.  7.  A particle  moves  along  a straight  line,  the  law  of 
motion  being  s=>A  cos  (nr-f  k),  show  that  the  acceleration  is  direc-, 
ted  to  the  origin  and  varies  as  the  distance. 

Sol.  Given  s=A  cos  (n/+£). 

Differentiating  w.  t.  to  t we  gdt  dsjdt^=  —An  sin 

Again  differentiating  we  get  cos  (nt-\-k). 

or  the  accelerations  — h2s. 

The  negative  sign  shows  that  the  direction  of  the  acceleration 
is  in  the  sense  of  s decreasing,  l.e.  towards  the  origin. 

Also  acceleration  =f--n*.r,  l e.  varies  as- the  distance  s. 

Ex.  8.  A point  moves  in  a straight  line  so  that  its  distance 
from  a fixed  point  in  that  line  is  the  square  root  of  the  quadratic 
function  of  the  time  j prove  that  its  acceleration  varies  Inversely  as 
the  cube  of  the  distance  from  the  fixed  point. 

Sol.  Let  the  distance  of  the  particle  from  a fixed  point  on  the 
line  be  x at  time  r. 


Then  according  to  the  problem,  we  have 

, >vliere  a,  b and  c are  constants. 

• Different fating  (i)  with  respect  to  tK we  have 

r - wWr  (2'"+i'  - • fr°m  (i) 

.Again  differentiating  w.  r.  to  t,  we  get  the  acceleration 
• d'x  _ 2x  (2 a)~(lat+b)  2 (dxldl ) 
tit*  4x* 

-4«-(2  n,+f0.2-^±*r  ■ l dx 

, substituting  the  values  of 


(i) 


. Ax2 

Sax' -2  (2at+b)~ 


_ 4a  (at%+btA-c)~(4a2t2^4abt^b^} 

. • ~8x*  ’ 4xa~  * 

‘ ' ’ putting  the  value  of  x 1 from  (i) 

• Aac— b9  k-  . . Aac-b2- 

A acceleration  varies  as  I/je*  or  inversely  as  x3. 

* . Ex.  9.  T i * r ;*  ■ ■ straight  line 

Is  given  by  th  ■ . be  accelcra- 

(loo  varies  as  1 ■ • ■ . ‘ 1 ■ 

Sol.  Given  ‘ *a*=ax*+2bx+c. 

Differentiating  w.  r.  to  x,  we  have  2t  (dvldx)^2ax+2b 
dv 


Or  acccleration= 


dx 


=ox-fft=a  jx-f 


l) 


8 Dynamics , 

i.e.  the  acceleration  varies  as  the  distance  from  a fixed  point 
x=»—  \bla).  ' 'Hence  proved. 

Ex,  10  (a).  If  a point  motes  in  a straight  line  In  such'  a 
manner  that  its  retardation  is  proportional  to  Us  speed  prote  that 
the  space  described  Jn  any  time  is  proportional  to  the  speed  destro- 
yed in  that  time. 

Sol.  Given  that  the  retardation=&>Tspeed, 

< ‘ . where  k is  constant 


or 

or 


— (Note  the— ve  sign  is  for  retardation) 

o . ' * 

dt*+Kdt  U . 

Integrating  w.f.  to  t,  we  have  (dxldt)+kx=C,  m 

where  C is  Constant  of  integration. 


If  the  particle  moves  such  that  rfor/d/=0  wben  *=0  then  C— 0 
and  we  have--  -+*x=»0  or  x~—  ~~ 
or  x varies  as  ~( dx/dt ) 

or  space  described  is  proportional  to  the  speed  destroyed. . 

Ex.  10  (b).  A particle  moves  in  a straight  line  from  a fixed 
point  O with  velocity  V under  force  which  produces  an  acceleration 
ax,  where  x’is  the  distance  from  O.  Eind  the  time  taken  for  the 
velocity  to  be  increased  to  IV, 


Sol.  Given  acceleration  v ~ —ax 
ax 

or  2v  dv=*2ax  dx 

Integrating,  * vs— ax%-\-C  ■■■(') 

Initially  at  O,  v=V,  x=*0 

E*=»0+C  or  C=VK 
' A From  (i)  we  get  v*~oa:1+  Vi 
or  ( dxldtY-ax*+V 1 or  dxldt=\/a^-\-(Vs/a)}  ' - ' 

or  V“ *“  VU'fVvVajj  ■ ••••(“) 

Also  when  v=.2V,  let  *=x,  then  from  (ii),  we  gef 

or  ax,'=3V’  or  x,~tV3IVa- 
Now  vre  are  to  End  time  of  moving  from  rr=0  to  X-Xj 
i.e.  Vi/31  V n,  and  if  this  time  be  T,  then  from  (iiii,  we  get 

v"  7’“l? = (fes  [*+  tnx'+(.vm )*‘ 

T°  ^(,°8[WVW+(f"/n))J-logtV(^/‘')]) 


Solved  Examples  . 


VS— xf]=^log(M-  Ans- 


zv 

‘sja 


Ex.  11:  A particle  initially  at  rest  moves  from  a fixed  point 
in  a straight  line  so  that  at  the  end  of  / seconds  Its  acceleration  is 
(sin  0-HI/(/+l)*]. 

Show  that  its  distance,  from  the  fixed  point  at  the  end  of  ts 
seconds  is  2iz—log  (1-f-re). 

Sol.  Given  -sin /+  (TjLr  • 

Integrating  with  respect  to  t,  we  get 

vU-C0S'-(4t,+C’  ; —(0 

where  C is  constant  of  integration. 

Initially  velocity  v=0  and  r=0,  so  from  (i)  we  get  • 
0z=-l-(l/l)+C  or  C= 2 

, 'From  (i)  we  have  y=— cos  f— [l/(r-J-l)]+2 

"o,  §=—<-,7^0+2.  ••  *-£ 

Again  integrating  with  respect  to  /,  we  have 

x«=-sin/-log(f-f  l)+2r+fc,  ...(»)* 

where  fc  is  constant  of  integration. 

' ,Let  x=.0  'at  f=0,  then  from  (ii)  we  get  &=0 
.*.  . From  (ii)  we  have 

' - x— — sin  /-log  (f+l)+2f  ‘ ^ ...(Hi) 

If  xt  be  the  required  distance  (measured  from  -the  fixed  potct 
x=»0)  at  the  end  of  « seconds,  then  when  /s=tc.  . 

.V  Froth  (iii)  we  get  xx=*  — sin  k— log  (j5+1)+2t:  * 

„or  - xx=2«— log  (1-f-rc).  Uttttt  frond, 

•Ex.  12.  The  law  of  motion  in  a straight  line  If  bfjyy  ffrtrt  hr 
s^ivt,  prove  that  the  acceleration  is  constant. 

Sol.  Given  that  ^ 

Differentiating  W.  t.  to  /,  we  get  dsjdl^  J y £ |/ 'db 
or  • v=»$v-Hr  ( dv/dt ),  since  v—dsjdt 
or  ,iv=*$t(dv/df)  - or  v=*t{d*jd$) 

Again  differentiating  we  get  fyf  d** 

■ Integrating  w.  r.  to  t/we  gsf  **  ,,  “ 

. or  the  acceleration  is  conjee*,  " ’ 
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**Ex.  13.  If  time  / he  regarded  as  a function  of  Telocity  v, 


d>*,J 


being  the  acceleration. 

Sol.  Suppose  / = F (v) 


dv 


Differentiating  w.  r.  to  /,  we  have  I =F*  (v)-^- 


or  acceleration  /== 


dv 


l_ 

dt  F‘  (v)  • 

Differentiating  both  sides  of  (n)  w.  r.  to  t,  we  have 

d"-‘  F'J'l  * F'M  „ _L.  from  (ii) 


dt1  ~ (P(v)]*  dt 

r (»•) 

- ip  (.■»> 

Again  from  (i),  we  have  ^ 


[F-(v)]=  * P (v)' 

~P.F  t").  since /=  y 


1 , 
“IV) 


=P(v)'aml  jjs 


(ii) 


. (in')- 


d'e  „ d't 
From  (Hi)  we  get  j-,  = -/*. 


Hence  rale  of  dec  re  ise  of  acceleration  s*/3.  -73. 


which  is  negative. 
d't 


dv*’ 


Ex.  14.  A point  moves  In  a straight  line  so  that  Its  distance  s ■ 
from  a fixed  point  at  any  time  t is  proportional , to  t ■.  If  v ho  me 
Telocity  and / the  acceleration  at  any  time  t,  show  that  * 
vs«=n/j/(n—  1). 

Sol.  Given  s=cktn,  where  A;  is  constant  of  proportionality.  • 
velocity  v=ds!di^=kntn-i 
and  acceleration /=c/v/dr= Am  (n— I)  tn~3. 

■ nfs  a nkn  r"~*  ktn  v . . '*  t 

*’  <«-I)  “ n-l 

=ns^,/,"'‘*=(Aw»-»)*=aslf3.  - Hence  proved. . 

Ex.  IS.  Prove  that  If  a point  mores  with  a velocity  ■ varying  a* 
any  power  (not  less  than  unity)  of  its  distance  from  a fixed  point 
which  It  is  approaching.  It  will  never  reach  that  point.' 

Sol.  Let  O be  the  fixed  point.  Let  the  particle  aftertime  t 
be  at  P,  such  that  OP—x.  ___  • ^ 

Also  the  particle  is  appro-.  * * 

aching  O.  l.e.  the  par-  • «- — r-*: 

tide  is  moving  towards  O,  O X .*  P -m~ 

i.e.  in  the  sense  of  x de-  . ’ ' 

creasi°s-  ..  ' (Fig.  3) 


Rectilinear  Motion 


'll 


According  to  the  problem  dx}dts=~~kx*,  where  k is  cons- 
tant  and  n h any  power  of  the  distance  x and  n ^ 1. 

or  dt=  — r~-  — r-  *i  'xr*  dx. 

kx " k - 


1 

* Integrating  we  get  t ^ +C, 

where  C is  constant  of  integration. 


or  V“  r(n-T)^+C 

Ifn>  I,  putting  ^=6,  we  get /—  co. 

Ac.  the  particle  will  take  infinite  time  to  reach  O where  *=0. 
If  n=sl,  the  given  condition  becomes 


dx  , , 1 dx 

=— kx  or  dt^-~  — 

dt  • • k x 


integrating,  /«—(!/&)  log  x+B,  where  B is  constant. 


If  we  put  x»0,  the  above  result  gives  /=». 

Hence  if  n ^ 1,  the  particle  will  never  reach  the  point  O. 

' Exercises  on  1 1— tj  S 

1 Ex.  1/  A particle  moves  in  a straight  line  so  that  after/ 
•seconds  its  distance  from  a given  point  O on  the  line  is  given  by 
*=(/“-2j*  (/— 5).  Find  the  motion. 

' Ans.  At  time  t,  velocity^/*— 18/-f  24;  acceIeratioh*=6/~18. 

- - Ex.  2.  The  velocity  v of  a particle  is  given  by  v=6  cos  3x, 
where  x is  the  distance  from  a fixed  point.  Find  its  acceleration.  . 

I ..  • '•  ‘ Ans.  , — 54  sin  6x. 

♦Ex.  3.  A particle  starts  from  a fixed  point  O . such  that  its 
•acceleration  after /secs. is  l/(/+2)!.  Find  the  distance  described 
, in  9 seconds  and  its  velocity  then. 

Ex.  4.  A body  moves  from  rest' from  a point  O so  that  its 
acceleration  after/  seconds  from  0 is  l/(/^-I0)s.  Find  the  dis- 
tance described  in  5 seconds  and  its  velocity  then.  • 

Ex.  5 - Fill  up  the  blank _ \ ; 

Displacement  about  a point  is  always  a . . \ . ' . - 

Ans.  vector  quantity.  < 

/ Ex.  6.  Distinguish  between  ‘speed*  and  ‘velocity*,  and  give 
on  example  of  each.  , 

§6.  Rectilinear  Motion.  It  means  the  -motion  which  is 
taking  place  in  a straight  line.  <■  - t * ' r-  . t “ 


12  ' ^Dynamics 

Velocity  at  time  t. 

Let  us  consider  the  motion  of  t-J 

a particle  .along  a straight  line  0 PQ 

Ox  oh  which  O is  a fixed  point.  (Fig-  4) , 

Let  P and  Q be  the  positions  of  the  particles  at  time  t and  t 
respectively  such  that  OP~x  and  OQ=x\  , . 

Then  the  distance  moved  in  time  (/'-/)  is  PQ  l-c.  (*'—*)• 

The  average  rate  of  displacement  of  the  particle  is  0 

or  the  average  velocity  during  the  interval  (t'—t)  is  (*'—*)/(* 

If  this  ratio  has  the  same  value  for  all  intervals  of  time,  then 
the  velocity  of  the  particle  is  said  to  be  uniform  otherwise  variable* 
In  the  case  of  uniform  velocity  the  particle  travels  equal  pistanc 
in  equal  times. 

The  limiting  value  of  the  ratio  (*'—*)/(<'— f)  as  *'  tends  to  / 
(whether  this  ratio  is  constant  or  not)  is  defined  as  the  velocity  o* 
tbe  partice  at  the  instant  t.  Also  from  our  knowledge 
rential  Calculus  we  know  that  this  limiting  value  is  the  ameren- 
tial  coefiicient  of  x with  respect  to  t t.e.  if  v be  this  velocity  oi  in 
particle  at  time  t,  then  v=dxfdt  or  .x 
Space-time  curve. 

Definition.  If  a curve  is  plotted 
such  that  abscissae  represent  times 
taken  and  ordinates  represent  tbe 
distances^  travelled  by  the  particle, 
then  the  curve  is  called  the  space- 
time  curve. 

This  curve  represents  , graphi- 
* cally  the  relation  between  the  dis- 
tance moved  and  the  time  taken.  Also 

the  tangent  of  angle  which  the  tangent  at  any  point  maws  "yr 
the  time-axis_  l.e.  gradient  of  the  curve  gives  the  value  o - / 
l c.  the  velocity.  ’ - * 


• (Fig, 5) 


Acceleration  at  time  t. 

If  v and  v'  be  the  velocities  of  the  patticle  moving 
line  Ox,  where  O is  the  fixed  point  (See  Fig.  4 above),  *■*  ^ 

respectively,  then  v’—v  is  the  change  is  velocity  in  time  ( ~~  * 

or  the  average 


The  average  rate  of  change  of  velocity  or  we' ayt  b 
acceleration  during  the  interval  t'—t  is  (v*— v)Ut’"0  an°changed 


during  the  interval  t'—t  then  this  average  acceleration  - is  uniform 
or  constant  otherwise  variable. 


Velocity-space  Curve  ' ’13 


’The  limiting  value  of  the  ratio  (v'— v)/(f'— /)  as  t‘  tends  to  t 
(whether  this  ratio  is  constant  oY  not)  is  defined  as  the  accelera- 
tion of  the  particle  at  the  instant  t .and  this  limiting  values  is  dvfdt, 
i.c.  the  differential  coefficient  of  the  velocity  v with  respect  to 
time  t. 

, acceleration  at  time  — ^r,  T v=  ~ 

dt  dt 1 at 

dv  dx  _ dv 

~X  °r  di'  di  *'  dx‘  (Note) 


Velocity-time  carve. 

Definition.  If  a curve  is  plotted  such  that  the  abscissae  repre- 
sent times  taken  and  ordinates  represent  velocities,  then  the  curve 
is  called  the  velocity-time  curve  (In  Fig.  5 on  Page  12  replace 
x by  v). 

The  gradient  of  this  curve  gives  the  acceleration  dv/dt  of  this 
particle  at  any  instant. 

And  the  area  under  this  velocity-time  curve. 


= J v dt 

"IS>- 


/ - (See  Figure  5 on  Page  12) 

| dx=*(x),  taken  between  proper  limits 


=the'distahce  covered  in  the  corresponding  time. 


Velocity-space  Carve. 


Definition.'  If  a curve  is  plot- 
ted such  that  the  abscissae  repre- 
sent the  distances  movid  and  the 
ordinates  represent  the  velocities, 

'then  the  curve  is  called  the  velo- 
city-space curve. 

The  gradient  of  the  cuiwe  is 
differential  coefficient  of  v with 
respect  to  x l.e.  dv/dx  and ' in,  the 
adjoining  figure  we  find  that  tan  a—dvjdx. 

But  a=  A AW,  where  PN  is  the  ordinate  v and  PG  is  the’nor-  ' 
mal  at  P. 

f-e.  • ^ • ’ tan  ~C.NPG=*dv(dx.‘ 

Also  trom^PNG,  we  get  NG(PN=*ian  Z,NPG 
or  the  subnormal  NG^PN. tan  Z.AT’G’— v (dvjdx). 


V, 

T 

L 

0 

1 N 6 X 

(Fig.  6) 
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Also  we  know  that  the  only  curve  for  which  the , subnormal  is 
constant  is  parabola,  hence  ,if  the  acceleration  is  constant 
v dvfdx  is  constant  then  the  subnormals  constant  ^and  then  the 
velocity-space  curve  is  a parabola,  _ / ' 

§ 7.  Rectilinear  Motion  with  Uniform  Acceleration. 

To  investigate  the  motion  of  a particle  moving  in  a straight  f ine 
with  uniform  (i.e.  constant  throughout  the  motion)  acceleration  y » 
staartlng  from  some  point  on.  the  line  with  a given  velocity  V. 

Let  O be  the  fixed  point  on  the  line,  from  which  the  distances 
are  measured  and  the  particle  starts.  (It  is  not  necessary  to  take 
O as  the  paint  af  start,  we  may'-  . f - 

choose  another  point  as  the  . y. ——  •>; — “ — ' 

point  of  start).  0.  & p 

' Let  the  particle  be  at  P after 
time  t,  such  that  0P=x.  Then 
at  P the  equation  of  motion  is 
d*xldt*=f 

Integrating  with  respect  to  /,  we  get  dxldt—ft+Cu  where  i 
is  constant  of  integration  J 

At  O,  f »=0  and  dxfdt^u  (given), 

A II-/0+C,  or  Q,—*.  .... 

/-  dx'(dt=ft+u  . or  v=u+ft  . *•*'  * 

where  v is  the  velocity  of  the  particle  at  P. 

Again  integrating  with  respect  to  t,  we  get 

A:«i/t,+uf4-cai  where  c2  is  constant  of  integration. ' 

. At  O , f=0,  x=,b,we  have  0=0+0+fg  • or  c3^0.  ' . 

* r 

The  results  (i),  (ii)  and  (Hi)  give  the  acceleration,  velocity  and 
position  of'the  particle  at  time  /,  • 

Also  from  (i),  we  have  v ~ —f  ••  ^5  (§5  Pagfi  ^ 

7 dx  dtl  ax 

Integrating  with  respect  to  x,  we  get  • 

$v,=/x4*c a,  where  ct  is  a constant  of  integration. 

At  O,  velocity  v^u,  x = 0,  so  we  have 
or  cs-o4w* 
or  V=n*+2fx. 

This  result  gives  the  velocity  of  the  particle  at  any  point. 

If  however  the  particle  starts  from  rest  then  n«0  and  from 

(iii)  and  (iv),  we  get  *~ft,  and  v*~2fx. 


(Fig.  7) 


’ ...(if. 
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Solved  Examples  on  Uniform  Acceleration 

Note.  The  formulae  (if),  (Hi)  and  (iv)  ore  valid'only  if  the 
acceleration  of  the  particle  is  uniform  l.e.  constant  throughout  the 
motion.  • # 

§ 8.  Distance  travelled  in  the  nth  second.  • 9 

• Distance  travelled  in  the  nth  second  by' a particle  moving  in  a 
straight  line  with  a constant  acceleration  ) 

^distance  travelled  in  ft  seconds— distance  travelled  , 

. in  (n-l)  seconds 

=>(un+{fn7) -{u{n  -l)f  {/(«  -l)8],  see  §7  (iii,  rage  14 

* -«+l/(2n-l).  . 

. Solved  Examples  on  § 6 -§  8 

Ex.  I (a).  A particle  moves  along  "a  straight  line  In  such  a way 
.that  its  distance  x from  a fixed  point  O on  the  line  at  time  t from 
the  start,  is  given  by.  x«3/*+4f+5. 

Find  the  velocity  and  the  distance  from  O at  start,  tbe  motion 
being  with  uniform  acceleration.  Find  also  the  distance  covered  in 
5th  second, 

Sol.  Given  x™3/*+4/+5. 

.A  dxfdt^St+4 

At  start,  i e.  t =0  we  get  x s 5 and  d<(dt  »4. 

’ .‘.  At  start,  velocity =4  units-  ' * 

s and  its  distance  from  0=5  units. 

' Also  the  distance  covered  in  5th  second 

♦^distance  covered  in  5 seconds— distance  covered  in  4 seconds 
. «=s(3.5*,-f4.5  +5)  — (3.4* +4.4 +5)  = 100 —69  =3!  units. 

Ex.  1 (b),  If  the  distance  s is  given  by  s~at2+br+ c,  where 
/ is  the  time  and  a,  b,  c are  constants,  prove  that  4a  (s  -c)=v8—  b9, 

..  where  v is  the4  velocity.  Ans. ' 

Sfll.  Given  that  s=at*+bt+c  —(0 

• y=dsfdt^2at+b 

A * v*-6s=(2a/f*)«-6,=4asra+4a&/+6*-*a 
, . =4a*/8-f  4a&t  -=4a  (a/,+b/) 

„ =4a  [(a/s-fb/+c)  — e]=4a  ($— c),  from  (i)  ■ 
l.e.  ' v*— 6,=4a  (s-e)/ ■ Hence  proved." 

. Ex.  I (c),  A particle  moving  in  a.straigbt  line  with  uniform 
acceleration  describes  25m. ‘in  the  5th  second  and  33m.  In ' the  7fb 
second.  Find  its  Initial  velocity  and  acceleration. 

Sol.’  Let  u m/sec  and /“m 'sec8.  be  the  initial  velocity  and 
'acceleration  of  the  particle.  Then  from  ‘ u 

; ' j=h+1/(2«v-1)  ' »..See  § 8 above 
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we  have  25==«-H/(2x5~I)=u-H9/2)/  '..(») 

and  35=u+}/(2x7~l)=*i+(13/2)/  ...(») 

Solving  (i)  and  (ii)we  get/=4  m/sec*,  «=* 7 nfsec.^  Am, 
Ex.  2.  A car  starts  from  rest  and  accelerates  for  13  seconds. 
Its  speed  at  the  end  of  this  period  is  19  km./honr. 

Find  (l)  the  acceleration  of  the  car ; (!»)  the  distance  travelled 
in  6 sefconds  ; (ill)  the  distance  travelled  in  7th  second  and  (it)  *** 
distance  from  start  at  which  its  speed  ts  50  km/hour. 

Sol.  Let /be  the  acceleration’of  the  car  and  v its  velocity  at 
distance  x from  start  at  time.  Then  (See  § 7 Page  14) 


(i)  From  4v*=ft*,  we  have 

Here  f **10  seconds  and 

' . y,  lOxlCOOxlOO 

v=10km./hr — 


cms./sec.=  cms./6ec. 


A 2|~  =-/.10  or  /” 


n 

i27  -5-  cms./scc*. 


60x60 
250 
9 

(ii)  From  we  have 

' the  distance  travelled  in  6 seconds*- j.'J'-C'’)'  cm s.-SOO  cm  - 

(iii)  Distance  travelled  in  6th  second  . / 


«0+J. 


250 


(2x6-1)-  ^ -I525_'  OT>- 


(iv)  From  “»*  we  have 

650X100WO,V  Q 2X  250  ^ , is  tbc  required  distance 

\ 60  X60  / 9 


or 


312500 

9 


=34722}  cms. 


Ex.  5.  A ballet  fired  Into  a target  loses  half  its  velocity 
penetrating  3 centimetets.  How  much  farther  will  It  penetrate 

Sol.  Let  v cms  /sec  be  the  velocity  with  which  the  bullet 
strikes  the  targfet,  then  after  penetrating  3 centimeters  in  the  tar£c 
its  velocity  becomes  $u  cm./sec.  Let  / cm. /sec*  be  the  ncceJeta  10 
of  the  bullet  in  the  target  then  form  "v'l=0-\-2fx"  wC  S’-1 
(}u)*=n*+2/(3)  or  ^ /-(1/6) 

The  negative  sign  of  /shows  that  there  is  retardation  of  .the 
bullet  in  the  target. 


ouiycu  examples  on  unnorm  Acceleration  n 

Let  us  suppose  that  bullet  penetrates  a distance  of  s centi- 
meters further  in  the  target  before  coming  to  rest.  Then  for  this 
motion  we  have  ‘v’=0,  ‘x*=s 

From  “v*=i|3-f2/y*  we  get 
0~ ($«)*+ 2 (—lu*)  s or  5—1  cm.  Aus. 

, £ P®r^c^e  moves  in  a straight  line  with  constant  acce- 
n a!.u  a < . distance  from  an  origin  O on  the  line  (not  necessa* 
2m  i (SS?11  af  time/s=:0)  at  times  /„  tz,  /,  are  xlt  xa,  x3  res- 
Je  y ‘j^°T  f°rm  an  AP.  whose  common  diffe- 

«s,a  and  xv  xa,  x3  are  in  G.  P.  then  the  acceleration  Is 

Sol.  O is  the  given  origin  and  let  O'  be  the  point  of  start, 
^et  00'=a  (time  is  being  v 

neasured  from  O').  >— i i 1 — 


(Fig.  8) 


Let  u be  the  initial 
’elocity  and  /“the  accelera-  • 
ion  of  the  particle,  then  we  have 

0'A*=:.x1—a~ut1+lf{*f 

0'B=xs~a^utt+iftt\ 

a \a-  r\  ^ C~Xa~a=zUttJr\fti>  —V« 

;ubt^/nD#  + '-*J 

• *»+**-2 *a=«  (/i+/a-2/a)+i/(t1Hf**-2fal) 

. . xt,  x2  and  are  in  G.P.,  * we  get  *#=\/(*i  *8) 

As  tu  tz,  fa  are  in  A.P.,  so  we  get  2/a~/8-f 
Also  d being  the  common  difference  of  A.P.,  we  get 

from  (iv),  (v)  and  (vi),  we  get 

(v'*.;-*,)  = }/[/,>+/, ’-2  {}  (/,+/,))•].  from  (vi) 

. - on  simplifying 

=i/{(f.-/j);i(r,-rI))> 

‘ 1 if  {it  f il}',  from  (vii)  - (Note) 

■ . , 1 

^ Wx\—-s/xt yid2.  Hence  proved. 

* Ptl..5?!h).ndIfr!hCst!”"r’  fdf,,cr'b!?  12  daring 

rove  that  a (?-r)+6  (r_J,H?(p-S°-»"  V n^Ktln,f- 


...(i) 

-(H) 

•OH). 


...(iv) 

■ •■(V) 

- (vi) 

...(vii') 


IS 


pyramics 


So).-  According  to  the  given  problem,  we  have 
«~w+i/(2p-l)  [see  § 8 Page  15] 
b=u+\f(2q- 1)  ,.(ii).  c=»+J/(2r-l),  '...(hi) 

where  u and /are  initial  velocity  and  acceleration  of  the  particle 
respectively.  ■ 

neetivHV  ^ and  (U‘>  by  ^“rJ'  and  rcS* 

pectivcly  and  adding  we  get  a (g  -r)+/>  (r-p)+c  (p-g) 

~w  K<r-O+(r-p)+rp-0)]+i/[(?p-l)  ($-')  4 - 

+(2(7-1)  <r-p)+(2r-l)(p-?)] 
[0]+*/[2  (p  (?-r)-fg  (r-p)+r  (p-$)} 

-{(f-r)+(r-P)+(P"0N 

“+/(2  (0)— (0)]=0.  Hence  proved. 

*Ex.  5 (b).  If  the  co-ordinates  of  a point  moving  with  the 
constant  acceleration  be  xu  xs,  x,  at  the  instants  /.,  /.,  /,  respect!*  ‘ 
rely,  prove  that  tbe  acceleration  Is 


I (*«-*»)  >|  + (X.-X,)  (,  + (Ji— X,)  til 


Sol  Let  nbe  the  initial  velocity  and / the  acceleration  of  the 
point,  then  we  have 


. *“«!+}  • • ' -® 
*.=u/.+J/r.»,  . ...00 

From  (i)  and  (ii),  we  have  (/,-r.)+}/(<j'-'s‘) 

'or  (*,-*,)  t.^n  (Ms-rjM+i/tVr.-r,’  t.).  ' •••(<’) 

Similarly  (*,-*,)  r^u  -V't),  . 

-(vi) 


and 


Adding  (iv),  (v)  and  (vi),  we  get 

/=2Jfer2(<L'i±(a^?i)  t.+frr.-rc.lt,],  . ... 

+ (-■/,  - -7,3).  ..■(«') 

Now  r1V,-/^>+,svI_,s.,l+<i,(j_,i% 

"ti1  ('.-r,)+t,  ('.’-t.'J+itj'r,-/,*/,),  ' ; 

arranging  in  descending  ordpf  °( 

”'1'  V)+r,r,  (r,_rj) 

)+r,r,] 

K'.’-t.bi+r.t.-r.t,)) 

(h— M - r.  (r.— /,)] 
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From  (vii),/= 


2 ^t4*fyg  Xi)  /a~f~ (Xi  ■*.»)  tg] 

(f3-h)  ih-ti) 


■ , **Ex.  5 (c).  If  a point  moving  in  a straight  line  with  constant 
acceleration  describes  distances  Sy  and  Ss  in  two  successive  Intervals 
of  time  fj/f,  prove  that  acceleration  is  2 itiS2-~tzSi)/[tltz  (/x+/i)]. 

Sol.  Let  u be  the  initial  velocity  and/  the  acceleration  of  the 
point,  then  from~“;e=Mf+} //***  we  have 
, • -Si««t,+*/V  -.(i) 

and  ' Si+S^u  (fx-M+i/(f1'J-/2)1.  , ...00 

Subtracting  (i)  from  (ii),  we  get  ‘ 

"T  S, =«',+}■/ pr.r.+tf)  •■■(«>) 

- Multiplying  (i)  by  '2  and  (iii)  by  t,  and 'subtracting,  we  get 
sIt1-,y1f!=[u(,.(-i/(2/1/1+V))  U - 

. , “/ti’t.+l  /t,*(.  = 4 (‘xh  ('.+  t>) 

or  . /mi  (/,+(,)).  Hence  proved. 

- 1 


Cor 


, (S>‘i-S,r.\  __ 

\ 'it.  /■(t.+t!) 


•Ex.  6.  Two  cars  start  off  to  race  with  velocities  u,  u‘  and 
move  with  acceleration//'  j the  result  being  a dead  heat.  Prove 
that  the  length  or  the  coarse  is  2 (u  ~U')  (uf 

Sol.  The  result  of  the  race  is  dead  heat  that''  means'  the  cars 
hate  travelled  equal  distances  in  equal  time. 

Let  the  length  of  the  course  be'.v. 

‘Then  for  the  first  car,  we  get  ' ft * 

■ and  for  the  second  car,  we  get  , ‘ * 5=u7-f-i/7*. 

(i)  and  (ii)  can  be  rewritten  as 

_ Vf*+2u/-2j=0and/7*+2u7-2  J=0. 

, Solving  these  equations  simultaneously,  we  get 
••  t*  _ » , 1 


-(i) 


-4wj+4i/'j  —2ft+2fs 


2ti-f+2uf 

1 


2v  (ti'-u)  ,j  (/-/')  {u'f-uf  ) * 

Eliminating  t,  we  get  s*  (/-/')* =25  («'— «)  («'/-«/') 
5-2  KU’~U)  («*/-»/•)/(/-/ ')*, 
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*Ex.  7.  A point  moves  with  uniform  acceleration  and  Vj,  fj.h 
denote  the  average  velocities  in  three  successive  intervals  tx,  hi 
prove  that  (v1-v2)/(v2-v3)=(^4-^)/(r2-ffa). 


Sol.  Let  u be  the  initial 
velocity  and  f the  accelera- 
tion. Let  the  successive  inter- 


U 


As 


B At  C 

vals  be  AB=*sx,  BC—s3  and  (Fig*?) 

CD=sit  described  in  times  tlt  t2  and  /a  respectively. 

Then  AB=asx=zUtx+1s  / tx*, 

^C=J,+i,=B 


.4) 

■—(■>) 


Subtracting  (i)  from  (ii),  Ji=wf.+J/(f.*+2fifi) 


.(iv) 


Subtracting  (ii)  from  (iii),  ja=ufs+i/(*3t+2Va'^-^ 

If  V’,,  vg  and  va  be  the  average  velocities  in  these  interv 
then  v1=J1/(1=.tt+i/r„  from  (i)  , ' 

v,=jJ/t!=B+i/(f,+2t,),  from  (iv)  , 
v,=rs//1=u+}/((,+2(1+2(,),  from  (V)., 

. V,-Vj  lu+i  ' 

••  v,-v,  “ (tobI/(fi+2ti)}“{u+i/(f|+2/j+2t|)/ 

... -if  L'.+h  Hence  proved- 

**Ex.  8 (n).  A point  moving  io  o straight  line  with  "nif<  ^ ^ 
acceleration  describes  successive  equal  distances  In.  time5  i«  *’  1 
3 


'i +'*+'« 
6- 


& a C 
(Fig.  10) 


then  show  that  — — #— + — ~ 
h h h 

Sol.  Let  the  successive 
equal  distances  be 

AB=BC=CD=a(  say). 

Let  u be  the  initial  velo- 
city and  / the  acceleration. 

Then  from 

$//**%  we  get 
AB^a^u^+lftf 
AC~2a~u  (ri+/,)-f 
and  /tP*»3o«u 

From  (i)i  we  have  \ ftx . 

Subtracting  (»)  from  (ii)  and  dividing  by  we  get 
a}tt »«+//,+! //*. 


...(») 

...(»> 

...(iii) 

...(iv) 

...(v) 
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Subtracting  (ii)  from  (iii)  and-dividing  by  t „ we  get 

...(vi) 

From  (iv),  (v)  and  (vi),  we  get 

~~  2-Jr  £—<u+i /»,)-(«  +/<» +} /'») + («+/'.  +/'.+  1 ft.) 

*1  tj  Jj  *, 

' '=w+}/(tt+fa+Me=3o/(/,+/a+/3),  from  (iii) 
o 1*  1 . 1 3 

°r  /x'  ra  ”**  tf  fi+VHj  * Hence  proved. 

Ex.  8 (b).  Prove  that  when’ a particle  mores  with  uniform 
acceleration,  the  distances  described  in  consecutive  equal  Intervals 
of  time  arc  in  A.  P. 

Sol.  Let/be  the  uniform  acceleration,  « the  velocity  at  the 
start  of  the  first  interval  and  t be  the  equal  interval  of  time. 

Now*  distance  travelled  in-the  nth  interval 
—[distance  described  during  n intervals  (f.e.,  in  time  /rf)]— 
, [distance  described  during  (n — 1)  intervals  {/.<?.  in  time  (n~l)  f}). 

(Note) 

- f+i/ {(»-!)  /}«J 

- -ft/  {«-(/»-])>+*//>  {r.*-(n~l)*}  , 

~ut+{fr-(2n-l).  '■ 

> Putting  n*=  1,  2,  3,. ..in  (i),  the  distances  described  in  1st,  2nd, 
3rd, ...intervals  are  respectively 

Evidently  these  distances  are  in  A.P.  whose  common  difference 
' ' ^[ut+ift*  (1))=//*.  Hence  proved. 

Ex.  9.  Two  points  P4  and  Q-  move  In  a straight  line  AB.  The 
point  P starts  from  A In  the  direction  of  AB  with  velocity,  u and 
acceleration  /.  and  at  the  same  timo'Q  starts  from  B in  the  direction 
■ of  BA  with  velocity  Ux  and  acceleration  fx  j if  they  pass  one  another 
at  the  middle  point  of  AB  and  arrive  at  the  other  ends  of  AB  with 
equal  velocities,  prove  that  (u-f «i)  (/— /x)=8  (fux~ fxu). 

, Sol,  Let  C be  the  middle  , . PM.it  Qfu^t.) 

point  of  AB.  Let  AB=>2s,  then  , ' h 
AC  -BC—s.  . . A 

Let  /be the  time  taken  by,* 
each  particle  to  reach  C.  ' 

,\  From  we  have 


• C B 

(Fig.  H) 
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«4*D 


far  the  point  P,  j=»M/-f-£//* 

and  for  the  point  Q,  s=sUtt-\-\fit*. 

From  (i)  and  (ii),  we  get  «/-f  $ //*=*//,  /-f  f fifi 

or  («-«,)-}<(/,-/)  or  Yj'-rjr'  ' .’.(iii) 

Let  v be  the  velocity  with'  which  each  particle  reaches  the 
other  end. 

Then  from  ,V*til+2 fx",  we  have 
for  the  point  P,  v*=h*+2/  (25), 

and  for  the  point  Q,  v5=»«,*-f-2/,  (25). 

Equating  these  two  results,  we  get  u*-f-4/i=ui,+4/|5 
or  45  (/-/,)««!*— «*  or  jw(n,a— w*)f[4  (/-A)]  — 'lV' 

Substituting  the  values  of  /,  and  5 from  (iii)  and  (iv)  in  (*)• 

we c"  4 (/^i  =“  { ~7T'7  f ^ 1 M T7rT>>  • 

(u,-o)(o,4u)._ ? (“ir“)f-., 

or  ~STK~TT  TT-7T)  lu+f  V-/1  n 

or  (u,+o)-=S  [«(/-/■)+/• 

or  («,+«)  (/-/,)=«  [»>/-«/.]•  ; Henct  proved- 

•Ex.  10.  A (rain  Irarch  a distance  s In  l second!.  « *'“? 
from  rest  arid  ends  at  rest.  In  the  first  part  of  the  i°urtl®£  lf 
with  constant  acceleration /and  in  the  second  part  witn.  con> 
retardation/'.  Show  that  ^[25.  {(1// )+(!//')}]•  “ 

Sol.  A arid  B are  two  _ Aj 

stations.  The  train  moves  ° 

from  A to  C with  accelera-  4 it 


£ 0 


c t-fi 

<*>  tot« 


lion /and  from  C to  5 with 
retardation/'.  Let  AC*=  a,  then  CB  _ _. . . . 

in  moving  from  A to  C,  then  time  from  C to  J5  is  t— tj 
the  velocity  at  C.  ■ 

•V  For  the  motion  from  A to  C.  from  “v  =*»+/* 

“»>  ^u'+2fx'\  we  have  V^O  +//,  *"w 

and  +?fa. 

- Also  for  the  motion  from  C to  B,  from 
. “v^u+ft”  and  fx' 

we  have  0 U~tty 

ond  0«F*-2 /'{s-a). 


o.  Lew,  be  the  time 


...(«) 


•••(iv) 
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' V2  V * 

From  (ii)  and  (iv)  we  get  2fl=  j and  p-  =2  (x—fl) 

Adding  these,, we  get*P.  \ 

Now  total  time  taken 

V V 

»r«/,+0-ri)s=  J ' + pr»  from  (i)  and  (ni) 


-(W)'-(7+» 


V<2  s) 

viuf+wv 


from  (v) 


Hence  proved. 

*Ex.ll.’  Two  points  more  In  the  same  straight  line  starting 
at  the  same  moment  from  the  same  point  In  the  same  direction.  The 
first  mores  with  constant  velocity  u and  the  second  with  constant 
acceleration /(its  Initial  velocity  being  zero).  Show  that  the  grea- 
test distance  between  the  points  before  the  second  catches  first  is 
(«*/ 2/)  at  the  end  of  the  time  «//  from  the  start. 

Sol.  The  distance  moved  by  the  first  particle  in  time  t—ut. 
And  the  distance  moved  by  the  secondjjarticle  in  time  t 
- ■ , • 

Let  s be  the  distance  between  the  particle  at  time  t. 

Then  s=ut~lft*.  ' (Note)  ...(i) 

- ' * -Differentiating  (i)  with  respect  to  /,  we  get 

* ( ds\dt)=.u—ft . . - * ...(ii) 

- Equating  (ds/dt)  fo zero,  weget  u-ft~Q  or  t=uff.  - 
'Also  from  (ii)  differentiatihgugain,  we  get 
. (d*5/c/r!)~  —/=  negative. 

• s is  maximum  for , t—uff.'  * 

And  maximum  value  of  s*=u  («//)— l /(«//)*»  from  (i) 


- V ‘ tAj  ' ’ u* 

~f  2f  s=  2f\  ' Hence  proved. 

" Ex.  12.  A body  projected  vertically  upwards  with  a velocity 
u,  after  time  t another  body  is  projected  vertically  upwards  from 
the  same  point  with  a velocity  v,  where  j\<  u,  If  they  meet  as 
soon  as  possible,  prove  that 

-Sol."  Let  the  two  bodies  meet  each  other  at' a hight  h after 
tjme  T of  the  projection  of  second  body.  Then  before  meeting,. 
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the  first  body  was  in  motion  for  time  (ffT)  whereas  the  second 
body  was  in  motion  for  time  T, 


The  distance  moved  by  the  second  body  in  time  (/+ T) 

And  the  distance  moved  by  the  second  body  in  time  T 
~vT~igt%=h  (supposed  above).  ' 

V The  two  bodies  meet  each  other. 

JL  They  are  equidistant  from  the  point  of  projection. 
Hence  u (f+rj-Js  {t+Tf^T-lgT* 
or  u (f,-j-2/7’)e=vr 

or  gt*+ 2t  (gT-  ti)+2  (v~u)  T=0. 

Also  from  (i)  we  get,  h=\'T—\gT* 
t {dhfdT)*=v—gT 

Y h increases  as  T increases,  T is  minimum  when  h i* 
minimum,  t e.  when  dh}dT=0,  l.e.  when  v-  £7=0  or  T—m- 

Substituting  this  value  of  T in  (ii),  we  get <■ 
gf*+2f  (v— «)+2  (v-u)(v/g)=0 
or  g,t*—2gt  (1/ — v) — 2v  («— v)»=  0 

2g  (u-v)-f  vt 4g»  (M-vy+W  (li— v)3 

' — gr- 

or  <-[(u-v)+v'(ii,-v»))/ir, 

neglecting  the  negative  sign  which  gives  negative  value  of  /. 

**Ex.  13.  If  a point  mores  with  the  constant  acceleration,  the 
space  average  of  the  velocity  over  any  distance  is  - u\+us — 

and  the  time  average  of  the  Telocity  is}  (u.+u,),  where  u.  and  ut 
are  the  initial  and  final  relocitics. 


Sol.  Let  v be  the  velocity  and  s be  the  distance  travelled  fro® 
the  starting  point  at  time  t.  Let  a be  the  whole  distance  moved 
and  T be  the  whole  time  taken,  then  we  have 

space  average  of  velocity  = -L  [a  v j.  * 


and  time  average  of  velocity  =.Jr  v dt.  (Note) 

Let/be  the  acceleration  of  the  point.  Then  from  Wfs*\ 

^veget  v^—iijt+2 \fs  ...(i) 
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Also  from  we  get  v=w,-f// 

and  • . -fT. 

A Space  average  of  velocity 


**(iii) 

...(iv) 


"•  fL,  v *’*  ("i’+Vi)1'*  *,  from  (i) 

„ IT  . fai'-t-a/i)*'1  T _ (l;,,+2/a)s«_(1/  !)>/! 
a L 2/  J0  3/iT~ 

_ — ..  . B , 

~ 5 — 2 from  (ii) 

• _ _ 2 f(/,*+», o,+B.»l 

3 (“a*-'.'  Sfe+B,)  ■ 

",  And  ,imc  average  Of  velocity^  J , *_  _LJT  („,+/,)  J/f 

from  (ii) 

I [fc.+fD’Y  (B,+/r)*-B,» 

rL  2/  J,“  2/r 

" 2l'^7’ from 

Hence  proved. 

. Pfov.e.that  average  velocity  is  the  mean  of  the 
SB  JJJJJJjy1  TeJoc**,cs  aniJ  is  equal  to  the  velocity  at  the  middle 


it °*'j- u be .^.initial  velocity  of  the  particle  and  let  it 
a 9Istan.cc  s *n  time  r.  If  v be  the  final  velocity  and / be  the 
icceleratiqn,  then  we  have  ' 

■vs=u+ft  and  j=u;fl/(*.  ' ...(i) 

Average  velocity^  -01al  dislance  travelled 
* • total  time  taken 

\ = _ ut-hjft* 

- t t 2 

s=H“+(m+/>)3  (Note) 

(w-f-v),  from  (i) 

• ^mean  of  initial  and  final  velocities. 

Also  average  velocity**  as  before  . 

' 

—velocity  at  time  jl /,  from  v=r«+// 
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time  him  («.*+“. "■+•'■  >• ""  - , • .Ui 

velocities.  f <he  particle  be  v* 

Sol.  Lot  after  time  M*  ll-e  total  time  1#'°- 

/be  the  constant  acceleration. 

Then  from  ■•>•=■“+/'  ,"f  ha'  on(j  „t=u,+/T 
v=u,+/< 

1 


Now  mean  K.E.”'  T j 


(lmv>)  dl 


...(a) 

(Not*)' 


_ m|r  («,+/<)’  ‘"•rrom 

2 T Jo 


(i) 


- ftom  tB)l 


' puttin sfT-*'* 

,,  Hence  p™«d 
=(l/6}m  (n»*-+,,iu»')'Ul  ‘ 


=,(l/6)m0'.’+“.".+  imS  .part  «,5 

acceleration  and  retardation  rcspectirely.  a km.  = 

the  units.  ' ■ . * — 


cm  I^ct  A arid  be  the  stat- 
ion* Let  the  train  accelerate  from 
!.?  *to  Cthen  retard  from  C to  B.  Let 
AC=s  kfas. 


-,5  c 

ten  reiaio  — (Fi i-  ^ . 

ns.  ,toCb«.lmin” 

’ . CB»(2-s)  bios.  Let  time  taken Trow  a „ Ions-  !*» 

then. 2U. froU  to  i>=(4-0  m*"U,e,  . . 

minute  be  the  velocity  at  C.  ^ f ' ro  "v= 


roilH*"-  - - x . _ • tygsVVft 

Then  for  the  motion  from  A to  C,  r „le;2 xs- 
4,vS=sUs^-2/i”  we  get  v=xt  ■ 


=zU 2-\-2js  we  gei  .... , 

And  for  the  motion  from’’ 
0=v->’(4-0  ...(ii* 

From  (i)  and  (iii).we  get  v/i 


and 

have , ‘ 

vir2  y(2-s): 

-4-r. 
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r*  Adding  these  we  have  (r/xj+(v/y)-4. 

’From  (ii)  and  (iv),  we  get  v2/x=2 $-  and  v*ly—4—2s. 

Adding  these,  we  have  {*Vx)-{-(v*(y)—4. 

Dividing  (vi)  by  (v),  we  get  v*=\ 

and  therefore  from  (v),  we  get  (!/*)+ (I/y>~4.  Hence  proved 

‘ *Ex.  17.  For  1/m  of  the  distance  between  two  stations  a train, 
is  uniformly  accelerated  and  1/n  of  the  distance  It  is  uniformly  re- 
tarded, it  starts  from  rest  at  one  station  and  conics  to  rest  at  the 
other.  Prove  that  the  ratio  of  its  greatest  velocity  to  its  average 

velocity  is  (1+ S' + V ) : 1- 

Sol.  A and  B arc  the 
stations,  ' Le't  AB=s%  from 
A to  B the  train  accelerates, 
from  B to  C it  moves  with- 


Sb/n  A 


t,. 


ii 


B * C 
(Fig.  14) 

uniform  velocity  v (say)  and  from  C to  D it  retards.  Let/and/' 
be  the  acceleration  and  retardation  respectively.  Let  /lt  /*  and  ft 
be  the  times  taken  in  .moving  from  A to  B,  B to  C and  C to  D 
respectively.  ■ ‘ « 

Then  the  greatest  velocity^ 


average  velocity 
* Required  ratio = 


v and 

^ total  distance __  s 

tqtal  time  “ .(/*+/*+t8)  * 

greatest  velocity  ' * 

3 average  velocity-  s/{r-f-VH2} 
^i+r/z-fvlg 


Now  AB~  — and  CD  — ^ 


BC—s—  — • -- 


Also  for  the  motion  from-/!  to  B, 

, from  ,,v*=u+/t'’  and 
we  get  iS'  " v—fti  and  s!m—\  ft£. 

: ' v^— _ from  (ii) 

or  , - vtt =» 2s/m.  < 

>,  For  the  motion  from  B to  C,.we  have  . 

• ‘ • , BC=vta  or  (sfmj-~(sfri). 

For  the  motion  from  C to > from 

, ft1"  and 

we  have  j/n= vt^— If'-tf,  '...(v)  and  0^v—f  rt 


»:0) 

’ -(») 

• .(iv) 
. ••■Cvi) 
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A from  (vj,  sjn  «/'  /,*—$/'  *#f»  ^r°m 


(vi)  *• 


Hence  from  (»),  required  ratio—  ^ 

substituting  the  values  of  vtv  v/t  and  vta  ^ 

„ui±flM±aaa  ■ HcnceT 

5 ^ fl  cOW^^I^r 

•Ex,  18.  The  speed  of  a train  ^**1^  and 
from  G‘to  v,  then  remains  constant  for*®  . distance  A 

9 to  zero  at  a constant  rate  {5,  tiv 4-iv 

nrnve.  that  fhp  fntal  time  occupied  1®  '/'t5  , 


bed,  prove  that  the  total  time  occupied  — , 

And  the  least  value  of  time  when  p =«•  « ’ i «j<i  ft'*® 

Sol.  Let  a,  b and  c be  distances  of  the  first,  secona  „ 
parts  of  the  journey.  Then  l—a-{-b^-c.  -e  dist^5. 

Let  /„  tt  and  tt  be  the  times  taken  to  coyer  t « ^ 

Then  for  first  part  of  the  motion  v=*afi  ^ 
and  vs*=2  *a.  " ‘ ♦ ‘ , 

And  For  the  third  part  of  the  motion#  v=*P  a , 

and  v*«=2pe  _ ^ 

From  (ii)  and  (iii),  we  get  , 

And  from  (iv)  and  (v),'we  get  c=lvU-> 

For  the  second  part  of  the  motion,  vt2=*b. 

»\  From  (i)  and  (vii)  we  get  o+6+e=}v^i+r^ 
or  /«i  v (f,+2/*+f|)t  from  (i)  - (N^’ 

«v(rx+r,+r,)-*v  (/»+/,) 

; 


.J|9 


(7  + j). 


Lei  t be  the  total  time  taken,  when  a“P- 
I . v 1 i l \ tv 

T + T- 


•V+t(t+4) 

* I . ) 


from  (iH)  “nli(iV) 


<Pt  2 1 


Tor  minimum  r,  ~ *~o  or  — L 1 Jl 

dv  »*  ^ - 


0 or 

AUo  d‘i/jr*  being  pojitive,  1 it  minimum. 
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! from  (viii),  least  value  of  t=v/a+v/a,  V ■ //v=v/a 

=2i’/a.  Ans. 

Ex.  19.  A dog,  seeing  a hare  at  a distaoce  d starts  with  veto* 

■ city  u and  mores  with  acceleration  a in  order  to  catch  it,  while  the 
hare  with  acceleration  p starts  from  rest.  Show  that  the  dog  will 
i overtake  the  bare  If  a <P  <x  -f  (u*J2d). 

I ■ Sol.  Let  the  dog  overtake  the  hare  after  time  t when  the  hare 
has  gone  through  a distance  x from  rest. 

» So  for  the  hare,  we  have 

\ V*a initial  velocity =0,  ‘/’=acc.=p,  and 

1 So  from  s=uf-f|  ft*,  we  have 

x=0.f-H{3f*  or  x=4p/» 

For  the  dog,  we  have 

V=initial  velocity=M ; ‘/’sacceleration^st, 
f *j’e=distance=<f+x,'V’®r 

From  "stauf+i  ftv * we  have 

«/*  ...(H) 

Subtracting  (i)  from  (ii)  we  get 

d=ut+l  (« — p)  ta  or  (a— p)  t*+2ttt— 2d=0. 

If  the  dog  overtakes  the  hare,  then  t given  by  the  above  quad* 
ratic  equation  must  be  real  and  the  condition  for  the  same  is 
&*— 4<tc$s0 

t.e.  (2t/)s— 4 (a-p)  (-2 d)^0 

i.c.  u*+2d(a~p)^0  i.e.  u*-2d  ' ...(iii) 

i L.H.S.  Of  (iii)  is  greater  than  or  equal  to  zero 

if  o<p  but  u*>2d(p— «) 

i e.  if  «<p  but  . (u*/2d)-f«>p 

i.e.  if  a<p  <s  (jt'(2d)+a..  __  Hence  proved. 

**£x.  20.  A lift  ascends  with  constant  acceleration  /,  then 
with  constant  velocity  and  finally  stops  under  constant  retardation 
/.  If  the  total  distance  ascended  Is  s and  total  time  occupied  Is  t, 

~ show  that  the  time  daring  which  the  lift  is  ascended  with  constant 
velocity  Is  V(t3—4slf). 

SoJ.  The  whole  journey  consists  of  three  parts.  Let  v he  the 
maximum  velocity  acquired  in  1st  part,  which  will  remain  uniform 
.in  2nd  part  and  will  gradually  reduce  to  zero  in  3rd  pan  due  to 
' retardation.  Since  acceleration  in  the  first  part  and  retardation  in* 
■ 3rd  part  are  equal,  therefore  the  time  taken  and  distance  covered 
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in  acquiring  velocity  v in  first  part  from  start  will  be  equal  to  th* 
corresponding  time  and  distance  in  3rd  part  in  destroytfiB 
velocity  v.  Let  distance  travelled  be  x,  and  time  taken  be  j 
each  of  these  first  and  third  parts.  1 

.*.  In  the  first  and  last  parts  of  motion,  we  have 

v=/'i  -w  and  v>=2A,.  ■ 

Id  the  second  part  of  motion,  distance  moved1-  s~~  t 
time  taken— (— 2/^  ■ ,;;n 

(e'-2*,l=r(/-2f,)-  • “ 

From  (i),  (ii)  and  (iii),  tve'get  s~v,//=/fj  (f— 2r^ 
or  s -//,*-/!,  (r-2tj),  from  (i) 

or  A’-/«i+»"=0  or  f, ■=it££ra^— ^ , 
or  2fi=<± V'ft’-Ms//)!  or  r — 2a=  </{/’— <4 j// )>. 
which  gives  the  requited  time. 


Exercises  on  § 6— § 8 

Ex.  1,  Find  the  acceleration  of  the  car  which  **ff*j**®^ 
, ffdm  It)  km./br.  to  40  km  /hr.  in  5 seconds.  - An*.  .o'  •'  / 
Ex  2.  A car  is  brought  to  rest  from  a speed  or  60 
10  seconds.  Find  the  average  retardation.  Ans.  125/9®*/ 

Ex.  3.  The  greatest  possible  acceleration  is  1 .m./sec*  afl^  * 
greatest  possible  retardation  is  J m /sec9.  Find  "the  least  time  ^ 
to  run  between  two  stations  12  km,  apart  if  the  maxima®  SPC 
22  m./sec.  * ' 

Ex.  4.  An  electric  train  starts  from  a station  and  wberc  ^ 
speed  is  v,  its  acceleration  is  k (Vj— v).  Find  the  time  it  w e0 
attain  half  of  its  maximum  speed  v,  and  show  that  it  ha* 
travelled  a distance  (log  2—$)x(vx/fc).  ; ' 

Ex.  5.  The  speed  of  a train  is  reduced  from  40  m*  P*  I1' 

20  m.p.h.  whilst  ittraveles  a distance  of  150  yards.  If  the  retef  ' 
tion  be  uniform,  find  how  much  further  will  it  travel  before  00 
iflgto'rest.  [1  roller  1760  yards ; 1 yard  =.3  feet]  * " 

**  § 9.  Bodies  falling  under  gratify. 

If  * body  is  freely  falling  vertically  downwards  with 
acceleration,  then  this  acceleration  is  due  to  gravity  and  is  Zeae^  - 
ly  denoted  by  *g\  If  it  is  projected  vertically  upwards,  its  retar 
» °n  is  constant  and  equal  to  g.. 
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The  value  of  *g*  in  F.  P.  S.  system  is  32  ft/sec5,  in  C.  G.  S. 
system  931  cm/sec3  and  in  M.K.S.  system  is  98  m/sec*. 

In  the' case  of  bodies  falling  under  gravity,  we  can  find  results 
similar  to  those  in  § 7 and  § 8 by  using  in  place  of  the  constant 
acceleration  */'•  And  if  the  body  is  projected  vertically  upwards, 
we  are  to  replace ‘/’ by 

Solved  Examples  on  § 9. 

Ex,  1.  A particle  falls  freely  from  the  top'of  a tower  and  da- 
ring the  last  two  seconds  It  falls  through  (3/4)tb  of  the  height  of  the 
tower.  Find  the  height  of  the  tower. 

Sol.  Let  It  be  the  height  of  the  tower  and  tt  seconds  be  the 
total  time  taken  by  the  particle  in  falling  the  distance  h. 

Then’  distance  fallen  in  (n— 2)  seconds = A— (3/4)  AW//4  and 
• distance  fallen  ip  n seconds « ft. 

. **•  From we  have 

. . A/4*0  -H*(n-2)»  . .«<0 

and  . A»0-Hg(n)*  ' ' ...(ii)  ' 

Subtracting  (i)  from  (ii)  we  get  3/;/4«$g  (4n-~4) 

0r  1 Vi~8g(n~l)  or  /i=*(3A/8g)-f-l«(3A+8£)/g 

A Prom  (ii),  E(3/r+8g)/8gj* 

or  - 128gA=(3/i-{-8g)s  or  9A*-80g/i+ 64gs~0 

°r  - 'h—8g\  or  (8gf. 9,). . Ans. 

JF-X‘  ^*  ^ particle  is  projected  vertically  upwards  with  velocity 
u.  Shojv  that  it  cannot  go  above  the  height  of  «V(2g)  and  will 
' return  to  ground  after  'an  interval  of  time  2 (ujg). 

. ' Sol,  Let  A be  the  maximum  .height  reached  by  the  particle  in  . 
Us  upwards  motion.*  Tjien  for  the  upward  motion  we  have, 

«•  ' *u*^u,  ‘/*=~  ~~g,  \x'^h,  V;=>0 

' A From  uv2=su*-i-2/x",  we  get  " 

0^n*-f-2  (—g)  h or  h~ u*f(2g).  Hence  proved. 

Let  tt  be  the  time  taken  by  the  particle  in  covering  this  height 
ft  in  its  upward  motion.  ’ r 

A ’ From  “v-u+ft”,  we  get  ' 0=u-f-(-?)  /, 

or,  ' • h—itfg'" . i * ..,{i) 

^ Again  let  /3  be  the  time  taken  by  the  particle  in  falling  this 
; height  h from  rest,  then  for  the  downwards  motion  of  the  particle 
we  have  _ V*»0,  T^g,  •*’=./!  ‘/W, 
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X From  we  get 

Yg  =0+iE  <'  or  (,*=  ~ or  f,=  -|  , . 

taking  the  positive  value. 

A From  (t)  and  (ii),  total  time  taken  by  the,  particle  to 

, u , u 2u  , 

return  to  ground =rx+  — +-  ~ • Hence  proved. 

*Ex.  3.  Choose  the  correct  answer : 

A particle  is  projected  vertically  upwards  wlth.a, 
from  a point  O under  gravity  only.  Then  maximum  fieign 
total  time  of  flight  f,are 

(i)  h=u>l<2s);t=ul(2g);  (II) 

(III)  h=u’lg.  (=K/E ; (It)  A=a>/( 2g),  t=Ws- 


Hint.  See  Ex.  1 above.  (l,) 

Ex.  4.  A particle  la  lei  fall  ander  parity  only  from  reaf  »'  * 
point  at  height  h abore  the  ground.  Find  (i)  the  time  req  4(l* 


strike  the  ground,  (ii)  the  velocity  with  which  it  will  ^ 

gronnd  and  (iil)  the  distance  travelled  dnring  the  nth  seco 


start. 

Sol.  Let  the  particle  strike  the  ground  after  time  / 
city  v. 

(i)  Then  from  "x=ut 4-i/t1”,  we  get 


with  veto-' 


h=>0.f4-Jgr*.  or  ( hjg ) sec.  . 

(ii)  From  Mv1s=*ti,+2/x*r,  we  get 

* v*=G-f2gfi  or  v=i/{2gli)  units.  ‘ 

(iii)  Distance  travelled  during  the  nth  second  From  start 

‘ -•■a+'J/(2n-I)"  . ...See§SWEe 

-O+JfrPn-n-Jj-IZn-l).  • • _ 

Ex.  5.  A balloon  ascends  rrilb  a uniform  acceleration/®/*^' 
At  the  end  of  t seconds  a body  is  released  from  it.  Find  *n 
that  elapses  before  the  body  reaches  the  gronnd. 


Sol.  For  the  motion  of  Ibe  balloon  ; 

V«==0,  'p~f  m/sec* , */’=:/ sec. 

Let  v be  its  velocity  and  h be  the  height  after  time  t seconds. 
Then  from  and  $=*ar-f  }/(*,  we  get  * 

v=/e  and  A=i/e*  , ’ •“** 
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the  “°"0",of.body  : At  the  *ime  of  release  of  body  from 

he  wS'ir'  001’  °f bo,,5r  wi"  be  th£  Eame  M that  of 
he  v„J°  n.,l?9lh  m magnitude  and  direction  i.e.  the  velocity  or 
the  body  mil  be  v,  given  by  (i),  in  vertically  upward  direction 
, J.  For  the  body,  we  have 

u m/sec.,  lf'—g  m/sec \'*s'=*h  metres  and  t=T  sec. 

(say). 

• J.  From  's^ut+i  ft*\  we  have  h^—vT+igT* 

//  T+\g  T2,  from  (i) 

&T*-2ft  T-ft*=  0 

or  ' ' r=[2/r±V{V>r>.+4/gt*}J/2g 

„r  ■ ='t/±  v/(/’+/«)]/g 

as  r5>0.  Ana. 

secomIs'nftcmardI*'nnnihJ,r0^€*!C?  upwards  'with  velocity  u and  t 
same  rclocltv  Find  " ^ther  P®r*^,e  is  similarly  projected  with  the 
C,oclty-  Find  when  and  where  they  will  meet  ? 


Sol- 
' T of  its 

by  the  £ 
second  p. 


T At 


or 


Ana. 


uue  iu  lime  T. 

“ (t+Fj+j  (-g)(r+r)*J»ur+  \ (_g)  i* 
u>-is(l,+2in=0  or  «-te,-gr=  0 
r=(„/g,-.j,. 

so  ic  eight  at  which  the  second  particle  meets  the  first 
=“T-igT\  where  7'-(u/g)_},' 

““(f-ij-MM)* 


Ana. 


, ' * ~ ads. 

through t heiahtV-1 ih.' l!,.,,!0  5?  ral,',cd  by  * ™Pe'  frora  test  to  rest 
hear  Is  nW.  Show  thar^h^i6**  f7-''D!.  "!l,ch  the  rope  cao  safely 
made  tg  J2n/i/(o— 1)  time  In  which  the  ascent  can  ho 

f*  “T*  '4  rnasi  of  thc  !oad'^.  'hen  m=IV/g  ...(i) 

Whh  80  »«ekrati™/aod\n«^,ooVio"ntr?ai1  ^ UpWard’ 

Then  the  equation  of  motion  (from  Newton’s  2nd  law)  is 
m/=„tF_,p  or  [nW-fn-l)  lK  from  (i) 
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or  /=(n— J)  g.  . , ♦••(**) 

In  the  second  part  of  the  motion  tension  ceases  to  act  arid  the 
load  is  moving  under  gravity  only. 

Let  xt  and  xt  be  the  distances  moved  and  ft,  t2  be  the  times 
taken  in  these  two  parts  of  motion.  Let  v be  the  max.  velocity 
acquired  at  the  end  of  first  part,  i e . at  the  time  when  tension  cea- 
ses to  act. 


Then  for  the  first  part  of  the  motion,  we  have  . . 
v-fii  and  v*=j2/x,. 

And  for  the  second  part  of  the  motion,  we  have 
v~gtg  and  v*=2gxs. 

Also"  • (given). 

From  (iii)  and  (ft),  we  get  x1+x2=(v*/2/)-f-(v*/2g) 
• or  ft=$v«  [(1//H(I/*)],  fro®  (v> 


...(iv) 

...(vO 


\ the  required  time 

»rl+f,*(v//)+(ir/gr),  from  (iii)  and  (iv)  " • 


, from  <#) 
Hence  proved. 


Henc 

*Ex.  8.  A man,  in  a lift  ascending  with  an  acceIera^on 
throws  a balj  vertically  upwards  with  a velocity  V and  catch*5 _ 
after  a time  r.  Afterwards  when  the.  lift  is  descending  with 
same  acceleration  the  man  again  throws  a ball  vertically 
with  the  same  velocity  and  catches  it  after  a time  <*.  DetermW 
the  velocity  v and  acceleration/  in  tehns  of  tt,  Js  and  g the  acce  f 
ration  doe  to  gravity. 


Sol.  ‘ The  man  in  the  lift  throws  the  ball  upwards  and 
the  ball.  Therefore  relative  to  the  lift,  the  velocity  of.  project 
of  the  ball  is  v and  the  distance  moved  is#zero  in  both  the  cass 
when  the  lift  is  ascending  and  descending:  ' , 

When  the  lift  is  ascending,  ihe  acceleration  of  Ihe  bail  relati'* 
to  the  lift  is  (r+g)  vertically  downwards  or  [-(/+£))  W'1'™1'  . 
upwards. 

From  r=u(+J/(«,  we  get 

0 -«.+«{-(/+?)!(,>  or  r-i  (/+«)  -W 
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When  the  lift  Is  descending,  the  acceleration  of  the  ball  rela- 
tive to  the  lift  is  (g— /)  vertically  downwards  or  {— (g— /))  verti- 
cally upwards.  (Note) 

As  before  from  s=ut+ \ft\ we  have 

or  V~i  (g-f ) t2  ...(ii) 

.From  (i)  and  (ii),  equating  values  of  v,  we  get 
*<*+/> 4-*  to-/)/* 

or  gKtfbts) ' . Ans. 

Substituting  this  value  in  (i),  we  get 

v^ghhMi^-h).  Ans. 


**Ex.  9.  A stone  Is  dropped  from  fin  aeroplane  which  is  rising 
with  acceleration  / and  t seconds  after  this  another  stone  Is  drop- 
ped. ProTC  that  the  distance  between  the  stones  at  time  T after 
■ the  second  stone  is  jlropp'ed  is  £ (g- f-  /)  f (/+2T). 

Hint.  Ac c.  of  each  stone  when  released  relative  to  the  aero- 
plane=^/-fg.  The  initial  velocity  of  each  stone  relative  to  the 
acroplane«»0.  • - 

» The  first  stone  has  been  in  motion  for  (t-fT)  seconds  and 
the  second  for  T seconds. 

.*.  Distance  covered  by  the  first  stone  relative  to  the  aero- 
. plane«  J (f+g)  (/-f ~T)9  and  distance  covered  by  the  second-,  stone 
relative  to  the  aeroplane=£  ( f+g ) T*. 

• A .Required  distance ( f+g)  (r-f  Tfi—l  (f+g)  T* 

’ . ..  =j(/+g)[<f+n2-2r,i 

....  ■ ■ >=i(/+s){>+2T)l.  Hence  proved. 

.Exercises  on  Velocity  and  Acceleration 

Ex.  l.  A'particle  falling  from  the  top  of  a vertical  tower  has 
descended  x metres  when  another  is  let  tall  from  a point  y metres 
below  the  top.  If  they  reach  the  ground  together  show  that  the 
height  of  the  tower  is  £ (x-byflx  metres. 

- Ex.  2.  A ball  is  dropped  from  the  top  of  a tdwer  h metres 
high  ; and  at  the  same  moment  another  ball  is  projected  upwards 
From  the  bottom.-  They  meet  when  the  upper  one  has  described 
1/n  of  the  distance.  • Show  that  the  velocities  when  they  meet  are 
in  the  ratio  2 : (n— 2)  and  the  initial  velocity  of  the  ball  projected 
from  the  bottom  of  the  tower  is  *f(\ngh). 
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Ex.  3.  Prove  that  the  shortest  time  from  rest  to  rest  in  which 
a steady  load  P can  lift  a weight  w through  a vertical  distance  ft  u 
VfWs)  {P/(P— w)}3  seconds. 

[Hint!  See  Ex.  7 Page  33], . 

' Ex.  4.  Atc  the  following  statements  true  or  false  t— 

(i)  A particle  moving  with  an  uniform  acceleration  desert* 
bes  equal  distances  in  equal  intervals  of  time. 

(ii)  The  average  speed  of  a particle  moving  in  a straight  » * 

with  uniform  acceleration  for  an  interval  of  time  is  equal  to  * 
the  sum  of  the  velocities  of^the  particle  at  the  initial  and  the  o 
instants.  . 

(iii)  Bodies  of  different  weights  falling  freely  from  a use 
height  reach  the  surface  of  the  earth  with  different  velocities. 

Ans.  (i)  False,  (ii)  True  ; (ii)  False 


Newton’s  Laws  of  Motion  and 
Rectilinear  Motion  with 
Variable  Acceleration 

. i 

§ X.  Newtca’a  Laws  of  Motion. 

„ ( Bundelkhand  87;  Rajasthan  86) 

The  Newtonian  Mechanics  is  based  on  three  laws  for  axioms) 
known  as  Newton’s  Laws  of  Motion  and  are  most  commonly  used  * 
in  Mechanics;  They  are  stated  as  follows 

. Law  X.  Every  body  (or  particle)  continue*  in  Its  state  oj  rest  or 
of  uniform  motion  in  a straight  line  unless  U is  compelled  by  some 
external  force  (or  forces)  to  change  that' slate .•  • 

• Law  II  The  rate  of  change  of  momentum  Is  directly  prapor - 
tlonal  to  the  Impressed  force  and  * takes  place  lit  the  direction  In 
which  the  force  acts. 

Law  HI.  Tq  every  action  there  Is  equal  and  opposite  reaction.  , 
§ 2.  Newton’s  Law  I defines  a force  to  be  the  agent  which 

fVsnnM  c>«»»  rtt  * » •"  *'•» 


was  so  previously.  Hence  we  conclude  that  if  a body  is  hot  mov* 
log  in  a straight  line  or  is  moving  with  a variable  speed,  it  is 
under  the  action  or  some  external  force. 

Foret. 

Definition.  Force  is  a cause  which  tends  to  change  or  changes 
the  state  of  rest  or  of  uniform  motion  of  a body  in  a straight  line.  - 

Laws  of  Inertia. 

This  law  I of  Newton  also  indicates  the  property  oF  a body 
due  to  which  it  continues  in  its  state  of  uniform  motion  if  no  ex- 
ternal force  is  applied  and  this  property  is  called  Inertia  and  hence 
Law  I of  Newton  is  also  known  as  Law  of  Inertia,  -> 

i *Issac  Newton  (1 642-1727)  was  born  In  Woo’stbropc,  England. 
He  was  the  father  of  Differential  Calculus  but  bis  works  remained 
unpublished  until  many  years  after  their  discovery.  His  main 
works  were  in  Optics,  Algebra,  Geometry,  Calculus,  Laws  of  gra- 
vitation and  celestial  mechanics.  Z9}1\}\ 
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Definition,  The  measure  of  the  inertia  of  a body  is  kcown 
its  mass.  * * _ f force 

--  §3.  Newton's  Law  II  gives  us  a measure  for  jjk() 

thus  makes  the  concept  of  force  more  precise.  J in  ltd 

called  Law  of  Motion  and  gives  a relation  between  the 
the  acceleration  produced  by  it. 

Momentum.  . , . , , velo* 

Definition  1.  If  m be  the  mass  oLa  Pa,llc.'e, 
city  then  the  momentum  p is  defined  by  the  n 

Definition  2.  (By  vecrom).  If  v be  the  velocity  vector » ^ 
the  mass  of  a particle,  then  the  linear  momentum 
particle  is  mv.  ^ 

ItyNewton’s  Law'lL  we  find  that.the  rate  of  change  of 
momentum. v/r.  ± (?)  la  directly  proportional  to 
force  F(say)  and  takes  place  in  the  same  direction  in 
u ' J.(p)=kF.  where  k is  a scalar  constant' 

or  jt(mi)**kF,  since 

or  m (dvIdi)=kF,  if  m .is  constant-  i—;  " 

or  " K ■'  mf=kF,  where  /is  the  acceleration  ^ 

Now  if  we  choose  the  unit  of  force  in  “ ®aJ[njt  acceleia- 
force  acting  on  a particle  of  unit  mass  Prod"c“  “,"0”  „deces  to 
tion,  then  we  have  k= 1 and  then  the  above  equa  „.(i) 

This  equation  is  known  as  equation  of  motion  or  jj®*1®  |he 
equation  of  dynamics  and  gives  a relation  between  a fo 
acceleration  it  produces  on  a given  particle  of  mass  m. 

The  equation  (i)  can  be  written  as  fV-m/=  0 _ . 'sJ  ^ 

Here  mf  is  known  as  effecthe  force  on  the  particle  _ on  8 
Thus  we  can  interpret  (it)  as; -The  external  force  aci  * -a 
particle  and  the  reversed  effective  force  taken  tog**®1 prinCiple 
particle  In  equilibrium.  This  is  known  as  D Alemben  s 
for  the  motion  of  a particle. 

Equation  of  motion  (rector  form).  meotum 

From  Newton’s  Law  II,  the  rate  of  change  of  mo 

viz.  rr  (mv)  I*  proportional  to  the  impressed  force  F (say)  BD 
of  ’ ' , 

takes  place  in  the  direction  in  which  the  force  F acts.  . * 
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t.  We  can  write  (ntT)=fcF,v 

, „ , • , • where  k is  the  constant  of  proportionality 

or  m ^’(rJesAP,  if  m does  not  depend  on  time 

or  ma=£F,  where  a is  the  acceleration  vector  of  the  body. 

Now  if  we  suppose  that  an  unit  force  acting  on  an  unit’  mass 
produces  an  unit  acceleration,  then  we  have  and  the  above 
equation  takes  the  form  ma»F, " 
which  is  known  as  the  equation  of  motion  of  the  body. 


„ Exercises  on 


§3-  ' 


’ Ex.  Is  the  statement  ‘The  relation  "force«=»massx  acceleration” 
is  only  true  for  uniform  acceleration1  true  or  false  ?* 

§ 4,  Newton's  Law  .III  describes  that  forces  always  occur  in 
pairs,  the  two  forces  being  such  that  they  are  equal  in  magnitude 
but  opposite  in  direction  l.e.  it  describes  the  equal  and  opposite 
force  interactions  of  two  bodies.  ■ ' - 

§ 5.  Principle  of  Physical  Independence  of  Forces.’ 

Let  m be  the  mass  ©f  a panicle..  Let  a force  F,  acting  on 'this 
particle  produce  an  acceleration  fu  then  from  Newton's  Law  II, 
we  have  ‘ m/,=F,,  , ...(i) 

Similarly  if  Fa  be  another  force  acting  on  this  particle  which 
produces  an  acceleration  flt  then  ’ * ...(ii) 

Adding  (i)  and  (ii),  we  get  m (/i +/«)*=  Fx+F,.  ...(Hi) 

From  result  (iii)  above  we  conclude  that' a force  Ft+F2  acting 
on  the  same  particle  of  mass  m produces  an  acceleration /j+/i  in 
it  i.e.'the  additional  force  F,a  produces  an'  additional  acceleration - 
/,  alone  on  the  particle  of  mass  m (see  result  (iii))  as  it  would  do 
if  acting  alone  on  the  particle  of  mass  m (sec  result  (ii)). 

This  result  is  known  as  Principle  of  Physical  Independence  of 
forces.  ‘ • 


§ 6.  Deduction  of  Law  I from  Law  II.  • 

From  Newton’s  Law  II,  we  have  ^(mv)-*fcF, 

where  m Is  the  mass  of  a particle,  v is  the  velocity  and  F is  the  ex- 
ternal force’actiog  on  It. 

Now  if  no  force  is  acting  on  the  particle,  then  F*»0,*and  so 
d 

from  (i),  we  get  ^ fmv)«*0. 


4 - Dynamics  1911-88 

Integrating  with  respect  to  t,  we  have  mr**c,  where  e is  &n 
arbitrary  constant  ' , 

of  v ® elm -u,  a constant*  - 

/,e.  velocity  of  the  particle  Is  constant  which  shows  that  the  part1, 
cle  continues  to  move  in  a straight  line  with  constant  speed. 

If  however,  u«»o  then  from  (ii)  we  find  that  particle  conti- 
nacs  to  be  at  rest. 

This  is  nothing  but  Newton’s  Law  I of  motion  and  hence 
deduction  of  Law  I from  Law  II. 

§ 7.  Units  of  Force.  . 

(i)  In  C.G.S.  system,  the  unit  of  force  is  a dyne  and  we  define 
a dyne  as  that  force  which  when  acts  on  a particle  of  mass  ot>e 
gram  produces  in  it  an  acceleration  of  l cm/sec*. 

(lit  In  M.K.S.  system,  the  unit  of  force  is  a newtoa  and  w* 
define  a newton  as  that  force  which  when  acts  on  a pat  tide  0 
mass  one  kilogram  produces  in  it  an  acceleration  of  1 m./*ec^* 

(iii)  In  F P.S.  system,  the  unit  of  force  is  a pounds! 
define  a pounds  1 as  that  force  which  when  acts  on  a particls  0 
mass  one  pound  produces  in  it  an  acceleration  of  I ft./sec  . 

Note  1.  From  definitions  of  dyne  and  newton  it  is  evident  tba 
one  newton  « 100,000  dynes. 

Note  2.  Dyne  in  C G S.  system  and  ponbdal  in  F-P.S. 
are  called  the  absolute  nnlts  of  force  as  these  ore  free  from  /.  lhe 
acceleration  due  to  gravity  Iind  remain  the  same  at  all  places. 

A unit  of  force  based  on  the  weight  of  a unit  mass  is  known 
as  gravitational  unit  of  force. 

In  C.G.S.  syste.m  the  gravitational  unit  of  force  lsgrtM  weight 
or  gm.  wt.  - 

InMKS,  system  this  unit  of  force  is  kilogram  weight  or  kg- 
wt.  and  In  F.P.S.  system  it  is  pound  weight  or  lb.  wt/ 

We  know  g.  the  acceleration  due  to  gravity,  is  9S0  cm./sec*  in 
C.G.S.  system  ; ,9-8  m./sec1  in  M.K.S.  system  and  32  ft./sec*  m 
F.P.S.  system.  ' - • 

Hence  we  have  One  gram  weight— 980dynes. 

One  kilogram  weight«=9-8  newtons, 

Oue  pound  weight=32  ponndals. 
g 8.  Dimensions  of  Force  and  Momentum. 

If  M,  L and  T denote  the  units  of  mass,  length  and  time  res- 
pectively then  (i)  the  momentum  being  the  product  of  mass  and  . 
velocity  its  unit  is  denoted  by  MLT“*. ■ 

unL  h dc  Jo«dr  b7MbLr-E.!h'  producl °rnra” and  “‘«,'ra,i°n  i,! 
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•*S  9.  Motion  trader  larerte  Square  Law. 

A particle  moves  in  a straight  line  under  an  'attraction  towards 
a fixed  point  on  the  line,  varying  Inversely  as  the  square  of  the  dls- 
t ance  from  the  fixed  point ; to  investigate  the  motion, 

- * (Gorakhpur  87\  Meerut  86) 

O is  the  fixed  point  on  the  „ -M 

line.  LetPbe  the  position  of  Jr*  " ” 1 ^ 

the  particle  at  time  t,  where  A 
O 


0 

(Bg.  1) 


<fix 

V 77%  * 


dv 

fTx- 


...(«) 


A The  equation  of  motion  is 
d*x  mp 

where  m is  consunt. 

„ dv  p 

, dx  X1 

Integrating  with  respect  to  X we  get 
where  c,  constant  of  integration. 

Let  the  particle  start  from  rest  from  a point  A,  whero  OA—a. 
Then  at  A,  x— a and  r»0. 

A From  (ii),  0— {p]a)+cx  or  C|«=  —(bla). 

y A,  FfO®  (»■).  we  get  v*«2/i  ^ 

mMb-h  •••  «-* 

or  . . ...(H) 

the  negative  sign  is  due  to  the  fact  that  as  r increases,  x^pertases' 
or  dx—vw  A or  */(£-;)  *— ©0  j <*+r„ 

where  et  is  constant  of  integration.  , 

Putting  *«a  cos*  0 or  2a  cos  8 sin  9 d$,  wc  get 

J >fa. (—2a  cos  ff  sin  ff)  dd — A j <&+«* 

or  . ay'o  J 2 cos1 0 d9»yf(1p)  t-  c, 

or  a\/aJ(I+oos2f)<#«.V(2^)r-e, 

or  a^oW+l  sin  20)-»V(?tO  t—ct 

or  atf'a  (ff-Ming  cos#)-«\/<2p)  t~c% 

or  cVa  [«.''•  7(?)+\/('-  j)  y(f)]-,/<>J 

V cos  t-*\/(xla). 
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At  A,  we  have  x«a;  r =0,  A c*»=0  and  we  get 

fW  (r)]-v®M 

-j&b-MkA'-W)] 


.(tv) 


. v w-j  L V V \ o \a  ) J -'7 

rutting  x=0  in  (iv)-we  get  the  time  taken  by  the  particle  in 


reaching  o from 


, __£f  rcos-WO)1»?^-  1 
, VW[C°S  .-w 

Also  from  (i)  and  (Hi)  we  find  at  O,  f./r.  at  x»0,  the  accelera- 
tes LS  -‘n  fi,nit,e  and  thB  velocity  is  (—infinity).  Therefore  the  pat* 
ucic  will  dash  through  O and  the  negative  sign  of  the  velocity 
shows  that  it  will  move  towards  the  left  of  O.  Since'the  accelera- 
tion is  always  directed  towards  O therefore  retardation  will  begin 
and  the  velocity  would  go  on  decreasing  and  ultimately  the  par- 
ticle would  come  to  momentary  rest  at  A ' such  that  OA'^o^OA. 

It  will  then  retrate  its  -»«>» 

come  to  momentary  rest  a 
O and  its  period*=tirae  tak  ■ 

«=4J(time  taken  in  moving  from  A to  O) 


=4. 


t trav'o 


, from  (v) 


* - 2V  W 

*=na-/(2a/ji).  {Gorakhpur  S7, 

..  ^ke  law  of  at  tract  ion’to  wards  the  centre  of  the  earth 

tor  a body  moving  outside  the  surface  of  the  earth  is  inverse 
square  wherdas  inside  the  surface  of  the  earth  attraction  Is  pro- 
portional to  the  distance  from  the  centre. 

Solved  Examples  on  Inverse  Square  I.sw, 

. Ex.  1.  A particle  Is  shot  upwards  from  the  earth's  SDrI*c^ 
with  a velocity  of  1 km./sec.  Considering  variation  Id  gravity, 
tonghly  In  kilometres  the  greatest  height  attained.-  -jv* 

S°\  ? U 1.he  centre  of  the  earth  and  B is 
me  point  of  projection  on  its  surface.-  Let  P be 
0/»Lxlt  °n  °f  thC  particlc  at  time  sueh  that  1 

cw.  *v - the  earth,  th*  - 

, , * ...  rerse  "’square  of 

. " ‘ ‘ the  equuion  of 

~ ■ n.atPij 

■ ° x rnM 

m •- t-  or  x t*  . - 

eft*  x * or  dl,  — ...  (Fig  2) 

<h=  ..Vh ** e *»" of 
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/.  From  (i), 


..(«) 


(6400 X 1000)* 

or  , /*=(6400X  10(J0)*  g. 

, Again  from  (i),  we  have  v 

dv  p .. 

V dx  *“  . x*  di*~ 

Integrating  with  respect  t<5  x,  we  get  iv,«=(#*/x)+ei,  ...(Hi) 

'where  e%  is  constant  of  integration. 

At  B (i.e.  on  the  surface  of  the  earth)  v=  I km/sec*=1000me- 
tres  per  sec.  and  x=»6400x4000  metres. 


5 dv  . 
• “• v dx  * 


A From  (iii)  we  get  1 (1000)*=^ 


\+ci 


6460x1000 

or  C^H^OO^.-^OOXlOOOIg  . 

From  (iii),  v»=(2/i/x)+(l000)'-2  x 6400X 1000X*. 

At  the  highest  point  v=0  and  x**h  (say).  - 
A 0«(2/i/A) +(1000)»-2X  6400 X 1000 Xg.  - 

or  h — 

. 2 (640OxlOUO)£-(lumi)» 

__  ' 2x  (64Q0x  I'OOO)1  g 
*"  2g  (641J0X  10.UU)— (1000)*  . 

„ 2x64OOx640OXIOOQx9’8  , 

*.  ' • ” 2 X 9 *8  X 6400—1000 

- . 6400  x 6400x1960 

“(I96x64-r100)xl000*’ 

A Required  beight*=6451'43--6400*>5l  *43  kras.  A, ns. 

••Exi  2. 1 If  A be  the  height  doe  to  the  velocity  v at  tbe,'earth’s 
surface,  supposing  Its  attraction  constant  and  H the  corresponding 
height  when  the  variation  of  gravity  is  taken 
into  account,  prove  that 

1 _1  1 
If-  H *3  r*-  • 

where  r is  the  radius  of  the  earth.  . (Avadh  89) 

Sol.  Supposing  the'  acceleration  ’due  to 
gravity  to  be  constant  and  equal  to  g according 
to  the  problem  from  "v,*=*u*+2/x”,  we  have 

v*=0+2g/i  or  v**=2gA  ..  (i) 

When  the  variation  of  gravity  is  taken  into 
account,  let  P be  the. position  of  the  perticle  at 
time  t,  such  that  Op=>x.  - 


metres. 


; kms.-=645l,43,kms. 


(Fig.  3} 
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i.  The  equation  of  motion  Is 
d'x  mu  d*x  M . 

dt*  ' x * r dt*  " x» 

On  the  surface  of  the  earth  x«*r  (given), 
•\  g—H/'1  or  p**gr*. 

From  (ii)  and  (Hi),  we  have 

gr*  b dTx  rfV 
Vofee"  x*"’  Y rfx 


....(5) 

...(iii) 


“Integrating  with  respect  to  x,  we  get  iv1—  *+c»» 

where  <7,  is  constant  of  integration.  - 

At  the  highest  point  A , v— 0 and  x~OB+BA—r&" 

„,t  _ 

A From(iv),  we  getO— "T—+C,  .or  C,*3  /j+r* 


/.  From  (iv),  v*« 2gr' 

On  the  surface  of  the  earth,  i.e,  at  B,  v=»v  (given)  and  x*= 
2gh- 


MtoI  •••  frcm(i,>;’iA, 

5r  s -%f-r+h  ‘furmt* 

inwards  (t°m  . 


, tH 
°f  H+r 

•Ex.  3.  A oarticle  Is  projected  vertically  upwards  ft®®  ^ 
earth’s  surface  with  a velocity  Just  sufficient  to  csrry  t 0 
■alty.  Prove  that  the  time  It  takes  to  reach  a heifbt  h Is 

*V(Za/*>[(i+W'’-l],  „ llliha„j8S) 

where  a is  the  radius  of  the  earth.  (Kanpur  87,  Ro  •" 

Sol.  O is  the  centre  of  the  earth  and  B is 
the  point  of  projection  on  its  surface.  Let  P be 
the  position  of  the  particle  at  time  /,  such  that 
OP-x.  . - . 

We  know  that  outside  the  surface  of  the 
earth,  the  law  of  acceleration  is  that  of  inverse 
sqoare'of  the  distance  from  the  centre,  hence  the 
equation  of  motion  at  P is 

fPxIdt'm.  —pjx*.  ...(i) 

On  the  surface  of  the  earth,  this  accelera- 
tion is  g and  x—a  (given). 

From  (i).  g-p'r*  or  p—a'g. 


(Fig.  4) 


ovm 
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Hence  from  (i),  ;jp~-jr  ...(ijj. 

Multiplying  both  tide*  by  2 (dxjdt)  and  integrating,  we  get 
+C,  where  C is  constant. 

Giveo  that  dxfdt— 0 when  jr«-eo,  C**0. 

He„ce(^y-^  or  ■ 

(positive  sign  is  due  to  the  fact  that  x increase*  *4 1 increases) 
or.  x dx— ay/  (2f)  dt,  ..-(Hi) 

A Required  time  from  the  surface  of  earth  to  a height  h,  /.*. 
from  x*»o  h is  obtained  from  (iii)  by  integration  as 

i'ww>Ktt+hyn-a’"1-i  [( ,+»~)  "-1 1 

/ -!✓  (2a/g)  [{l+(ft/oU,,,-ll.  Hence  proved. 

Ex.  4(a).'  A particle  falls  towards  the  earth'  form  infinity  ; 
show  that  its  velocity  on  reaching  the  surface  of  the  earth  Is  the 
same  as  that  which  It  woold  hare  acquired  In  falling  with  constant 
acceleration  g through  a distance  equal  to  the  earth’s  radios. 

(Agra  87) 

Sol.  , Let  <7  be  tu“ 

P be  the  position  of  ■ ■ 

law  of  acceleration  h-  ■ ■ ■ ■ 

O,  the  equation  of  m 1 

Multiplying  both  ,sides  ’by  2 (dx'dt)  a nd 
integrating,  we  have  (dildt)%=>2pix+C, 
where  C is  constant  of  integration . 

At  x=tco,  dxfdt** 0 (given),  A C>=0. 

Hence 

dx  ' y/{ 

eft  ~ V* 

(The  negative  sign  shows  that  x decreases 
at  t increases), 

■-  Also  oa  the  sorface  of  the  earth  accelera-. 
tloo  due  to  gravity  Is  g, 

- A From’(i),  g^h/a*  or  /*=*a*g. 

A From  (ii)»  ' 

(dxfdt)  «=» — ay/  (2gfx),  ..(iii)  , (Hg  5) 

A On  the  surface  of  the  earth,  le  at  x=»a.  the  velocity  of 
the  p3rticle=c  ^(?g1,o)=v'(2og). 


Jl...  .r.k. 


/rffV  2"  „ 

\dl  ) . X ° 


...(ii) 


* I 
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= velocity  which  the  particle  would  have  acquired  jo 
falling  through  a distance  a under  constant  acce 
ration  g.  , 

IJx.  A (b).  A.  particle  falls  freely  from  infinity  on  the  ct  ‘ 
Show  that  Its  velocity  on  the  earth’s  surface  Is  V @8a)r  w^Cre^r» 
the  radius  of  the  earth.  ‘ ' , • (Agra 

What  shall  be  its  velocity  on  reaching  the  centre  of  the  earth 
Sol.  First  part  of  the  problem  is  the  same  as  Ex.  4 (a)  & vc' 
Now  inside  the  surface  of  the  earth  attrac- 
tion towards  the  centre  of  the  earth  is  proper-  ’ 
tional  to  the  distance  from  thp  centre.  Let  Q 
be  the  position  of  ihe  particle  at  time  t,  such 
that  OQ^y.  Then  the  equation  of  motion  of 
the  particle  of  mass  m (say)  at  Q is 
d2y  d*y 

A*  *=-*>■  ...0) 

where  fc=A/m. 

On  the  surface  of  the  earth,  the  acceleration 
is  g and  y**a  (given). 

From  (i)  we  get  g*=ka 

or  k=*gja  . 

Multiplying  both  sides  of  (i)  by  2 (dyfdt)  and  (E‘8- 

integrating,  we  have 

dy\% 

5/  ) “ -ky*+C,  where  C is  constant  ...(iii) 

At  B,  (vetocity)*«(tfy/{/0,=(V(7£<01,«=2ga  and7«=«a 
2ga=»~fcfl*+C_  or  2gj«  — ga+C,  from  (ii) 
or  ' C=3g<j 

X.  From  (iil)*we  get  (drldt)*  = _ (E/ay  y+3ga 
At  the  centre  O,  .y—O  and  so  from  ( iv ) we  get 

(Vel.)»«0+3ga  or  velocity  at  the  centre** </(3gd).  km’  ■ 
••Ex.  5.  Calculate  In  kilometers  per  second  the  least  velocity 
which  will  cany  a tody  from  the  earth’s  surface  to  Infinity. 

Or 

Find  the  velocity  of  a particle  with  which  If  projected  fro®  *be 
sorface  of  the  earth  It  may  never  return  to  It, 

Sol.  Let  O be  the  ceatre  of  the  earth,  whore  radius*  WOO 
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kilometres  or  6400X 1000  metres.  Let  P be  the  position  of  the 
particle  at  time  /,  such  that  OP*=x,  when  the  particle  is  projected 
from  the  point  B on  the  surface  of  the  earth  with  a velocity  v 
m./sec.-  1 


A 


• The  equation 'of  the  motion  at  P is 


d' x _ 
di •“  . 


P 


•...(0 


On  the  surface  of  the  earth,  acceleration  due  to  gravity  isg.  • 
A From  (i),  g=ap/(640OXlQ00)*  ; , 

or  p=(9-'8)X(6400X1000)*  ...(li) 

Multiplying  both  sides  of  (f)  by  2dx(dt  and  integrating,  we 
get  (t/x/</0*-(2/V*)+C,  ...(113) 

where  C is  constant  of  integration.  - / 


As  x=aoo,  dx[dt=* 0 (given),  A . C« 0. 
A,  Prom  (iii)  we  get  (dx/dt)'=(2^/x). 

A On  the  surface  of  the  earth,  /.*.  at  if. 


= 6400x1000 


dxjdt^v  and 

2-X<9:mmxS^’”1!>6)<  61x10000 

or  v»14x8x  100=11200  nletres/sec. 

« 1 1*2  kms/sec.  , ’ Ans. 

•Er.  6 If  the  earth’s  attraction  vary  /aversely  as  the  square 
of  the  distance  from  - Its  centre,  anil  g be  Its  magnitude  at  the  sur- 
face the  time  of  falling  from  a.  height  h above  the  surface  to  the 

surface  Is 

where  a Is  the  radius  of  the  earth. 


V(^[V(£)^W(4)]. 


Sol.  Let  the  particle  fall  from  A to  By  where  AB  - h. 

Let  P be  the  position  of  the  partible  at  time  r,  such  that 
OPr=x,  where  O is  the  earth.' 

V Outside  the  surface  of  the  earth,  law  of  attraction  is 
Inverse  square  of  the  distance  from  the  centre  of  the  earth. 

1 A The  equation  of  motion  is 

fxldt*--rtx 1 ‘ V;  —(0 

On  the  surface  of  the  earth  acceleration  is  g and  x^a, 

-X  £*p,'c*  .or  p —a*g. . *■  . 
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. f *d*x  a*g 

••  wegetgp— JJ-  ..(ii) 

Multiplying  both  sides  by  2 (dxldt),  end 
Integrating,  we  get 

I??)  “ ~x^  +C»  w^cre  c005*101. 


At  A,  x**h+a  and  dx/dt^O. 

°-<£f,+c  °f  c- 


2 a'g 

(oTW 


. (iii)  (F'8'  7) 


••• 
or 

, negative  sign  is  due  to  the  fact  that  * decrease*  a*  t increase*. 
Putting  a+h=b,  we  find  from  (iii)  . 

oi  ■ ( 
•%  Integrating  between  the  limits  x«fl+A  to  x«fl  or 
tox»fl,  we  have  the  required  time 


‘ ay/W 
\ 


1 ut&y 


fiin-'vWM  Hb'  c\  2Minf  coif  <#> 

“ ox/(2([)U„  V\f>oos*»;  ••  a,,!! 

putting  x=b  tin*  i or  dx ilo 

rtin-v.wt.)!in,C(B 

a V(2g)  J w/j 

— _^6  [.in-VWi)(|_co, 

ov(2jr;j#i 

--  •i)'*  r.-J  s'n  J|1*'VW« 

flv^(2^)L  J»/j  ' > 

"-'i^®l5ta"V(0/M-vw»,V(,rr)'2'] 

- [d— i ^"-V(»/W!+ V(r)7('-  S')]  fN0"’ 

-rXh-ya)+V(r)V(-s)]-  . 

v Ju-!in-’  f“c0! 
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Ta&lWK  WM-i)] 

cor*1 6 *sin“V(l  - **) 

-SS,KV('-*)^(.T.M';« J]h 

Ex.  7.  Show  (hat  (he  time  occupied  by  a body,  under  (he 
acceleration  kx*  towards  the  origin,  to  fall  from  rest  at  distance  a 
to  distance  x from  the  attraction  centre  can  be  pat  in  Ihe  form 
ViaVik)  [cos-1  </(*/n)+  Vixja).  V[l - (*/*))). 

Prove  also  that  the  time  occupied  from  x«=»3o/4  to  <7/4  Is  one  third 
."of  the  wfable  time  of  descent  from  a to  0.  * * 

Sol.  The  equation  of  motion  of  the  body  when  it  is  at  dis- 
tance x from  ihe  attracting  centre  is 

d**ldt'~-klx*'  ...(J) 

Multiplying  both  sides  by  2 dx/dt  and  integral ng'-we  get 
(dx(dt,**=  -(2 */*H  C,  where  C is  constant.. 

At  x^a,  dx/dt ~ 0 (given)  1 
* .0=(2 k/a)+C  or  C=  -~(2k/a),  - 

••  fiii) 
(negative  sign  shows  that  i decreases  as  i increases) 

Required  time  (from  x=*a  to  x*= 


j dx. 


or  dx» 

aV  a ( 


patting  x»»a  cos*  8 
>— 2 o cos  8 sin  8 d9 


■yiilhl™71  L 


*>[a\/o/v'(2L)3  W+sin  p cos  p] 

*=■  y/ia'Hk)  (cos-V(*/c)+ V{x(a)V{l  — (*/£)}].  Hence  proved. 
Do  the  second  part  yourself.  , , < • 

•Ex.  8,  Assuming  that  a particle  failing  freely  coder  gravity 
can  penetrate  (be  earth  without  meeting  any  resistance ; show  that  a 
particle  falling  from  rest  •*  a distance  b \b  > a)  from  the  centre  of 
the  earth  would  on  reaching  (he  centre  acquire  a velocity  Vtga  (3h 
“2 0)/b]  and  the  timefo.traveJ  from  the  surface  to  the  centre  of  the 
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c»r(h  Is -v/fofc)  sltr  ‘ V[6/(36-2a)J,  where  a Is  the  radios  of  It* 
earlb  and  g Js  acceleration  dne  to  gravity. . <■  • '(Agra&fy 

.Sol  Refer  Og  7 Page  12.  • ' 

Let  O be  the  centre  of  the  earth  and  A be  the  point  fro® 
which  the  particle  falls.  OA  (given).  Let  P be  the ' positiofl of 
the  particle  at  time  r.  such  that  OP^x. 

Since  the  law  of  acceleration  outside  the.  surface  of  the  cartf* 
L that  of  inverse  square  of  the  distance  from  the  centre  of  t&* 
earth,  so  at  Pt  the  equation  of  motion  is 


mv  - 


dv 


dv 

" dx  x * ur  v dx  " r x* 

On  the  surface  of  the  earth  x**q  and  acceleration^^ 
A g^Pjo*  or  n*=a*g. 

A From  (i),  we  get  v 

Integrating  with  respect  to  x,  we  get 
where  C,  is  constant  of  integration. 

At  A,  x =*b  and  (given),  so  from(ii),  we  have 

0 ~(a*s/6)+C,  or  , C,— ~(Q*g/6)-  * V'  ** 


...0) 


• 00 


A It; V be'tbe  velocity  of  !be  particle  on  the  surface  oftbe 


earth,  f.c.TtC-Brfe.  at  x—a,  then  from  (iii),  we  have 
fb^-aS  / « v ' 


^ifY2as  i1-  £)•  . w 

When|lie-pSrticle  penetrates  into  earth,  the  law  ofaccelera* 
tion  changes  and  the  equation  of  motion  becomes 
dv 


dv 

var 


— m.n'x 


- TSS~-ft’X 


dx~-’’~  ~<v) 

Also  on  the  surface  of  the  earth,  x=a  and  acceleration  U g> 

‘ X. ' g**»*'a  or  v-'^gfa. 
dv 


X From  (v),  we  get  v 


dx 


(*K 


...(ffl 


Integrating  with  respect  to  x,  we  get 

iv*— (g/a).ix*+Ct; 
where  C,  is  constant  or  integration. 

At  B,  U.  at  we  have  v^Kknd  therefore  from  <vi). wC 
get  \V*——(gla'M&+Ci  or  Cl«l(V,+^a).  _1 
l.  From  (vi),  wc  have  I'—lg/a)  x'W+ga)  ' 
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or  x'+ag  J3-(2 o}by],  from  (iv) 

«(g/o)  [c*— where  c*=[3tf*  - (2a5/ 5)} 
or  dxfdt^—^ig/a)  \Z(c*—xs),  • - , -«(vH) 

— ve  sign  shows  that  x decreases  as  t increases 

ot  a=“V(fV 

Integrating  betweed  the  limits  x=o  to  x«=P,  we  have  the 
required  time  from  Bio  O 

w(;-)L^W(?)[Hr)]: 

-Vir)  sin'‘  (rW  [v@5c.W)] 

• : W(fMJfe)] 

And  from  (vil)  the  velocity  at  the  centre,  i.e.  at  xb=0 

-vt-mi-  .•  • 

the  negative  sign  gives  the  direction  of  motion. 

*" *Ex.  9.  Show  that  (he  time  of  descent  to  the  centre  of  the 
force  varying  Inversely  as  the  square  of  the  distance  from  the  centre 
through  first  half  of  its  initial  distance  is  to  that  through  (he  last 
half  as  Or-f-2) : ,ir— 2).  ( Avadh  90;  Gorakhpur  90;  Rohllkhavd #7) . 

Sol.  -Let  O be  the  centtfe  of  the  force  and  "A  ibe  point  of  start, 
such  that  (M**a  (say).  Let  B be  the  mid-point  of  OA.  Let  P be 
the  position  of  the  particle  at  time  t,  such  that  OP—x.  c 

Then  at  P%  equation  of  motion  is  ^ 

Multiplying  both  sides  by’2  (dxfdt)  and  'integrating,  we  get 
(dx/di)a*=(2u/x)+ C,  where  O is  constant. 

At  A , dx[dt*=0  and  x=a. 

/.  0»(2 i*la)+C.  or  C»-(2 p/a) 

- $~Mwm  . ' 

(negative  sign  shows  that  x decreases  as  t increases)  X~°£\B 

m ■■  yfeyfei*- 

Let  ti  and  t,  be  the  times  taken  in  rooting  from 


A to  B and  A to  O respectively. 

Then  f2=time  taken  in  moving  from  to  X f O * (Fig.  8) 


T 

x 

■oi- 
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•pOltJog**50*10  *’ 

- V(a/2»0  (2  J.in)- WWp). 

And  retime  taken  In  moving  from  x**a  to  x—ia 

-V(^)CV(^)- 

= - \/(2>)  1 ,ln*  1 di‘  Pu,tln8  *“«  tin'  * 

«•  j^—l  *in  2ffjfr  » intcgraUog  2 

-VWih)  fa  + 2)\/(a/2f) : 

time  from  A to  B ^ *»__ 

* time  from  i*  to  O **— h 


nr +2 


. Required  ration 

„ 1 ^ 

Wlar2/*)-i  («+2)  V(0/2m)  2n-ln+^ 

Exercise*  on  § 9 . 


*+? 

'^2 


Ex.  I.  Assuming  that  the  gravity  inside  the  earth  vs 
its  distance  from  its  centre,  show  that  if  • a smooth  straight  v ^ 
is  cut  between  Delhi  to  London,  a tiain  starting  fretn  ftj* 
Delhi  under  the  action  or  gravity  would  reach  London  in  *hou 
minutes.  Assume  the  earth's  radius  to  be  6410  kilometers. 

Ex.  2.  A particle  is  let  fall  from  a height  h from  the  ear  ^ 
centre,  a being  the  radius  of  the  earth.  Find  its  velocity  o«  re« 
ing  the  centre. 

Ex.  3.  Find  the  time  of  falling  a height  h above  <artb  5 
face  to  the  surface. 

(Hint : See  Ex.  6 Page  li  of  this  chapter). 

**Ex.  A.  Complete  the  following  : 

The  law  of  force  upon  a particle  above  the  earin'*  surface  i* 
and  inside  the  surface  is / 

[Hint : See  note  at  the  end  of  § 9 on  Page  6 of  this  chapter]. 

Ex  5.  A particle  is  falling  under  attraction  due  to  earth 
from  a height  h above  the  Earth’s  surface.  Find  the  velocity  of 
the  particle  on  reaching  the  Earth's  surface.  Also  find  tHe  ti®c 
in  reaching  the  surface. 

[Hint  : See  Ex.  6 Page  11  of  Ibis  chapter] 
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Ex.  6.  If  ^ , ®Qd  t*le  expression  of  time. 

‘ (Gorakhpur  89) 

[Hint : See  § 9 result  (It)  Page  6 of  this  chapter] 

**§  10.  Motion  under  Miscellaneous  Laws. 

A particle  moves  under  acceleration  varying  as  the  distancex  and 
directed  away  from  a fixed  point ; to  investigate  the  motion. 


(Kanpur  87) 


Let  O be  the  fixed  point  and  ^ 

A the  point  of  start,  where  OA—a.  .Q  " ~ a 

Let  P be  the  position  of  the  parti- 
cle at  time  t,  such  that  OP=x.  (Fig.  9) 

According  to  the  problem,  the  equation  of  motion  at  P of  the 
particle  of  mass  m (say)  is  ... 

dv  1 dv 


rarr.px  or. 


=»/**. 


■■<0 


here  the  acceleration  is  in  the  sense  of  x increasing. 

Integrating  both  sides  with  respect  to  x , we  get 

- . Jv>=W+C„  (i|) 

where  <7,  js  constant  of  integration. 

At  A,  i.e.  et  x=*tf,  we  find  that  v=0. 

i.  From  (ii),  we  get  0==$  po*+C{  or  ' Ct«=— Jpa*. 

•A  From  (ii),  (^-a*)  or  o*>  ...(iii) 

or  27  =vW(*’-o\)  or  dt^ 


■ ...(A) 

Integrating,  t=  -^cosh-*  where  C*  is  constant  of 

integration. 

AyA,  x=a,  r«* 0,  C2=0.  , - 

Hence  r==(I/-v/p)  cosh-1  (x/o)  or  x*=u  cosh  (y/pt)  ...(iv) 
.*.  (1).  (iii)  and  (iv)  give  acceleration,  velocity  and  position 
of  the  particle  at  time  f . ' 

[Again  from  (A),  on  integrating  we  can  have 
V>*=log  {x+v^*1— 'a*)}+Ci,  where  C,  is  constant  of  inte- 
gration. 

At' /f,  x«=u,  f-=0 

A O^log  {o)+C,  or.  C|=»— logn 
• Hence  Wf*»log  a*)}-Iog  a 

or  fv/P=*log[{x+v'(*t— o*)/o]  ■ (Gorakhpur  89) 
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Solved  Examples  on  Motion  under  MIscellaneoos  t*M. 

Ex.  1 A particle  mores  towards  a centre  of  attraction 
from  rest  at  a distance  'o’  from  the  centre.  If  Us 
« distance  *x’  from  the  centre  rarics’  os  Pcfl 

offeree. 


Sol.  Since.the  particle  moves  towards  the  centre  _ . , 
tion  and  its  velocity  when  at  distance  x from  the  centre 

dx  / fa*— x*  ] 

. A— ey  } 

Differentiating  both  sides  with  respect  to  t,  ’-i 
-dx  (Px  ( 2a*\dx  d'x 

2 dt  ' dt*  V“  x5* } dt  ’dt* 

Hence  the  Jaw  of  force  is  inversfccube  of  the  distance  fi 
* centre  ond  is  directed  towards  the  centre.  . . rCf 

Ex.  2.  Assuming  that  at  a distance  x from  a ®L  tfce 

the  speed  v of  a particle,  moving  In  a straight  line  is 
equation  x— where  a and  b are  constants.  J-infliue 
nature-of  the  force.  ' 

Sol.  Given  that  x-  ae*'5.  . ; 

Differentiating  both  sides  with  respect  to  x,  we  get 


of  at«*c' 


e'froffl  <6c 


1 ~ac 


bv'  dv  . 
MtSi 


,2b, 'x  * , from  (i) 


>or 


^ rfp  __  fx 


dx' 

dv  _ 1 d*x 1_  __ 

dx~7bx  or  dt'~2bx ' ' 7V  dx  dt* 

Hence  the  law  of  force  is  that  of  inverse  distance  and  is  d» 
ted  away  from  the  centre  as  this  acceleration  is  positive. 

**Ex.  3.  A particle  moves  <uch  that  its  accelerabca  vcrif^ 
inversely  as  cube  of  the  distance  from  a fixed  point  and  is  airtt 
towards  the  fixed  point ; discuss  the  motion. 

A particle  moves  in'a  straight  line  from  a distance  a, 
the  centfe  of  force  varying  inversely  as  the  cube  of  distance.  ' *'r“ 
the  timp  of  Us  descent  to  the  centre.  ( Kanpur  87;  Purvanchal 

Sol.  Let  the  particle  be  at  time  t at  a distance  X from  th® 
cefttre.  then  the  equation  of  motion  according  to  the  probl*m  fo 
dv  ft  ■ 

r 5*  K”"  Xs.  «••(*) 

Integrating  both  sides  with  respect  to  x.  we  get 

••  <W 
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where  ct  Is  constant  of  Integration. 

Let  the  particle  start  from  rest  at  x«=c.  Then  from  (li)  we 
have  0«(ft/2oV+fi  or  <i“— W^a1) 

From  <«> « " (?  - ?)  - ? (2-ir1) 

or  r=-v' • ..  (iii) 

the  negative  sign  'show  that  x decreases  as  f increases. 


From  ((H)  W»S« , 


r-Sf 

dt 


Integrating,  r^fa/y  p)V  (a*— x*)-f 
where  e2  is  constant  of  integration. 

At  x*=a,  /«*0  and  therefore  rt«0. 

Hence  f-’fa/vV)  ...(iv) 

Results  (i),  (Iii)  and  (iv)  give  acceleration,  velocity  an<J  posi- 
tion of  the  particle  at  time  /, 

Putting  x—Q  in  (iv),  we  find  that  the  time  taken  by  the 
particle  in  reaching  the  centre  of  attraction  from  x*=a  is 
(a/vW^-C)  U.  a*/v> 

•Ex. '4,  A particle  starts  from  rest  at  a distance  a from  the 
centre  of  force  »blcb  attracts  InTmclyas  the  distance.  Prove  (bit 
the  time  of  arriring  at  the  centre  Is  a y (i*/2#*J. 

Sol.  The  equation  of  motion  Is  — ** 


Integrating,  (dx[dt)*> 


dl*  x ...(i) 

2p  log  x-f  C,  where  C is  constant. 


Jog  u-f  C,  ox  log  a ■ 

* (dx/df  (log  n— Jog  x) 

«r  ' . </x/«f/— V (2n)  V{log  (<r/x)},  ...(ii) 

the  negative  - sign  is  due  to  the  Tact  that  the  particle  is  moving  to- 
wards the  centre. 

from  (ii)  we  get,'d/«  ~ * , ■ dx  ■ 

, V{(lofi  a/x)}  « 

A Required  time  from  x«=a  to  x**0 
_ _J _ dx 

**  y i *-•  y (log  <«/ *)) 

. 1 C~  ~2aze’** 

**-  Jo  — 5 * P®11®*  Io« 

o.r  x— ce-**  or  dx*=*~~2aze-**  dz 

«=oy  (n/2^)  Hence  proved. 
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Ex.  5 (a).  A particle  motes  In  a straight  Hue  ondfr  a fc***j® 
a point  In  It  varying  as  (distance)”**;  show  that  the  Telwitf 
red  In  falling  from  rest  at  Infinity  to  a distance  a Is  equal  to 

I fflltinn  ffrtfh  r«c(  <sf  <1  illWqhx..  ^ 


1U  lauiuy  irum  rcsi  ni  wunuy  to  a distance  t 
In  falling  from  rest  at  a distance  a to  distance  a/8. 

* Sol.  Given  that 

Multiplying  both  sides  by  (2dx(dt)  and  Iotcgratiog  we  g' 

(s)* " Sxi)  +c> whcre  c ls  com''Ml' 

« (4-%^  . 

If  the  particle  falls  from  rest  at  infinity,  then  at 

x=sco  ;dxfdt*=6,  t.  C=»0 

*'•  From  (iij  we  get  (*,)’=  fr, 

■f.  If  v be  the  velocity  of  the  particle  at  *«*<?»  tbe° 


-ft) 


...(») 


Again  if  the  particle  starts  from  rest  at  x=a,  then  ’!oa  t / 

«t  c~-$r 


•>  a «/»  • 

A from  (ii)  we  get,  (*()’-6i*'[j4  -^r] 
A If  v,  be  the  velocity  at  x&a)%t  then 


9 velocity  at  x si  o/8,  then 


•i  “Ci* fa*1*, 

A From  (iii)  and  (iv),‘  we  get 

*Ft  CUV  ^ f- 

■ • I 


=*vt. 


..  (M 

■roved. 


Hence  pr<>vc 


eqmi 
■ tot 


...(») 


Sol.  Given  that  dlxidi* — .u,/x“  *• — #*  ar",  , . « 

where  * is  the  distance  of  the  particle  from  the  fixed  pojpk 
time  t.  . 

Multiplying  both  sides  by  2 {dxldt)  and  integrating  we  gtc 
(tfxftft)' > [*-'+VC-n+lj]+C,  where  (7 is  constant 

” (^}*“(,-^W'+£  ‘ -(i 

IF  the  parficle  falls  ftom  rest  at  infinity,  then  «* 
dxjdt~  0,  /.  C»0. 

A If  v be  the  velocity  of  the  particle  at  *•*«,  thcD 


„ 0‘. 
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Again  if  the  particle  starts  from  rest  from  x^a,  tlicn  at  *= 
dx,'dt~0  and  from  fii)  we  have 

o-.-rrfrWc * 


C— 


(/*-])  a"-*  w • (n-1)  a-1 

From  till,  we  get  (*)'  - ~ ?=i} 

If  Vj  be  the  velocity  at  x«=  Jo,  we  have 

■ Vl»_  _?e_r! li 

' <»-l)  l (ie)—  a—J 


(«-l) 

Now  if  ******  from  (iii)  and  (iv),  we  get 

2/x 2/*  f 4-1  1 

“ la"'1  ~ q-M 

or  2=»4n'1' 

2«=3  or 


-<iv) 


=(2*)- 


2U~* 


(rt-l)  o"“* 
or  1 l 

or  2*=2M  .or  2«=:3  or  n*=5*  . Hence  proved. 

**Ex.  6.  If  a particle  Is  projected  towards  (be  centre  of  repo!* - 
sion,  the  repulsion  varying  as  the  distance  from  the  centre,  from  a 
distance  a from  It  with  a velocity  o^/m,  prove  that  the  particle  will 
approach  the  centre  bnt  never  reach  ft. 

Sol.  Let  the  particle  be  at  P at  a distance  x from  the  centre 
O after  timet.  Also  OA*=a  v , 

ceiven).  ■ * H 

The  force  of  repulsion  O - • p 

means  that  the  acceleration  is  . ‘ H x W 

away  from  O in  the  direction 
OP. 

(Note) 

. (the  acceleration  being  away  from  O,  we  have  *fve  sign) 
•Integrating  (i)  we  have  (dx/d/)*=/o:*+ C*, where  C-is  constant. 

• Given  that  at  x=a,  dx/dt^-ay/p 

■ ■«»m==/*o,+C'  or  C—  0 
A (dxfdW^Px*  ,or  dxldt^—tfpx  ...(II) 

(negative  sign  has  been  taken  as  the  particle  moves  towards  O) 
or..  •,  (i/x)  dt 

*.  Time  to  reach  the  centre  0 from  A (i,e.  from  *=c  to  a:=0) 

— wl10*-*]!  - h t,os.°-Ios  01 

. c=,(i/i/fi)  [log  a— (-oo)l,-  ,V  log  0=— co.  (Note) 

=iCO..  ' • ' - . 

f.e.  the  particle  will  reach  the  centre  after  infinite  t ine  Le. 
the  particle  will  never  reach  the  centre  O. 


(Fig.  10) 

Also  the  particle  is  projected  from  4 towards  <2. 
i > The  equation  of  motion  is  (PxfdP—px. 
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**Ex.  7 (a).  A pariiclc,  whose  mass  is  tm\  Is  acted  nponbj* 
force  m/*  [x+(a4/x3j]  towards  origin,  if  it  starts  from  rest  at  a « 
tance  ‘a’  shot?  that  it  will  arrive  at  the  origin  in  time  nljvr- 
(Avadh  90;  Bundelkhand  87 ; 

Sol.  The  equation  of  motion  is 
dv 


T*  - ■ [*+  T*  ] or  ‘ ! Tt  - -,‘[x+*'\ 

Integrating  both  sides  with  respect  to  x,  we  get 

where  Cj  is  constant  of  integration. 

Initially  x*=»n  and  v=0  (given) 

From  (ii)  we  get  0=-rf*  [in*— ^ °tr 

A From  (ii)  wc  get  v*=j*  f •— ) 

or'  dxfdt— y/f*y/l(a*-x*)lx,]t 

the  negative  sign  has  been  taken  as  the  particle  moves 

origin. 


...(H). 


’ ...(i'i) 

toward 


1 x dx 


dz 


y/PV{a*~**)  _ft 

Required  time  of  travelling  from  at  x 

l to  - x dx  _ L . — ^CT»)  ’ 

V («•-*•»  Putins 


a 1 
a2v'/‘ 


)Vcd. 


Ex.  7 (b).  A particle  moves  with  on  acceleration#*  [X  ^ 
towards  the  origin.  If  It  starts  from  rest  at  a distance  a 
origin,  determine  its  velocity  when  its  distance  from  ^86) 

Sol.  Proceed  as  in  Ex.  7 (a)  above  and  get  the  result  (iiO» 
- ■ 

Let  the  reqnired  velocity  be  V when  x*o/2. 

Then  A». 

The  negative  sign  shows  that  direction  of  V is  low“r 
origin. 


Motion  under  Miscellaneous  Laws 


23 


•Ex  7 (c).  A particle  whose  mass  Is  ' m ' Is  acted  upon  by  A 
force  /w  (x-,/a)  toward*  the  centre.  If  It  starts  from  rest’U  a dis- 
tance V from  this  centre,  then  show  that  it  will  arrive  at  the  cen- 
tre after  time  2 a^VVP/*). 

Sol.  The  equation  of  motion  is 

m.r~  «=*— mp  x-'31*  or  r dv<= =>—n  x~l,t  dx 


■ {d*\'  -7  , 

U)  -to? 


Integrating  both  sides,  we  get  !»■*»»  Jt*  x-*'*+<%  ...ti) 

where  c is  constant  of  Integration. 

. 4.  From  (p,  we  get  o~«3+ e or  c=*— $p  tr*1* 

« From  (I)  we  get  ' 

or 

the  negative  sign  has  been  taken  as  the  particle  moves  towards 
the  origin  / e.  x decreases  ns  t increases. 

d'°~V(3i‘)  ■V{yr<:=—tr'i‘) 

**.  Required  time  of  moving  from  x=*a  to  x«*0 
£ • \ P dx  * 

V'(3M  Vii^f85) 

1 f *>  na'"Jx 

” ■ V(3c)  1...  V(a4'*-'*CT)  (No'e) 

r»it*  f«  . a1'1  sin  0.3a  $jn*  fl_cqs_p_d9 
VOt*)]  i'-wii 


owV(l— s<n*  fl) 

putting  x=»a  sin*  0 
2 2 o«'» 

’ V(3/»)  Jo  B,“  V.M'  * #/*)  * 3"  **  V(3P)'  Hence  proved. 
•Ex  8(a)  A.  * * ■ •*  1 ■'  «*  r 

rest  *t  x=a.-  For  I • ' ■ 1 1 ■ 

the  acceleration  is  - , i ■ ■ * 1 “ 

fa and  at  the  end  or  this  Internal  the  particle  Is  at  tbe  origin  ; 
prove  that  ‘tan  (v'Vfi)  tanb  (vW»)==l«  , ( Avadh88 ) 

Sol.  Let  OA  be  the  axis  _ ^ , 

and  O be  the  origin.  -•  ® ~ "tH 

Let  the  particle  start  from  * & ' * 

A such  that  OA~a.  H * 

Let  From  A to  B,  the  acce-  (Fig.  11) 

leration  be  — px  (i  e.  towards  O)  and  from  B to  O,  the  accelera- 
tion be  px  (Le.  away  from  O or  in  the  sense  of  x increasing).  Let 
OB=*b. 

For  the  motion  from  A to  B,  the  equation  of  motion  is 
- d*x 

sr*  ”-'**• 


-P) 
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Integrating,  we  get  (dx/rff)**5— where  C is  com 
At  A,  %=a  and  dxldt=0,  l.  C*=pax.  .- 

Sowcgct  (rfx/*)*=/»  (fl*-*1)-  • "in 

At  5 let  velocity  be  v;.then  from  (ii),  >,1=  P (°3  6 ' " . 

From(ii)  we  get  dxldl*=—y/py/iat—xx)t  s‘nce  Patl‘ce 
moving  towards  O , 


dt~  — 


dx 


" S/P  V,°,*T'*1) 

Integrating,  we  get  f=  ^*c05**,(o')'^^'  ^herc^  'S  C°D 


At  /l,  x=fl,  f=0,  *.  fc*=0 

:•  '“(Wri  cos-1  (x/aj  . then  /• 

A If  fx  be  the  time  taken  in  moving  from  A i°  &• 

■ =(l/tfn)  Cos-*  (bid)  or  cos  Wptt)~b{o 
- - '(d*-b*)Vb 


tan  (i/Pti)  -=  [Vf.d1  —bz)]lb 


Now  for  the  motion  from  B to  O,  the  equation  is 


* 1S  d? 


Integrating  we  get  (dx}dt)x=pxt+Cu  where  Cx  js  c°nS! 
At  V,  xJb  and  */*-r.  where  v»-A  (*■-«.  ff°m  (l,,) 
A **  {d»-fi,)*i»i,4C|  or  C,-/‘  (a* -25*) 

or  </x/df=-v>vWo‘-26l>+*1J  . 

(negative'  sign  shows  that  x decreases  as  t increases) 

, 1 . dx . • 

°r  *“  Vf*'  Vila*- 2b') * . 

Integrating  we  get,  r=  - sinh"1  j +C< 

i .f  b 1 


‘ ~ VP  ' LV'“  ~ \ 

At  i?.  r— 0,  x=“&,  C,=  si nh"1  ; 

i r r ft,  , •»  1 X t 


V/*  . LV  v- 

^.[!inh"i  via'  -26’)}  -SinI'T‘  I VU^] 

. . . . . n n 


...(V) 


VPl  IV'-  . Bttttiof 

» 2.  If  f.  be  the  time  taken  in  moving  from  B to  O,  then  P 

x=0  in  (v)  we  have 


V»°,u“  01  sinh«W.)”^5»=5if 


'*-  VV  ‘'“h"‘lv(a'-2i,')} 

i.  cosh(v/w,l=V{l+5inti'(v'pf,'))  . 

A tanh  (\/ptt)-^bl\/(dl—bt) 


...(vi) 
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Hence  from  (iv)  and  (vi)'we  get  * 

tan  (W'i)Xtanb  (v>/s)<=l.  * Hence  proved.  * 

*Ex.  8 (b).  A particle  starts  with  a given  velocity  V and  mores 
under  a retardation  K times  the  space  described.  Show  that  the 
distance  traversed  before  it  comes  <o  rest  is  Vl^/K. 

Sol.  Refer  Fig.  10  Page  21  of  this  chapter. 

Let  the  particle  start  from  O with  the  given  velocity  V under 
the  given  retardation.  Let  the  particle  be  at'P  at  a distance  x fiom 
O after  time  f.  Then  equation  of  motion  of  the  particle  at  P is 


**  _JPv 

' a*  Kx 


...<o 


Multiplying  both  sides  by  2 (dr/dt)  and  integrating  we  have 
(dx!dt)*=*-fCx’+c‘  (ii) 

Initially  i,e.  at  Ot  dxjdt= velocity—  V (given)  and  x~0,  so 
from  (H)  we  get  Vl^C. 

**.  From  (ii)  we  get  (dx/dtp^—Kx'+V*  • (if) 

Let  the  particle  come  to  rest  at  A,  such  that  (say)  at  A. 
Then  from  (ii|)  we  get  0«*—KvxH*  V*  or  V*l  K. 

x t**V(y/K.  m - Hence  proved. 

**Ex.  9.  A particle  moves  in  a straight  line  towards  a centre 
of  force  M'(ditarce)*  starting  from  rest  et  a distance  a from  the 
centre  of  force  ; show  that  the  time  of  reaching  a point  distant  b 
from  the  centre  of  force  is  ay/Ha*-  A1)/#*],  and  that  its  vclocitytbrn 
is  • • y/[ it(a*~b*))lba.  - (Avadh  86)  . 

' _ Sol  Refer  Fig.  11  Page  23  of  this  chapter. 

Let  the  particle  move  alone  the  line  OA , storting  from  rest  at 
A towards  the  centre^of  force  O.  such  that  OA-^a.  , , 

Let  3 be  a point  on  OA*  such  that  OB-  b.  To  find  the  velo- 
city at  B and  the  time  of  reaching  B from  A. 

• •'  d*x  u 

The  equation  of  motion  is  ^ y*'  ...(i) 

Multiplying  both  sides  by  2 (dxfdt)  and  integrating  we  have 
(dx[dt)*  ^(nix%)i-Ct  where  C is  constant  of  integration. 


At  A%  57*=0, 
dt 


Hence 


.V  C=-  ; 


- (M) 
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At  R,  l.e  at  x=*6,  tvclocity)1*3/* 
V(f*  (o’.- 6*)1 


/I  1 \ 

5s / " ^ 

—ve  sign  shows  that  its  dire* 


or  velocity; 
ction  is  towards  O. 

Also  from  (i)  we  get  — vV  J{^r-) 

ve  sign  shows  ihat  x decreases  as  time  t increases) 

or  <*»--!  SZ** 

Vf*  V(o4-x*i 

•\  Required  time  from  A to  B i.c.  from  x=fl  to 

— $sLw=*r  b’Jffl. 

Hence  proved- 

**Ex.  10.  A particle  mores  Id  a straight  line.  Us  acetl«*tf°® 
is  directed  towards  n fixed  point  O in  the  line  and  is  always  tq“s 
to  ft  (o?/.x*l,,a  when  It  is  at  a tl  is  t a nee  x from  O.  If  it  Starts 
rest  at  a distance  a from  O,  show  that  it  will  arrive  at  O with 
velocity  as/(6n)  after  time  (8,'l5)  ^(6 lu)  , jan 

{Meerut  87.  86;  RohUkhandV) 

Sol,  The  equation  of  motion  is  ' 


<Px  . fa*  ii*  Jf  u 
or«— .i 


dl* 


vJv=~~  dx- 


. Integrating, .iv»=~3pa*/1.x*/,+C,  where  C is  constant. 
Initially  x=a,  velocity  v=»0,  , £7»3fifl*Js  a’/3 

,*«  v*=6^as,s  (,a}‘*~xit3) 

r {dxjdt)*—tnasta  (a'P—xH*) 
r dx/dt^—  v'(6/ia,'3)V(a'J,--x*/*) 

r dim*  — . . dx 

Vt6fKi«*J  v*fofr»_sii3;*' 

^ Required  time  from  x«a  to  #,  where  x=0 
1 f°  dx 


Vtfoo'0)’  L-. 
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1 ("» 

W*)  J*,o 


6a  sin*  6 cos  6 tit) 


Vi*W 
6a  {»/> 

* J, 


•,  putting  xs=0s5n*0 


cos  o 
6 

~ VW  * 

Also  v,  the  velocity  at  O i e.  at  x=0  is  given  by 

u*=6pa*>3  (a’^j,  * - putting  x*=0  in  (i) 

or  v=sa\/(6n).  Hence  proved. 

Ex.  U.  A particle  mores  In  a straight  line  with  an  accelera- 
tion towards  a fixed  point  in  the  straight  line  which  Is  equal  to 

^5~  — at  a distance  ‘x’  from  the  given  point,  the  particle  starts 

from  rest  at  a distance  'o'.  Show  that  It  oscillates  between  this  dls- 
• tauce  and  the  distance  A)  and  the  periodic  time  Is 

. (2 

Sol.  The  equation  of  motion  is 

v ^ 

, dx  \.X‘  A»/ 

Integrating  both  sides  of  (i)  with  respect  to  x,  we  get 

»”T5-&+* 

where  c,  is  constant  of  integration. 

Initially  x=a,V^0,  so  form  (ii)  we  get 

01 /*-5 ?~5 


...0) 


. <n) 


x‘  From(ii).  wegfl  }»*.=£  — jp+jj-,-- 

The  particle  comes  to  rest  when  v=0 
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.Aa 


i.e.  when  x—a  or  which  gives  x—  jpa—A  * 

i"*  ^ * rt«f« 

»*  The  two  values  of  x give  us  the  positions  of  rest,-  ».*• 

As 

tide  oscillates  between  x<=o  and  x=  . 

Again  from  (iii),  wc  have 


,=,(L 


- 1X1*5* 


HI 


‘(i-5-)(r-j-)'whwe6“ 

a*  A . ^a~ 

**  aft 


■ oA_ 


x)  'X—fr) 
x» 


or  ~ 

the  negative  sign  has  been  taken  as  the  particle  moves  totvar 
°r5fiin  , /4W  _ 

°r  d,~~  V IT  I ■ ,•  m 

Time  from  one  position  of  rest  to  another,  «•  ■ 

to  x ~b 

/fab If*  x d* 

" ,/t  A if.-. 

/laftl  n «j+b)-y)  dr  (Mote) 

. “Jlil l,.-t.-l)i,  Vlli  to— # 
putting  x»=$  (0+6)“")’  or  > 

-V(flWW.lJ(a+Mtr].  A 

The  required  time =2  times  time  from  x=° 10 

*°^|.(a  f-ty  «,  where  6 = 


■•Jki'a.r‘'’  "•  "°"c  .S5=* 
ViriXT-T]  ■ [°+  ew^T)]* 


r 2u’t>  •)  _ 


' V(2n/i-A)ra  (2'jm-A)sJ1  ' HeoCe  Jf0’ 
m.  it.  a.  particle  starts  from  rest  at  a distance  o » ® 
fixed  point,  tnder  the  action  of  a force  through  the  fixed  • 


ived. 


law  of  which 
x > a,  but  j» 
prove  that  thi 


laoer  tnr  *ciioo  oi  a rorce  torougo  me  «»»■-  r-  h,B 
»t  a distance  x \$  p (1  — afx)  towards  the  point 
l(a*  x*)  -(a,'x»  from  the  same  point  iihtnX  p 
ie  particle  will  oscillate  through  a space  (A’—6  ftv 
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Sol.  Let  the  fixed  point  ^ 
be  O and  the  particle  start 
from  B,  such  that  OB~b 
(Siven)  and  let  it  move 
along  the  line  BO.  Let  OA^a. 


C 4 

(Fig.  12) 

Consider  the  motion  from  B to  A i.e.  for  x > a, 

* (Px  / 'fl  \ 

The  equation  of  motion  is  m~  w— 1*11—  - l 

__  dv  p /,  a \ _ 

0r  . v tfx  c=~:  wv  ~ x /'  V 

or  * , v </?«=•—  t‘^1—  dx. 


- 8 


dv  d*X 
dx  *“  di  * 


Integrating,  Jv4=—((i/w)  (x—aTog  x]+C» 

. where  C is  constant  of  integration. 
Initially  at  B,  . y=0,  x=b. 

0»— (p/r»)  [6— a log  6]-}-C  or  [6-  o log  b] 

'.  va=»(2fi/m)  [6—o  log  c— x-ho  log  x].  —A) 

Let  V be  the  velocity  of  the  particle  when  it  reaches  A,  t e.  at 
x=»o.  Then  from  (i),  V,^<2p/m)  [b—a  log  6— a+a  log  a],  . (ii) 
When  the  particle  crosses  A and  moves  towards  Otx  < a and 


the  equation  of  motion  becomes 


dlx 


(—  — £_\ 

‘dT'  -,*U*  ■.*/’ 

•f  vc  sign  on  the  right  is  due  to  the  fact  that  the  law  of  force  Is 
away  from  o 

M dv  n /e*  a \ dv  d*x  , 

0t  V dx^  m (x*  ~ x")’  ' V dZ  ~d? 


m\x*  x) 

Integrating,  ~ — - f — — — alogxWfc, 
z m\  x / 


where  k is  constant  of  integration. 
At  A , x=*n  and  v=V  {given  by  (ii)}. 

. V*  n T a*  , 1 , , 

alogflj+fc. 


Subtracting,  v*~  — 4 -a  log  a—  ~r  — a log  xl  ..... 

, tn  la  x j ..•(in; 

Let  the  particle  come  to  rest  at  C,  such  that  OC=c, 
v~0  when  x=»c. 

From  (iii),  o— V1—  log  a—  ~~a  log  cj 


- [b~a  log  b-  a+a  log  a) 
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.^r„+aioe0-^-0ios4rtom(ii)' 


or  a log  6-0  log  a+fl-6-o+a  log  fl-(o’/c)-°  106 c 

or  (oVc)+«  !«gc—*+2a  log  fl-alPfi® 

—6+tf  l!og'(flV&)l  . 

or  ' r-,a,OEC"(^6)+OIOE^).  . (N0,t) 

°r  ...  Ret^^/w^h  the  panicle  bsci«« 


L oj._5L- 
6 Tf“  6 


.- BC-OB~OC~b  “f=-b~  . Hen'ce P,tr ii 

Ex  13.  A particle  of  mass  m morlue  In  ■ JfG'fiLx/rtW 
acied  upon  by  an  .tlrcclhe  force  pblch  is  «P«****?J  i„|be  line. 

< a Lid  by  W^r  *>  n * «■£ 

! . ■■  -rrlocliy  V(2^S«) 

■ Sol.  Refer  Fig.  12  FflBe  2’  ®*  «hls  cb.*f,'7L'  rrom  n where 
Let  O be  a fixed  origin  and  the  panicle ' »•“* 

OB- 2a  The  particle  moves  along  BO.  Let  era 

Consider  the  motion  from  B to  A,  if.,  for  x > 

. . <r**  " 

The  equation  of  motion  ts  m ^ * 


d»x 
</f*  1 


or  2 e/r 
/dx\*  2i*al 


/dx\*  2i‘#'  « 

Integrating,  1 = -y  +°» 

gration. 

At ./?,  velocity --0,  x— 2c. 

...  o~2£+c 


where 


Cis  constant  of  «D,e 


C-= 


••■(£)'  = 


...CD 

\flt  / x .if.  at 

iy  be  the  velocity  efthe  particle  when  it  reaches  . * ^ 
i.e,  then  from  (il  we  get  iw.  ^'o’iiail 

\Yhen  the  particle  crosses  and  moves  tonarus  i/,  * . 

The  equation  of  motion  becomes  — 

d=x  mf*x-  _ d*x  dx 
m rf/a  “ a s *■  cfc*  * dt~ 

Integrating,^-^  jj-  where  D Is  constant  of inte 

p ration 


1 2/4 

' “ * dt ' 


Solved  G* a tuples  on  Miscellaneous  Laws  3) 

At  A,  x*=a  and  velocity^  y, 

V*>=—  jia+2)  or 
or  D -f pa,  from  (13) 

or  D=*7p3. 

(dx!dty=*  (fila)  x'+lpa.  , 

' At  the  origin  0,  x«*0*,  and  let  velocity =u. 

Then  from  v/c  get  «’«2/*o  or  H«=v'(2ffM). 

Also  from  (i),  we  get  «■— ,n/(^ 
the  negative  sign  is  due  to  the  fact  that  x decreases  as  t increases 

■«.  W(M 

or  ) <Ac. 

l . V \2a-x/ 

.Time  from  to  4,  /.e.  from  x=2o  to  x=a 

""  v'wL„y(s3^i)rfA 

7m  Cr.  y(»  5*  i V*  sin  5 005  * * 

pulling  sin*  0 

''  -T  C‘ 2 5fn!  » *■?-*  7(it)C  * 

vc- )H - v(h)[(i-4)  (s)j 


-2V(«7*)«w+i) 


And  from  (ii),  we  get 


Kx)'~W-?rx'-t(2a,-.x.) 

dx  , 


-O'v) 


ot  * or/'”~V(?') 

to  0 i.c.  1 

_ 

, V(2 a*-x»; 


v'(2a»— 

Time  from  .4  to  0 i.c.  from  x~a  to  x=0 

-V(?)L  va£x’>  . 

putting  x«nv/’4«^ 

* . i»/«  r 1®/* 

I dO~V(alP)  I 0 | ^lnV(a/n). 

Jo  l Js  ...(v) 

From  (iv)  and  (v),  we  get  the  required  time  from  £ to  o 

^2v/(f/f*)  [iic+«+'in\/(a//«)= VWfO  12**1].  - 

Hence  proved. 
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Exercise*  on  JSII*ctrII*ncoos  Law* 

Ex.  1 , A wan  starts  to  walk  at  the  rate  of  4 ft./«ec.  ond  bi« 
velocity  at  any  instant  is  Inversely  proportional  to  (x+10  # * *re 
x is  the  number  of  feet  he  has  walked.  Find  (i)  the  time  lit!  M 
to  walk  20  yards  and  (is)  the  distance  he  goes.in  i minute. 

[Hint:  One  yard*- 3 feet].  * 

Ex.  2.  A particle  is  attracted  by  a force  to  a fixed  P°ftrt ' 
inp  inversely  as  (distance)".  Show  that  If  the  velocity  ac£iu  re  Qaj 
falling  from  infinity  to  a distance  ‘6’  from  the  fixed  point  be  eq 
to  the  velocity  attained  in  falling  from  rest  at  a distance  b to  a 
tance  h/16,  then  n=»5/4. 

(Hint : Do  a*  Ex.  5 (b)  Page  20  of  this  chapter] 

Ex.  3.  A particle  moves  in  a'straigbt  line  OA  with  an  ^ 
ration  which  is  always  directed  towards  0 and  which  ww  , 
distance  of  tbe'particle  from  0.  Iftbe^particle  were  at  re 

find  the  motion.  *•  ..fixed 

Ex.  4.  If  a particle  begins  to  move  directly  towera* 
centre  which  repels  with  an  intcnsity«=/*  (distance)  an  ' 
initial  vclocity={p  (distance),  prove  that  it  will  continually.  P 
ach  the  fixed  centre  but  never  reach  it.  % . fta 

Ex.  5.  A particle  of  mass  m moves  in  a straight  line  uo  ^ * 
attractive  force  mn'x  towards  a fixed  point  on  the  line  wne n 
distance  x from  it.  If  it  is  projected  with  a velocity  Ftowatp  ^ 
centre  of  force  at  a distance  a.  from  it,  prove  that  it  reac 
centre  of  force  in  time  (1/x)  tan-1  ( xajV ).  ' . u0(Jcr 

Ex.  6.  A particle  of  mass  m moves  on  a straight  l'n€  ^ ^ 
an  attraction  mn’x  towards  a point '(7  on  the  fine,  r«0rf 

distance  from  O.  If  x=a  and  dxjdt= 0 when  /^=0,  find  *hc  p“  • 
of  oscillation. 
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**§  1.  Simple  Harmonic  Motion. 

( Agra  86;  Avadh  90,  88;  Buhdelkhand  86;  Gorckhpur  89,  88; 

Kanpur  87,  86;  Meerut  86  P;  Ranchi  86) 
Hefloition.  A particle  Js  said  to  execute  Simple  Harmonic 
Motion  (or  S.H.M.)  if  it  moves  in  a straight  line  such  that  its  acce- 
leration is  always  directed  towards  a fixed  point  in  the  line  and  is 


proportional  to  the  distance  of  (he  particle  from  (he  fixed  point. 

. The  expressions  for  acceleration,  velocity  and  position  of  the 
particle  at  any  instant  arp  obtained  as  follows 

Let  0 be  the  fixed  point  and..  k— g;  — j 

• the  particle  start  from  rest  from  £ o p~"  ""a 

the  point  A,  such  that  OA**a. 

Let  after  time  t the  particle  be  ’ (Fig.  13) 

at  P,  such  that  GP~x.  , - 

Then  dxjdt  and  d'x/dt*  are  the  velocity  and  the  acceleration  of 
' the  particle  at  time  t acting  in  the  direction  in  which  x increases.  ‘ 
Since  in  this  case  the  acceleration  is  directed  towards  the  fixed 
point  0 and  is  proportional  to  the  distance  of  the  particle  from 
0,  therefore  the  equation  of  motion  is 

/n.{d*x/dt9)**-\x  or  (Pxldt2^—px,  where  /*— (A/mjX) 

„ dv  - d*X  dv 


. -dx 


7ft* 


..<i) 


The  differential  equation  U)  represents  S.  H.  M.  and  is  used 
generally  as  definition  of  S.  H.  M .l.e,  if  the.  equation  of  motion  Of 
a particle  is  of  the  form  of  (i)  we  atonce  say  that  the  particle  is 
executing  S.H.M.  A system  whose  position  is  given  by  a single 
co-ordinate  which  satisfies  (i)  is  known  os  a Linear  Harmonic 
Oscillator. 

Integrating  (i)  with  respect  to  x,  we  get 

iv**=  where  ct  Is  constant  of  integration, 

initially  i.e.  at  A.  v«0  and  x*=a. 

• ~ 0*=>—if*a*+ct  or 

■.%  or  (az~x*)  ..  (jj) 

or  , rfx/dif— ..  (iii) 

the  negative  sign  is  to  be  taken  here  as  the  particle  is  moving  to- 
wards O Le.  x decreases  as  f increases.  3**/i  If/3 
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Jy 

From  (ni),  we  have  ^ **v>  eft 

Integrating,  cos-1  (x!a) f+f* ' 
where  c*  is  constant  of  integration 

At  At  x^rrand  r=0,  so  from  (it)  we  get  c,=»0  and  bence  ; , 

coa“*  (xJa)^V(h)  i or  x-o  cos  (V'O*)  0 . ‘ 

The  equations  (i),  (iii)  and  (v)  give  the  acceleration,  tewo  7 
and  the  position  of  particle  at  time  (. 

Nature  of  Simple  Harmonic  Motion.  _ 

At  the  point  A,  x*=o  and  therefore  from  (i)  acceleration^-^ 
which  is  numerically  maximum,  as  at  all  other  points  x < o ' 
negative  sign  only  shows  that  the  acceleration  is  directed  tow 
O l.e  In  the  direction  in  which  x decreases  as  t increases. 

At  the  point  O,  x^o  and  therefore  from  (i)  acceleration- 
and  from  (iti)  velocity  which  is  numerically  oaxnn 

Hence  we  find  that  at  O though  the  acceleration  i*  zf^?oc;ty 
the  velocity  being  not  zero  the  particle  will  not  stop.  The  y 
being  negative  the  particle  will  move  beyond  O in  the  o» 

AO. 

Beyond  O.  As  the  particle  moves  beyond  Ot  l he  vefoC!t^A"es 
on  decreasinc  whereas  acceleration  increases,  since  x r.  .[C 
numerically  and  is  In  the  direction  of  O Therefore  the  p 
will  move  under  retardation  and  at  a stage  it  will  come  «o 
Let  this  be  A\  Their  from  (iii)  at  A',  we  get  ‘ 

O=-V00  or  x=*±a. 

But  x—  4-0  corresponds  to  the  point  A,  hence  at  A’  wc  &a'c 
x=—  ate.  OA‘=a  OA—a^OA’. 

At  the  point  A'.  x=— aand  therefore  from  ri)  ^ttec* 

ereforc 


Again  at  O,  the  acceleration  would  become  zero  and 
will  be  positive,  so  the  particle  will  cross  O and  move  towards  • ^ 
In  this  way  the  particle  would  go  on  oscillating  between 
and  A’l  wbicb  are  two  positions  of  momentary  rest.  . c 

Amplitade  : -The  distance  AO  or  OA’  ie.  the  distance  of 
centre  from  one  of  the  positions  of  momentary  rest  is  calico 
Amplitade. 

Also  from  (v)  the  time  taken  in  moving  from  Ato  O is  8lVe° 
by  0=a  cos  { V(/*) /}  or  cos  WW  fY ss0 

of  ViP)t  = in  or  t=n!2\ip.  . 

Total  time  taken  in  moving  from  A to  /t'and  back  to  a 
— 4 x time  taken  in  moving  from  A to  O 
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®4  fn/2vrM)*=2fs/<'^  which  is  called  the  time  period  or  period. 

2n  1 > 

X Period  of  motion  =>  -r,  which  i$  independent  of  the  amplitudes, 
v** 

{Agra  86;  Avddh  90,  88;  Gorakhpur  89, 88;  Kanpur  86;  Meerut  86 P) 

' If  T denotes  the  time  period,  then 

. . r-fe/Vl*  °f  T,—4v*( f*  or  T*y. = 4 rc*  «=  constant. 

Periodic  Motion.  (< Gorakhpur  86) 

If  a point  moves  such  that,  after  a certain  fixed  interval  of 
time  it  occupies  the  same  position  and  moves  with  the  same  velo- 
city in  the  same  direction,  then  it  is  said  to  have  periodic  motion. 

From'tbe' above  definition.  it  is  evident  that  S H M is  perio- 
dic and  its  period  has  been  proved  above  to  be  2 k’Vp 

Frequency  : It  is. the  number  of  complete  oscillations  in  one 
second,  so  that  if  T denotes  the  time  period  and  n the  frequency, 

’fctn  n.T-l  or  n=  (Bundlk/iand  86) 

Phase  and  Epoch.  From  (i),  we  have  f4X=0. 

The  most  general  solution  of  this  equation  is 
- x=a  cos  { s/7#* ) r+«r>  (See  Anlhor’s  Differential  Equations) 
The  quantity  9 is  called  the  epoch  and  the  angle  (VO*)  *4  *} 
is  called  the  argument. 

.Phase  of  the  motion  is  the  time,  that  has  elapsed  since  the 
patticle  was  as  its  maximum  distance  in  the  positive  direction. 

-•  . - (BundelkhatKl 86) 

Now  let  the  particle  be  at  its  maximum  di?tarjce  after  t/rac-  ft 
(say)  then  cos  fVfM)  r*4-*I  is  maximum 
or  a/te)  r,+a=*0.  since  cos  0 is  maximum,  or  ali/U*). 

Hence  the  phase  at  time  r**t— 

*§2.-  Geometrical  Representation  of  S H.M. 

If  a part  fete  describes  a circle  with  constant  angular  velocity, 
the  fool  of  the  perpendicular  from  the  parti • 
c/e  on  a diameter  moves  with  SJf  M, 

' ( [Avadh  86) 

. Let  a point  P move  along . the  circum- 
ference of  a circle  with  centre  Ot  with  uni- 
form speed.  Let  P describe  equal  arcs  ia 
equal  times.  ’ Let  the  rate  of  description  of 
dtfPOA  be  at. 

Let  jy  be  the  foot  of  the  perpendicular 
drawn  fromP  on  the  diameter  AOA‘ . 
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• Let  the  particle  start  from  A and  reach  P after 
Then  Z.AOf~tat.  . ’ 

If  ON^x  and  OP  = a,  then  from /.OPN,  we  ECI 
xi=fl  cos  (o>f) 

whence  dtidt^-aw  sin  (of) 

and  (Pxldt*=  - mo*  cos  («f  )=*— <*'*' 


.J 
. :.fw) 


The  velocity  and  acceleration  of  N B»vc“ 

Also  as  P moves  along  the  circumference  .pf  the  «.  , 

from  A to  A'  and  back  to  A.  Thus  the  motion  or  A | 

And  the  periodic  time  of  N is  the  time  taken  by  t;me  taken  ^ 
along  the  whole  circumference  of  the  circle  / e. _t  1 f 

P to  turn  through  an  angle  2n  with  the  uniform  rate 

& Periodic  time  of  tf=>2jr/c>.  of  the 

•§  3.  Compounding  of  two  simple  harmonic  mot 
period  along  the  same  straight  line.  . . n by , 

Let  the  most  general  displacement  of  this  kind  be  t 

a cos  and  * cos  « of  this  chapter) 

..  See  § l (Phase  and  Epoch  Page  35  ot 
Then  compounding  these  two  S H M.’s  we  ave 
x=  o cos  {(Vpr)+«}+*  cos  {(V/»0+W 
. {cos  (V>0  COS  a— sin  (y/pt)  sin  «}  • ^,/jsifltf 

+ 6 {cos  cos  a+frsiei 

>cos  (vW)  COS  a+b  cos  0}— sin  ,.(i) 


=COS  vw  n*rl/  r#  * ; • 

1=3 cos  Wvt)  iA  cos  £}-s>n  WpO  ( A sm  *’* 
Where  • A cos  E*>a  cos  a+b  cos  f)  t 
A siu  E-a  sin  a+b  sin  p J 
Squaring  and  adding  (ii)  we  get  ' 

#~(a  cos  a+b  cos  P)J+(o  *+b  s,n  P' 
or  A='y/{d*+b'+2ab  cos  (a-p)} 

a sin  a+o^q. 

From  (ii)  dividing  we  get  tan  £=*  fl  cos  a+t>  cos 


-l"1 


rrom  uiviuiug  a cos  a-t-o  r 

Also  from  (i)  we  get  x~A  cos.  RyPO+^J-  »hj^ 
the  tesulting  motion  is  also  S H.M.  of  the  saoi  I*  ||on)  s: 
£ (which  give  amplitude  and  epoch  of  the  resulting 
given  by  (Hi)  and  (iv),  • 

§ 4.  Disturbed  Harmonic  Motion.  , f / 

Definition : If  a particle  moving  in  a straight  //new  u 
action  of  another  force  ( not  Involving  tlte  velocity ) besides  aj 
a fixed  point  and  proportional  to  its  distance  from  this  fixe  Fv 
then  the  motion  Is  said  to  be  Disturbed  Harmonic  Motion.  . 

Thete  are  following  (wo  cases  of  such  a motion  * 
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> Case  j.  Wbenthe  disturbing  force  Is  constant. 

, Let  / be  tbe.contsant  tr.MX  F 

acceleration  produced  by  J — — *T — r« — *"  ■*— 

this  constant  disturbing  force  ° v ' 

F,  then  F~mf  where  m is  a x/di 

the  mass  of  the  particle.  * " * (Fig.  15) 

Then  the  equation  of  motion  of  the  particle,  at  time  t when  it  is  at 
a distance  x from  the  fixed  point  £?,  is  * 

, #{  m . (d*x/dt *) = F—  mux,  where  p is  constant.  .(Note) 

or.  m , (d'x/dt1) = or  [*—(///»)]  ...(i) 

- Tf  we  now  substitute  X for  x—(flp ) i.e.  if  we  shift  the  centre 
of  S,  H.  M.  through  a distance  f(p  in  the  direction  of  the  constant 
force  F,  the  equation  (i)  reduces  to  d*X/dt*=*-  pX,  ...fit) 

which  the  standard  equation  of  S.H  M. 

From  (ii/we  get  X*=b  sin  (pr-fg),  ...(iii) 

where  b and  are  arbitrary  constants. 

V.  The  solution  of  (i)  is  x~(//p)»h  sin  (p/+0)/ 

-d  putting  X=x-~(ffri) 

or,  *«(//**)+£  sin  (p/+0>  ...(iv) 

• This  shows  that  the  effect  of  this  constant  force  is  simply  to 
shift  the  centre  6f  S.  H.M.  (or  the  origin)  through  a definite  dis- 
tance/^ in  the  direction  of  the  constant  force  F. 

.it.  the  centre  of  S.  H.  M:  Is  the  point  of  equilibrium  on  the 
point  where  the  constant  force  F is  balanced  by  the  variable  force 
J*x.  , . 

Note.  We  shall  apply  this  (to  articles  to  follow)  while  discus- 
sing problems  of  masses  suspended  by  elastic  strings  (or  springs) 
where  the  constant  force  mg  is  balanced  by  the  tension  in  the 
elastic  string  (or  spring)  at  the  equilibrium  position. 

■ Case  II  When  the  disturbing  force  is  periodic. 

If  the  disturbing  force  is  periodic  force  proportional  to  cospt, 
say,  then  the  equation  of  motion  is 

■ • m.itPx/dfif^—mpx+mf  cos  (pt)  (Note) 

or  {dtxldii)'\-pxa=f  cos  pt.  •■•(v) 

, Its  auxiliary  equation  is  Af*4-/t«=0  which  gives  complemen- 
tary function— a sin  (yp/)+h  cos  (v'P/J?  *(v*) 

* where  a and  b are  arbitrary  constants. 

. And  particular  integrals  cos  pt 

'*=[//((* -p*)l  cos  pr,  if 
or  —(//2p)  t cos  pt,  if  p<=p* 

- (See  Author’s  Differential  Equations] 
-*  A The  complete  solution  of  (v)  is 
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x**a  sin  (VpQ+ft  cos  (V>*0 +[//(*i-P,)l  COS  f/’  P^f  ’’£$) 
or  x=^flsin{^/M04-frcos(\/^1^)■-(^)'2/,) * cos^*  *'that 

When  we  find  from  the  solution  (vn) JgJUe. 

complementary  fuunion  as  well  as  particular  integral  ai  p ■ 
The  complementary  function  can  also  be  written  as  a si  vr  ^ 
where  P is  constant  and  this  function  is  periodic^  P *on  0f 
2 nly/p.  The  particular  integral  is  also  a.  P"1 y\ il.  Jisturbios  * 
period  2r Up  l.e.  of  the  same  period  ns  that  of.‘B*  ° w„ati°n 
force  Thus  the  resulting  motion  is  nothing  hut  the 
of  two  S.  H.  M.’s  (See  § 3 Page  36  of  ibis  chapter). 

When  from  the  solution  (viii)  given  abo'[*i.LCtiDlC  as  is 

the  amplitude  of  the  forced  oscillation'  increases  w 
evident  from  the  particular  integral.  *,  . . «•  forced 

When  p is  nearly  equal  to  p • (l  e.  when  the  PM*a  thc  s0[a' 
and  free  oscillations  are  nearly  equal)  we  observe  f d ^edi- 
tion (vii)  above  that  the  amplitude /,>  - P*)  ot  t 

ation  is  very  large  and  such  a motion  Is  familair  in 

tism  or  sound  and  i<  known  as  resonance  , . . c H,  M) 

§ 5.  Damped  Harmanic  Oscillation  (or  Resisted  ® fhe 
Definition  . If  a panicle  • moves  In  a straight  I™ .^uoit! 
action  of  a fora  towards  a fixed  point  in  the  line , p P ' , ajorct 

distance  from  the  fixed  point  and  the  motion  is  res s / Ejecuie 

proportional  to  the  velocity.  • then  the  particle  is  s 
% Damped  Harmonic  Oscillation 

The  equation  of  motion-fn  this  case  is  .ont. 

mX*=-mpx~2mkx,  where  k and  F are  cons,  (j) 
or  • x+Jfrxi-px^O. 

Its  auxiliary  equation  is  m,+2*m+P*a°'  * „.(ii) 

Which  gives  m=Jl -2k±^{4k*-4p}]*=- k±V^ 

If  then  solution  of  (i)  can  be  written  os 


„Aci -*+vi**-e»<  +Byk-^k' 


«)  t 


If  k*=y/p,  then  the  solution  of  *i)  can  be  written  as  ^vj 
7 x~(At+B)e-*>  ■ h"0be 

In  (iii)  and  (iv)  A* and  B are  arbitrary  constants  woi  . s be 
determined  from  the  initial  conditions.  Let  the  initial  con  ^ 
M ■'  v.  x=a,  f«0  and  x«=0. 

Now  three  cases  arises  which  are  as  follows  : 

Casel.  Iffc— Vp  a s-B\C‘U 

From  (iv)  we  get  x»04f +•  B)e~k’  and  ’ 

Applyining  initial  conditions  from  (v)  we  get , 
a-i»,  0 -4.- or  A~k  B*=ka 


. (in) 
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From  (iv)  we  get  x**a  (1-f/t/O  e“w  ..'.(vi) 

As /~*co,  from  (vi)  we  observe  *-*0  without  being  negative 
at  any  stage. 

. r The  particle  moves  towards  the  equiiibrim  position  and 
reaches  the  same  after  infinite  time.  This  motion  is  not  periodic 
and  is  known  as  critical  damping. 

Case.  II,  If 

Let  where  A is  real. 

•Then  form  (iii)  we  get 

x= [At*+ ’ 
m ,*=M(A~A:)eft-^~.B(A+fc) 

Applying  initial  conditions  from  (v)  we  get 
a*=A+B and  0=y4(A-fc)-^A+ fc)  or  \{A-B)~k(A+B)**kn 
or  A+B^a,  A~B~(ko)X)  whence  A=HU>k]X),B~la  (1-fc/A) 
**.  *p=io(l  +k/\)eW+la(l -k! A)e-<V*H 
«if^)e“wf(A+W‘-HA-fc)e“V]  , 

= (ff/A)e_4,rA  cosh  Ar+k  sinh  Arj.' 

1 As  r-**co,  x~»-oo  without  being  negative  at  any  stage. 

Hence  the  particle  moves  towards  the  equflibum  position  but 
at  a rate  slower  than  in  case  I above. -This  is  called  over  damping. 
Caselll.  JfjfccVH. 

Let  k1—  A*,  ’where  A is  real. 

Then  from  (Hi)  we  get 

X'^{AetKt—Be~M)e-kt*=[Ai  cos  Ar+2?,  Sjn  AfJ e~lt 
L x =» (A/^  cos  Ar+A&i  cos  A/J  e~k\ 

— k [At  cos  Af-b^!  sin  At)  e"kt _ 
Applying  initial  conditions  from  (v)  we  get  * 

a=^At  and  -kA,  qr  Ax*=kaJ\ 

je=a  [ — cos  Ar+(Ar/A)  sin  AfJ  e"kt 
=(o/A)  TA  co"s  At+k  sin  Af  J 
Tu:r  —v-  w-'*~  — J. »*-rrrr:~ 

- ’ . ■»  ■■V-*  . !.»  r: 

i i i ■ ii s hr «? ;; 

' Solved  Examples  on  Harmonic  Motion.  * 

Ex.  1.  The  maximum  velocity  of  * body  moving  with  S.H.M. 
is  2 anit/sec.  and  its  period  is  J sec.  What  is  Its  amplitude  ? 

Sol.  Let  a be  the  required  amplitude. 

‘ The  maximum  velocity  — ov>”; 2 units/sec, 
or  . ...(i) 

Also  time  period** j*  sec.  (given) 
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!■  with  a 


or  or  ‘ #*  ***  1 00r* 

.*.  From  (j)  we  get  100n,fl,=4  or  a**  1/(25b*) 
or  o«=l/(5n) 

• Ex.  2 (a).  A particle  starting  from  rest  and  mo'slog-' w,“  * 
simple  harmonic  motion  of  period  18  seconds,  travels  10  inches  ^ 
seconds.  Find  the  amplitude,  the  max.  velocity  and  the  veloci  j 
the  end  of  3 seconds.  (one  foot«=I2  inches)  ^ 

Sol.  If  p be  the  intensity  and  a the  amplitude  of  S.  H. 
then  the  time  period  and  the  distance  of  the  particle  alter  i 

are  given  by  T<=2n!VW . ' ' 

and  x=a  cos  {V(fO  r) 


From  (i)  we  get 


2rc 

VO*) 


= 18  or  Vh* 


...  1_ 

* 18  “9  * 


■ ...(HD 


It  is  given  that  the  particle  travels  10'  or  10/12  feet  io  3 s 

Aurora  (iii)  we  get  =a  Cos  j|-  r.3| 

5=0  cos^Ju)  or  S«=o(})  or 
A £mplitude=‘a’=&  ft.  8 in. 

j 5 Sn  /•»  /sec. 

Also  max.  velocity =“V00  a"~  un-f  ”2? 


-5/3 


(Note) 
,..(iv>  , 
ADS- 

Ads- 


elocitf 


'9  "‘3 

Also  from  (ii)  on  differentiating  we  get 
dx/dt=-ay/n  sin  {V(/*)  0 
At  the  end  of  3 seconds,  the  velocity 

= -av>  s*n  {V0*)-3>  * .... 

--(5). (5*)  sift  {In. 3),  from  (iii)  and  (ivj 

„ .1  n sin  (M  = -lr  V3  tc  ft./scc. 

. 27  \3  } 27  2 v t 

Ex.  2 (b).  At  what  distance  from  the  centre  will  the  ft 
be  half  of  the  maximum  ? • ' H ^ 

Sol  4 Tf  p be  the  intensity  and  ar  the  amplitude  of  S.  * js 
then  velocity  of  the  particle  at  a distance  x from  the  c 
given  by  • p- »'  , . (j) 

Also  when  x = 0 max.  vclocltyi  v'^)  a -see  § * ^a®C  . \ tjje 
If  xt  be  the  rcquired.distance  at  which  the  velocity  i*  J 
max.  velocity  ».e . Joy'l*.  then  from  (i) 

An*. 

o*^4  (af  — rf)  or  xt8=Jo*  or 


or  • 
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'•Ex.  3a  Show  that  the  particle  executing  S.  H.  M.  requires 
Jtli  of  its  period  to  move  from  the  position  of  maximum  displace- 
ment to  one  in  which  the  displacement  is  half  the  amplitude. 

Sol..  The'  equation  of  motion  of  the  particle  is  *=*  — fix 
Then  its  periodt^s/vV^T’  (say)  —0) 

and  **).  where  a is  the  amplitude 

or  • when  particle  is  moving  towards  centre 

or  . —j — j-* 

A The  time  Tt  taken  by  the  particle  in  moving  from  the 
position  or  the  max.  displacement  /.e.  x=a  to  the  position  when 
the  displacement  is  half  the  amplitude  ie,  a is  given  by 

J.  dx 


7,= 


&[-or 


Vf*  Vvl 

-^[^-(})-cos-.«o]=-i  [a. _o]» ^ 

=ir,from(i)  ’ Hence  proved. 

Ex.  4.  A horizontal  shelf  is  moved  up  and  down  with  S.H.M. 
of  period  1 sec.  What  is  the  amplitude  admissible  in  order  that  a 
weight  placed  on  the  shelf  may  not  be  jerked  oft-  ? ' 

Sol,.  Let  n be  the  intensity  and  a the  amplitude  of  S.  H.  M. 
then  the  equation  of  motion  is  d* <{dt*= —px, 
whence  the  max  acceleration 
Andiperiod=2jr/v//ic*l  sec  (given) 
or  ' v ••(’*) 

The  weight  placed  on  the_$helf  will  be  jerked  off  when  the 
max  acceleration  of  S.  H.  M is  greater  than  g (Note) 

.*.  If  it  is  not  jerked  off,  the  max.  acceleration  of  S H.  M. 
• should  be  at  the  most  equal  tog.  - * 

i.e.  t*a«=g  or  &r?a-g,  from  (i) 

or  a— . , Ans. 

V-E£  5.  Show -that  if  the  displacement  of  a particle  moving  in 
. a straight  Hue  ts  expressed  by  the  equation  x-*>a  cos  nf+  h sin  nt,  it 
describes  a S.  H.  M.  whose  amplitude  .Is  y/ia1— b*)  and  period  Is 
2ic jn.  . 

Sol.  Given  x»o  cos  nt+b  sin  nt 
Therefore  dxjdt “ — an  sin  ntq-  bn  cos  nt  \ 

.and-  (^xlth'**— an*  cos  nt  -fen*  sin  ni 

=*  — n*  ( a cos  nt-rb  sin  nt) 

or  ~~n*x,  from  (i)  •••(*>) 
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The  equation  is  of  the  standard  , form  k.ence 

represents  S.H.M  for  which  *n’=»n*.  * 

Time  period  = «»  ~ 

y/V-  V(n*)  n . . 

Also  amplitude  of  the  motion  is  the  value  of  X 'when'  dx  « 
zero.  - (Rt®»fflwr/ 

Equating  dxldt  to  zero  we  get  .—an  sin  nt+bn  cos  nt-$ 
or  tan  nt^bja,  which  gives 

Si“  "'=  V(0H6>)  and.cosn'=  V(5W  • 


Fro  n (i)  we  have  the  amplitude 

’[v«"+6>)  ]+A  [vi«*+6*/  1 


«*+»’ 

Hence  pw>“; 
strafe6* 


LVta’+t*) 

•Ex.  6 (a).  The  speed  v Is  n point  P which  motes  in  a stra'E“j 
tine  is  given  by  the  relation  v*«=a-6x*.  where  x is  (be  distan 
the  point  P from  a fixed  point  iin.the  path,  a and  b being.*®®*  jls 
Show  that  the  motion  of  P it  simple  harmonic  and  determ 
amplitude  and  period. 

Sol.  Given 

Differentiating  both  sides  with  respect  to  xK  we  get. 

* dv  d* x ..  B ^ 

2,dx  or  w„  V JJi  . 

This  is  of  the  standard  form  d'xjdi'^—PXt 

••2j t”  2 « 

hence  represents  S.  H.  M.  and  its  period*®  ^ **'*7b 

Also  fiom  &=a— bx*  we  have  x*=y/(alb)  when  v**0  ®°  ^ 
know  that  the  amplitude  of  the  motion  is  the  value  of  X when 
zero,  provided  acceleration  is  zero  at  x^O. 

Hence  amplitude  of  the  motion  = ^(0/6)  _ .jflC 

6 (b).  The  speed  v of  the  point  P which  motes  in  * . 

is  given  by  the  relation  v»=r  a+26x— cxs,  where  x Is  the  d‘stM 
the  point  P from  a fixed  point  on  the  path,- and  a,  b,  c are  cons 
Show  that  the  motion  is  simple  harmonic  If  c is  positlte  and  at  t 
mine  the  period. 

Sol.  Given  v*  — a-\-?bx— ex* 

Differ  enduing  both  sides  with  respect  to  x,  we  get 

dv  ^ , d*  _ 


= 2b—2cx 
d*x 


dt • 


=*b~  CX, 


cpx 

vTx  ~df 


'(’4) 
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Putting  x-bic^y,  we  get  rf*y/f//*=»  - cy  • 
which  is  of  the  form  (Px/dt*^- px,  hence  represents  S H.'M.  and 

and  its  periods  *=»  ■ . ‘ ,ne 

VP  VC  Ans 

**Ex.  6 fc)  * The  speed  v of  a particle  moving  along  the  axis 
OA'Is  given  hy  tho  relation  v*=#/i*  (Sax—  x*— 12a*).  Prove  that  the 
motion  is  simple  harmonic,  with  amplitude  2 a and,  that  the  time 
taken  from  x^4 a to  x*=6a  Is  «/(2n;.  • What  Is  the  periodic  time  ? 
Sol  Given  v*»n*  (Sax- x*—  12a*)  *~(i) 

Differentiating  both  sides  with  respect  to  x,  wc  get 
_ dv  cPx  ...  „ ..  dv  dxX 


2v  ~ (8a  - 2x)  or  ~n*  (4a-x), 


dx  dt * 


- 'u*V 

Putting  x~ 4a*=y  we  get  /.  =»~~/j*y, 

which  is  of  the  form  dtxjdt***  — px,  hence  represents  S.  H.  M.  of 
period  =2jt/v,/r=2a//i  about y—O  ie.  x*=4a.  .•(<■) 

Also  when  velocity  v»0,  from  (i)  we  get 

0=n*  (8ax— x1— I2a*j  or  x*—  Sax-i-l2a,**0 
or  (x,-8ox+16n,J— 4q*«o  or  (x  — 4u),-(2a)**=0  ‘ 
or  x-4a*=±2a.  or  x=4a±2a  or  x=*6a,  2a  ..(it*) 

Now  ampiitude^Thc  distance  between  the  points  where  the 
acceleration  is  zero  (/.*.  the  centre  of  oscillation)  and  the  velocity 
is  zero  «=6a~4a,  from  (ii)  end  (iii)  , (Note) 

“2a.  Hence  proved. 

Again  the  time  taken  in  .moving  from  x*=4a  to  x«6 a is  the 
time  taken  in  moving  from  the  centre  of  oscillation  to  the  extreme 
end  the  particle  can  reach  (/ e.  the  point  where  the  velocity  is 

zero)  i.e.  J of  period  i e.  I j / e.  . 

“*Ex.  7 A particle  is  performing  a S.  II.  M.  of  period  T about 
a centre  O.aud  H passes  through  a point  P where  OP— b with  velo- 
city v in  the  direction  OP,  prove'fhat  lime  which  elapses  before  It 
returns  to  P is  (T/r r)  tan-1  (?T/2jr&). 

( Avadh  88  ; Gorakhpur  9 0 , 87) 

Sol.  OP^b  (given).  Take  a poiut  _ 

Q on  the  line  OP,  such  that  OQ=x.  — ■ ■ - * 

Then  velocity  Q is  given  by  ^ ‘ 

• dxjdt  vW(a*--.x\>.'  (Fjg.16)  * 

where  OA>=a  is  the  amplitude  of  the  S H M.  ..  (i) 

Now  wc  are  giv  en  that  velocity*: v at  P / <*.  at  x==i 
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From  (i)  we  get 


Also  from  (ij  we  get  • 


dx 


■.-VGO*- 


Via* -x*)  • 

Integrating  sin”1  (.r/o)^  \/(/*)  /-f  C,  where  C is  afl  fir  1 
constant. 

Let  r«0,  when  ,x^>0,  then  C=0»  - . 

sin-'(xw)”v'f>‘)  < or  jr-osinti/fri'I  . "f,om 
Let  /'  be  the  time  taken  in  moving  from  0 to  r»  1 
(iii),  we  have  • /jv\ 

*6=asm{(VtO  <1  or  r«(IM0  sin'5  (b/a) 

Also  time  taken  from  O to  A**i  (Period)=»i 

ic 

,*.  _ Time  taken  in  moving  from  P to  A *=*  ~ * 

Required  timc*=2xtime  taken  in  moving  from  P t0  * 

9 / n A « ? / J: L sln“l  M » from 


(v) 

..,(vi) 


«(2/V#*)  [in--sin->  (ft.te)] 

Also  time  periods u/Vp«=  T (given) 
l/V#»«T/(2n)/‘ 

Also  let  Jr?—  sin**1  (b/a)=»0 

then  sin”1  6/al*»iit-  6 or  h/o= sin  (In-fl)**005 

...  i»»-  '^a.Ii.fcWw'  " . 

b by/ 1 ** 

or  tan  0=vZ7(2«A),  from  (vi) 

or  0^tan-»(vT/2ir6).  t ;n (v) 

Substituting  the  values  of  l/vT*  and  5 f.e.  's,n  ' ' 

„ 27*  /vr  \ T / rT  \ * 

"’=  time-  sr  ,in“  (as)  - r M „ . 

Ejc.  8.  A particle  moves  in  a straight  line  »°d  »*s  Te  0 u, 

r ..m.  —vtnSn i«  fr,/rfla _x9)  nbere  k and  a are C® 

, . . an4  find  the  WOpM* 

1 ■ ..(» 

1 'i 

or  (a1— **) 

Differentiating  both  sides  with  respect  to  t,  .we  get 

rfr  di*  1 2Ar'  rfr  • . ti 

or  d,jf.'rft*a3— A:*x,  which  being  of  the  form  of  the  stac 

equation  of  S,  H.  M.  represents  S H M. 
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Putting  dx'ldt  equal  to  zero,  we  get  from  (i)  -the  amplitude 
x*=a. 

‘ *‘2rs”-  2ts  2h 

AlM  ,ira'  P'not,=  vi*'  ”Cn?  = F‘  Ans. 

Ex . 9 (I).  Show  that  in  a S.  H.  M.  of  amplitude  a and  period 
T,  the  Telocity  v at  a distance  x form  the  centre  Is  given  by  the  rela- 
tion (a*— x*J 

^•^"(11)  Find  the  new  amplitude  If  velocity  .were  doubled  when  the 
particle  Is  at  a distance  a/2  from  the  ccntsc,  the  period  remaining 
nnaltercd. 

Sol.  (i).  O is  the  centre  and 

-Pis any  point  such  that  > . — < 

OP*=x,  0/4«=o=araplilude  f ? P * 

Then  thc'eq’uation  of  S.H.M.  (Fig.  17) 

Is  d'x/dt***  — nx  ...(i) 

Multiylying  both. sides  by  2d.’c/rff'and  integraiing  we  get 
(dxfdty-  C,  where  C is  constant  of  integration. 

At  A,  x-=a  and  dxfdt^O 

0*»  — /io*+C  ’ or'  C*=pa*. 

(dx/dt)*z*  n (a'—x1) 

or-  (a*—**),  V velocity d<ldt*=v  (given) 

Aiso  pcripd«2it/v/>*=’7'  (given)  .*, 

A v»«(4n,/T*Ha,-x*)  or  v*J*-4»r*  (o1-**). 

Also  from  v»=m  (a*--**)  ...(ii) 

we  find  that  velocity  Vj  at  is  given  by 

.(«*- ifl*J  ^ * ...(iii) 

Now  multiplying  (0  by  2 dx{di  and  integrating  we  have  as  in 
part(i)  (</*/«//)*«»  ~j***+C. 

Here  at  x=i a we  are  given  that  velocity  dx(dt*=  2vx 
, " A 4»’i*=  - $na*-f-C  • or  4 (2f*fl*)~- }na*+C,  from  (iii)W' 
.or  C«i.l3f*o\  ^ 

A (rfr/rf/i*  «-*»*•+*  (13^)-^  (i.l3a»-*»). 

• Equating  dx)di  to 2txo,  we  get  x'^J.1341  or  .x**\ay/ 03). 
A Required  amplituderajav'(13).  Ans. 

10.  A body  Is  attached  to  one  end  of  an  inextenslble 
string  and  the  other  end  moves  In  a vertical  line  with  S II.  M.  of 
amplitude  a,  taking1  ft  complete  oscillations  per  second  show  that  the 
string  will  not  remain  tight  daring  the  motion  unless  n*<(g(4ji*a). 

, ( Meerut  86  P J 
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Sol.  The  equation  of  motion  is  d'xfdt1  «*— |*x. 

If  amplitude  be  a,  then  the  maximum  acceleration-?*' 

*.  (i) 

Also  the  body  makes  n complete  oscillations  per  second,  so 
periodic  time**  If  ft  sec.  ' ' 

/ e.  2n  tr  p - 4 n'n*. 


from  (i)  maximum  acceleration=4rc,/j,tf. 

Now  the  string  will  remain  tight  if  the  maximum  acceleration 
in  the  downward  direction  is  less  than#.  . . ? 

i.e.  or  rit<gl*nta  ' Hence  FT°ve  * 

•Ex.  11  (a).  A particle  is  moving  with  S.  H.  M.  and  no  * 
making  an  excursion  from  one  position  of  rest  to  the  other,  it* 
tatlce  from  the  middle  point  of  its  paih  at  three  consecutive  secoD 
are  ubsened  to  be  jrlP  xt,  x,  ; prove  that  the  time  of  * con>P 
oscillation  is  2n/y,  where  P = cos-1  {(x,+y,)/2xs}. 

Sol  Let  the  particle  be  at  distances  xu  xt  and  Xi  from  t 
middle  point  of  its  path  after  t,  r+l  and  r+2  seconds.  Then  * 
x»a  cos  {V(Hf)},  where  p is  the  intensity  and  a the  arophiu 
S.  H.  M.  we  have  xl»a  cos  {y'(M)  r}  ")  ... 

x,«a  cos  <r+l)l  > 

and  x8«=o  cos  (V(/*)  U+2)> 

Adding  (i)  and  (iii)  we  have 

*»+x,-=a  [cos  {v'(m)  r}+cos  {VW (<+2)}J 
=2 a cos  {VM  (r+l)}  cos,{\/(f*j}  * 

—2xz  cos  from  (ii) 


or  K*j+*i)/2x,]=cos  VO4) 

or  v'(M)*=cos“l  [(xt+  X|)/2Xj-l«0  (given).-  . 

Required  time  *^“2«/v>”*!=2j5/0,  , 

where  0=cos-4{(>»+x,V2**}.  . Hence  proved. 

• Ex  ll  (bl  At  the  ends  of  three  successive  seconds  the  d*s* 
t dices  of  a point  moving  with  S.  H.  M.  from  Its  mean  PoS*,j5“ 
measured  in  the  same  direction  are  1,  5 and  5.  Show  that  •“ 
period  of  a complete  oscillation  Is  2H/COS-1  (3/5) 

Sol.  Let  t*  be  the  intensity  and  a be  the  amplitude  of  the 
S.  H.  M . and  x be  the  distance  of  the  particle  from  its  mean  posi- 
tion at  time  /,  then  we  have  , x=>o  cos  (\//*  t).  "•(,I 

Then  according  to  the  problem  we  have 
•1=0  COS  {Vi*  ...(H) ; 5=0  cos  Wr-T}  -A11) 

00<1  5=acos{Vi*(r+l)),  , . -<M 

considering  ihr«.e  aucccssve  seconds  T—  1,  T and  r+l. 

Adding  (ii)  and  (iv)  we  get 

- 1 4- $- « Icos  Wv-  (r-l))+cos  Wn  (r+l)))  . 
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or  ,•  6*=ti  [2  cos  W*T)  cos  (Vf*)} 

or  3 <=a  cos  WpT)  cos  (v/P )=o  cos  (yVO,  fr°nJ  (•»') 

or  cos  = J or  vp^cos-*-1  f . 

/.  The  period  of  a complete  oscillation 

’»“2re/vV”-“2jt/c6s-*1  (3/5).  Hence  proved. 

Ex.  11  (c>.  At  the  end  of  three  successive  seconds,  (he  distance 
of  a point  moving  with  S.  H.  M.  from  its  mean  position,  measured 
in  (he  same  direction  are  1,  3 and  4,  Show  (hat  (he  period  of  com- 
plete oscillation  is  2ir'cos-1  (5/6).  ( Meerut  57) 

Sol.  Do  as  Ex.- 1 1 (b)  above. 

**Ex  11.  (dir  A particle  moves  with  S.  H.  M.  in  a straight 
line.  In  the  first  second  after  starting  from  rest,  it  travels  a dis- 
tance a and  in  the  next  second  it  travels  a distance  b in  the  same 
direction.  Prove  that  the  amplitude  of  the  motion  is  2a8/r3 a~b). 

Sol  Let  n be  the  intensity  and  c be  tbe  amplitude  of  S H M. 
then  we  know  that  x*=c  cos  {./*)  /},  0) 

where  x is  the  distance  of  the  particle  from  the  middle  point  of  its 
path  (or  the  centre  of  force). 

After  one  second  from  start  the  distance  of  the  particle  from 
the  point  of  startup  (given)  and  so  the  distance  of  the  particle 
from  the  centre  of  force  t=c  - a.  where  c is  the  amplitude.  (JNote) 

From  (i)  we  pet  c-a«c  cos  (v'(M).  1}  • (it) 

Similarly  as  in  the  next  second  it  is  given  that  the  distance 
moved  by  the  particle  is  b,  so  its  distance  frdm  the  point  of  start 
after  1 + 1.  ie.  2 seconds  is  (a+b)  and  so  its  distance  from  the 
centre  of  force  after  2 seconds  is  c-fcH-i). 

From  (i)  we  get  c -(fl4-6)=c  cos  {V^)*2)  ...(«») 

From  (iii)  we  get 

c~(a+b)~c  cos  (2 V7*>c’c  {2  cos*  (V>)— 1} 

*=c  [2  {(c I],  from  (ii) 
or  ,e*— (a+b)  c~ 2 (c—  b)*—c*  or  — e=2o*— Aac 

• or  c (3a— 6)<=?a*  or  c=2o*/(3o-  i)  Hence  proved. 
**Ex,'12  (a).  A point  is  moving  in  a straight  line  with  5.H.M. 
about  a fixed  point  O of  the  fine  The  poiot  has  a velocity  vt  when 
Its  displacement  from  O 'is  x,  and  a velocity  rt  when  its  distance 
from  O is  x,.  Show  that  the  period  of  (he  motion  Is 
- • ' 

, . (Avadh  86\  Kanpur  89) 

Sol  If  m be  the  intensity  and  a the  amplitude  of  S H.  M* 
then  we  know  v*^  ^ ...(•,•) 

V According  to  the  problem  we  get  from  (i) 

...(it)  and  (a*-  -V) 


...(iii) 


48 


Dynamics 


'39/111/5 


Subtracting  (ii)  from  (iii),  wc  get 

v,*“  v/  = p (xt*—xt*)  or  p =•  (v*1- ►i*)/(xi*  '**)*. 

•••  Rc<iuiKd  ptriod“^) 


V \r  > v » * -tit  , x . 

Ex  12  (b).  In  S.  H.  M.,  it  Ibc  velocilits  K.dislinces  H 


from  the  centre  of  force  be  respectively  « and  v,  then  pr°T* 
the  frequency  n of  oscillation  is  given  by  4T?n%  (&*—£*) ’=*’.'"  ' 
Hint : As  in  Ex.  12  (a)  above  we  can  prove  that 


v*-u*«=p  (6*-e*) 

Also  frequency  n = vW(2ts)  or  4 rV*/4 
or  4nV~(v*-o«jy(6»-c*)  or ' (V~c  > f 

Ex  13.  A body  moving  in  n straight  line  OAB  with  S- 
has  zfero  velocity  when  at  the  points  A and  B whose  °lS,ancjLt1fefti 
O are  a and  b respectively’ and  has  velocity  when  halfway  w , 
them.  Show  that  the  complete  period  is  jr  (b~a)lt. 

Sol  Let  O'  be  the  middle 
point  of  AB.  then  O'  is  the  centre 
of  oscillation. 

,\  Amplitude  of  motion 

-1  <**)-*  (b-a)~ 


(Fig.  )h). 


=■5  \.o- a;-  • - rthetwo 

Also  we  know  that  the  velocity  at  the  middle  pointy  ^ ^ (jjC 


extremities  in  the  case  of  S.  H.  ^crc  ** 

intensity  and  a the  amplitude  of  S H.M. 

In  this  case  y=v'(fi)  or 

Required  point 


2t5 

1 - V(M)  ■ 


2 n 


' 2f 

* (6-o) 

7C  (6  — o). 


' * ..  / 2w(6 — O)  ’ nf  its 

•Ex.  14.  A point  executes  S.  H.  M.  such  that-  In  ^0B5 
positions  the  velocities  are  u,  v and  the  corresponding  accei 
*,  P ; show  that  the  distance  between  the  positions  is  tv  1 A 

And  the  amplitude  of  the  motion  is 

And  find  the  time  period.  ( Avadh  8 • 

Sol.  Let  at  distances  xx  and  r,  from  the  centre  the  veioci  i 
be  u and  v and  accelerations  be  a and  p respectively. 


If  p be  the  intensity  and  a the  amplitude  of  S.  H.  M.  then  ** 
have  d*xldt'*=>—px  ...(i)  and  (dx/rf/)*-/*  (a*-*1)  ~ 

...fiv) 
...fv) 
...(vi) 


A From  (I),  we  have  ec«=-  pxt 
and  p=*~  prt. 

And  from  (ii),  we  get  u*=*p  (o*—xt*) 
and  v*kjh  (a*—xa*). 


39/1(1/4 
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Adding  (iii)  and  (iv),  we  get  a +0  » —A  (x^-fx,)  • ...(vil) 

Also  from  (v)  and  (vj),  we  get  y* -«*<=»/*  (x,*— x,1).  ...(viii) 


Dividing  (viii)  by  (vii),  we  get 


**-«*  F W-xx*)  . 


’(*«■“  *i) 


/ ts  the  required  distance  between  the  positions  «*xt— xt 

=»(v*-tt,)/(w+/J). 

Again  from  (iii)  and  (iv),  we  get  (x,*— Xj*).  ...(ix) 

From  (vili,  and  u*),  wn  ^ M 

From  (v),  o*~  from  (ill) 


u1  fv»-  u*}  a*  (v*-*^)* 


IP*  *') 


4.  „ YU 
+ (0*- 


«•) 


from  (x) 


~[(v*  « W - «*>’)  [-«*  <0*.  «>  +«» (v*  - 
«=w*  - u* ) («*?*  - u'pmfi9  - «»)* 
or  amplitude=^o«=»((y,-  «*;  (r*a*— ii,p,)},/»/(P,~ ■*) 

And  the  lime  period*  «■  -777-; — — — * 

-Znv'Ur* -«*)/(«»  £*)]  Am. 

Ex  15.  A particle  or  maw  m Is  attrcctrd  towards  a fixed  point 
O with  a force  mb  times  the  distance  from  O If  Initially  it  is 
projected  towards  O with  a velocity  v from  a point  distance  c from 
O,  find  the  amputate  of  Its  oscillation. 

Sol.  The  equation  of  motion  is 

m.ePx  <//**=  - rrp t or  rftr/dr*—  — nx. 

Multiplying  both  sides  by  2 ( dxfdt ) and  integrating,  we  have 
(dx/df;**-  — <px*+C,  where  C is  constant  of  integration 
V At  x»c,  dtldt *»v  (given), 
r'--  /icMC  or  C—v’+pc*. 

(dt!dty»~v'+b  (e»-x*). 

Equating  dxiii  10  zero,  we  get  v*+p  (c*— x*)-0 
or  r*+pe*crpt*  or  x»((v*+p;>j/p),i». 

Required  amp!itude««{(v,1p|+c*j‘/>.  Ans. 

fex,  16  Jo  a S.  If  M of  period  2xr/«*.  1/  tie  Initial  displace- 
lent  be  xt  and  the  lolllat  velocity  o#  prose  that 

(a)  Amplltodeofra* + («!*/»*,} 

(b)  position  at  time  l 

— V(V+  w«V«M  «os  *V - (I/«)  tan"1 
• and  (c)  time  to  the  position  oT  the  rest~(l/»)  taa"1  (i/,/wx,).  . 

Sol.  The  equation  of  motion  Is 
<f*x/di*«  ~bx, 

where  b is  the  intensity  of  S.  H.  M. 


OstfeoMie 


...(f) 
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/.  Time  period  2n/to  (given)  or  f4**" 

. Hence  from  (l),  we  get  w’x. 

The  general  solution  of  (li)  is  x**A  cos  (<*/+£)• 

Initially  x«xt  nn  t “0,  so  xt^A  cos  B. 

Differentiating  (iil),  we  get  dxJdt~—Au  sin  («f+ 

Initially  dxjdt  »u$  and  /■» 0,  so  Vp^—Ai*  sin  B. 

«*.  From  (lv)  and  (v),  we  get  - *>  tan  B-Vp'xp 
Be*  — tan-1  {UpfuTp); 

(a)  We  know  in  (ill)  A is  amplilyde  and  B la  lb*  p*!aSj'ti0*) 

From  (iv)  and  (v).  (Squaring  and 

A~VW+<u/l»' )}•  '"'(V 

(b)  From  (iii),  position  at  time  t 
*=*A  cosfat-l  B) 

- V{***+ £ f «*  (^)]-from  (viI 

■ Vh’4- I co,“['- fe)] 


...(>») 

...(!>) 


(v») 


or 


(c) 


And  at  the  position  of  rest  dxjdt*=  0 

,AV,j 

/ — U/«)  tan-1  rrom  (vi).  Hence  » 

*’Ex.  7.  ICIn  a S.  H.  M.  u,  r,  w be  Ike  velocities  ‘‘f'f.Li 
m,  b,  c,  from  a fixed  point  on  the  straight  line  which  Is  non® 
of  the  force  ; show  that  the  period  T Is  glren  by  the  eqostio 


p-'(fr-c)(c-0)  (o-b). 


(A'tfff/ur* 


Sol,  Let  O be  the  cenre 
of  force  and  O'  the  fixed  point 
from  which  the  distance  of  the 
points  A,  B and  C are  a,  b and  c - 
tespectlvely.  The  velocities  at  (Fig.  1 9) 

these  points  are  given  to  be  u,  v and  w.  Let  O0'*=  *•  fbea JJ 
distances  of  A,  B and  C from  O are  a+k,  b+k  aod  c+*  resp 
tively. 

The  velocity  Kal  a distance  x from  the  centre  of  *>«*•* 
given  by  - (a^x1),  •••W 

where  p is  the  Intensity  aod  A the  amplitude  of  S.  H.  M. 

••  At  x - a + k,  we  get  [A*~(ai  *)» J from  ( i ) 

a*  2ok 


Solved  Examples  on  S.  H.  M. 
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or  ...(H) 

Similarly  [(vVM)+i*)+2W+(^-4*)-0.  ...{ill) 

and  f(^)<fe»J+2r^+(A:«r^)«0. 

Eliminating  2 k and  (P-A*)  from  (ii),  (iii)  and  (iv),  we  get 
(uV#*)*M*  a 1 l“*0 
(v«/H)+6*  b 1 

(«*/#»)+**  c 1 

!+l 


u*  a 1 
v«  b I 
jv*  e I 
a I 
v*  b \ 

w*  c 1 
y*  v*  iv* 

i a A c 

I 1 I 1 


a*  a 1 
b\b  1 
e»  e 1 
•**|  a*  b*  c* 
a b c 

1 11 
-t*  (6-c)  (c~a)  (a~b), 
on  evaluating  the  determinant  on 
the  right. 

(See  Author's  Algebra  or  Matrkr?) 
4n« 

T*~' 


Also  periodic  time  r«*  or  j*r- 


**  ' ■ ~ (b-c)  (c-«)  (o-6) 


Hence  proved. 


till 
or  2u'  (b-c)~  (b  — e)  (e-a) 

- expanding  tbc  xietcralasnt. 

or  4a'  (b—e)  (c— a)  (ff—b)»»r*  S {o'  (b~c)] 

Ex/18.  A particle  ©seHlat eg  with  S.  II.  M.  of  aaplltude  a 
mod  periodic  that  T.  Find  ibe  expression  of  tbc  velocity  r h tents 
of  (ll;  a,  T and  x ; (H)  a,  T and  t and  aho  prove  that 

Sol.  ir*  bs  tho  Intensity  of  we  bsve 

»'-*■  (o«-x*),  ...()) 

• *-o  m yW  t ■■  (II). 
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1912— SS 

ano 

r-2n/\^M. 

U). 

From  (iii), 

M«4Ra,r*. 

. ...(iv) 

A 

From  (i),  i 

9*-i4K'm  (a'-x*). 

AW 

(«>•' 

From  (i)  and  (ii), 

[o*_a i 

cos*  y/[p)  fjcr/ra’.sin*  VM 1 

■*  fr  0 Sm  ^’7?  J*  'rom  (1V) 

AM. 

(«». 

1"“’ 

• 

•■“VrJ 

4*M 


C-  cos 

r 


(W)* 

. ...  -j-NJ-f ■ 

v Ex.  19.  A particle  starts  from  rest  under  an  acceleration  F* 
directed  towards  a fixed  point  and  after  time  t another  P***1 
starts  from  the  same  position  under  the  some  acceleration.  . 
that  the  particles  will  collide  at  time  it*  A l+itl  after 

..(0 


■f 


y 


I.  T‘ 

- ?«y  r i 

7'  J«  \ 

Javr, 

T%'  L 


4* 


sin  4jt| 


Hum  me  same  position  under  the  some  acceicrai 
that  the  particles  will  collide  at  time  |(*  k)+  JfJ  aftef 
the  first  particle  prorided  t < 2k  k ‘ 

Sol.  The  equation  of  motion  is  dix,dtx**~k,x. 

•’*  The  time  period  « 

The  condition  t < / e.  t < time  period  indl^a 

that  the  second  particle  starts  before  the  first  has  made  one  cj 
plete  oscillation. 

Let  two  particles  collide  after  time  f of  the  start  of  2d 
particle. 

^ Before  collision  the  first  particle  was  in  motion  for  a *icne 

Frjm  (i),  x**a  cos  k t.  •• 

.*.  If  the  particles  collide  then  the  distance  moved  by  the  fir* 
particle  in  time  (f'+/)— distance  moved  by  2nd  particle  in  tune  i 
or  . o cos  k (r'+rj^o  cos  kt\  „ , . 

k(f+t)~kr  or  k [v+t)~2n-kr 
But  k (f'+/j-Ar  gives  r-G,  which  h asalast  hypothesis 
or  2kt'-7n  kt  or 


Required  time-/'*/.-  * _ . tt= 

k 2 ^ 


ruVCd. 


Hence  piuvcv 

E*‘  20*  A Particle  rests  |n  eqnillbrlnm  under  the  attrscllM 
of  two  centres  of  force  which  attract  directly  a5  the  distance.  !*»' 
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intensity  being  n,  ; the  particle  is  displaced  slightly  towards  one 
of  them.  Show  that  the  time  of  a small  oscillation  Is  2n/V(l* +!*')• 
( Agra  86;  Rohllkhand  88) 


77!Ma  A TnM'b 


O' 


Sol.  O and  O'  are  the 
centres  of  force.  Let  A be 
the  position  of  equilibrium 
of  the  particle  of  mass  m . (Fig  20) 

(say).  Let  OA=ia  and  O' A*  b.  Then  the  forces  acting  on  the 
particle  at  A are  m pa  towards  0 and  m.p'b  towards  O'. 

V The  particle  is  in  equilibrium  at  A * 

L _ mpa«mp'6.  ...(i) 

Let  the  particle  be  slightly  displaced  towards  O and  let  it  go. 
Let  P be  any  displaced  position  of  the  particle,  such  that  AP**x. 
The  forces  acting  on  the  particle  at  P are  m.p  (a—x)  towards  0 
and  mp*  (b+x)  towards  O'. 

. The  equation  of  motion  at  P is 

m-jp  ='«■  (a~x)rw  (A+.-c)  or 

or  d*x/dP=—(n+n’)  x>  V from  (i) 


*.  Required  thne— 


VP  vtn+n 


•Ex.  21.  A particle  of  mass  m is  attached  to  a light  wire 
which  is  stretched  tightly  between  two  fixed  points  with  a tension  ' 
T.  If  a , b be  the  distances  of  the  particle  from  the  two  ends,  prove 
that  the  period  of  small  transverse  oscillation  of  mass  m is 

TtsJVIT  (a-t-b))mba).  • (Avadh  88;  Gorakhpur  87) 

Sol.  A and  B are  the  given 
fixed  points.  The  light  wire  .is 
stretched  between  A and  B.  Let 
C be  the  point  where  the  particle 
of  mass  m is  attached.  Then 
AC**a  and  BC^b  (given). 

Let  the  particle  be  given  a 
small  transverse  displacement  l.e.  (Fig.  21) 

a displacement  at  right  angles  to  AB.  Since  the  displacement  is 
small  therefore  tension  In  any  displaced  position  remains  practi- 
cally the  same.  Let  P be  the  position  of  the  particle  at  time  /, 
such  that  CF—x. 

Then  BP-V&'+x*)  and  AP-Via'+x*). 

Therefore  the  resultant  force  on  the  particle  in  - the  direction 
of  PG-T  cos  ^.BPG-FTcds  Z.APC 
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” J V(6'+*,)+I‘  V(“'+*'l  ’ 

»r.*  [(6«+i,)-,n+(o,+*,r),,J 

■■■ 

+“)+Hl-s,+",)l 

neglecting  higher  poweri  of jr. 

T(a±b) 

~ ab 

The  equation  of  motion  is 


r , see  figure 


• • iuc  cuuiiuuu  ui  iuuiiuu  ii 

_ /<Px\  T(a+b)  . ..  d'j: [na+M  ]*, 

~c5 — * or  dt'  L ^ j 

which  is  in  the  standard  form  iPxJdl9<~- P* f^r^/fl+Ml 

Hence  the  required  period^  -^p**2/*  j JimaS"  J ^ 

••Ex.  12.  Assuming  thlt  the  graritj  jusHe  '**,*  fijne  from' 
the  distance  from  its  centre,  show  that  a */*•“•  6 ^ t]me  to  tra- 
*nd  moring  under  gravity  only,  would  take  . . points  of ,be 
rerse  smooth  straight  airless  tcnnel  between  any  * “ 

earth’s  surface.  Find  the  time.  ,he  tunneU°dC 

Sol.  Let  O be  the  centre  of  the  earth,  AB  t 

the  mid'point  of  AB. 

Let  at  time  f the  position  of  the  train 
be  at  P,  such  that  "PC=*x.  Let  F be  the 
force  acting  on  the  train  at  P due  to 
gravity.  - • 

Then  OP.  acting  towards  O. 

X If  m be  the  mass  of  the  train,  then 
the  equation  of  motion  is 

m (d.xm.-Ecr*  4OEC  __  t o(cf  and  „ 

J PC.  V F-x0F 

see  figure 

m OP  .(ti) 

or  (Px/dt**^— (A/m)  x, 

which  is  of  the  form  of  standard  equation  of  S.H.M.  ■ hj,  C, 

Hence  the  train  moves  in  S H.  M.  between  A anu  p 
the  middle  point  of  AB.  as  origin. 

Time  from  B to‘^«=  J (Time  period) 


Exercises  on  S.  H.  M. 
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. *n^(m/A).  . ...0‘ii) 

To  find  (m/A)  we  use  (he  condition  that  on  the  surface  of  the 
earth,  the  magnitude  of  acceleration <=g 
i.e.  from  (ii)  g=(A/m)  r,  where  r is  the  radius  of  the  earth 
or  ' 9‘8= (A/m).  (6400x1000),  since  g=9  8 m/sec*  and 

r=6400  km. 

or  A/m=(9'8)/(64C0x  IOC0). 

From  (iii),  time  from  A to  B 

-wv'[(6400x  lOOO)/(9-8)]sec.=(3-14l6)\/(640000)  sec.  nearly 
• =(31416)  X 800  sec.  ncarly=42  minutes  nearly. 

Exercises  on  S.  H.  M.  . 

Ex.  1.  A particle  moves  in  a straight  line  with  S.H.M.  of 
periodic  time  2 seconds.  - If  it  starts  from  rest  at  a distance  of  13 
cms.  from  the  centre  of  the  path,  show  that  the  greatest  velocity 
and  the  velocity  acquired  by  it , when  it  has  just  described  8 cms. 
are  respectively  ?jr  and  1.12«  cm./sec. 

Ex.  2 A particle"  moves  with  S.  H.  M.  ifwhen  at  a dist&uce 
of  3 and  4 cms.  from  the  centre  of  its  path  its  velocities  are  8 and 
6 cm  /sec  ; find  its  period,  maximum  velocity  and  acceleration, 
v Ans.  n secs,  10  cm./sec,  20  cm/sec*. 

Ex.  3.  A particle  possesses  two  S-  H.  M.’s  in  perpendicular 
directions,  having  the  same  period  but  differ?"**  !n  *~i 

ampl’*'-*’  * 

1 1 : • i 

unifo  . * 

,midd  ■ 
inclin- 

cot3i.  » ■ 

the  w t ..  ...e  . vw 

■ Ex.  5.  A particle  of  mass  M is  raovine  atom*  the  !,Y'e  "f  x, 

■ ' - f,  it 

14 

....  , ■ ■ 16 


, uukpikvuue  oi  \ne  path. 

Ex.  6.  A particle  is  projected  with  velocity  u directed  away 
from  a fixed  - point  at  a distance  b from  the  point  of  projection.  If 
the  acceleration  be  /*  times  the  distance  from  the  fixed  point  and 
always  directed  towards  it,  find  the  amplitude  of  the  S H.M. 

Ex.  7.  A point  moving  with  S.  H.  M.  has  a period  of  oscilla- 
tion it  secs  and  its  greatest  acceleration  is  5 m/set*.  Find  the 
amplitude  and  the  velocity  when. the  particle  is  at  a distance  l 
metre  from  the  centre  of  oscillation  Ans.  J $ metre  ; l\  m /sec. 
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Ex  8.  A point  moving  with  S.  H.  M,  has  a velocity  of  4 b. 
pet  sec.  when  passing  through  the  centre  or  Us  path  and  its  p«n<w 
is  n seconds.  What  is  its  velocity  when  It  has  described  one  ©< fC 
from  the  position  in  which  its  velocity  is  zero  7 
Ex,  9.  Write  the  correct  answer : 

. d*x  * 

I' px,  the  periodic  time  is 

(0  4it/V>  ; 


(»)  2r.Jy/P  ; 


(liijn/vt1;  (tv)  none  of 'few'- 
AM*  I'M* 


El.  10.  Show  that  in  a S.  H.  M..  the  average  speed  and  th' 
average  acceleration  (in  magnitude)  are  obtained  by  ®U“,P " 
their  maximum  values  by  0*637.  . . 

Ex.  U.  A point  moving  with  S.H.M.  has  a 
tion  of  r seconds,  and  the  greatest  acceleration  of  5 R/wt  • ct 
the  amplitude  and  the  velocity  when  the  particle  is  at  » 
of  l foot  from  the  centre  of  oscillation.  „ usS) 

•*§6.  Hooke’s  Law. 

Statement.  The  tension  of  an  elastic  string  is  proport 
its  extension  beyond  its  natural  length . ' h of  «a 

«\  If  a be  the  natural  length  and  / the  extended 
elastic  string,  then  extension  produced  is  t~a  and  if  * °e 

in  the  string,  then  ~ (f-o),  ..  (A* 

Where  the  constant  \ is  called  the  modulns  of  elasticity.  ^ 

••Theorem  Prove  that  the  work  done  against  the  cn 

stretching  a light  elastic  string  is  equal  to  the  product  of  is 
ston  and  the  mean  of  the  tnltlal  and  final  tensions.  ' 

Proof.  Let  / b«  the  natural  h X — — t 

wngth  of  the  string.  , Let  it  be  1 "f — q & 

extended  from  A to  B such  that  ° . A. 

OAm.a  and  OB-h.  We  are  to  (Fig.  23)  • 

find  ont  the  work  done  against  the  tension  in  stretching  the  strut? 
iroxn  A to  B.  Let  A be  the  modulus  of  elasticity.  ‘ . 

t*M-Ut°.P»x?'ZPQia*x-  This  distance  PQ  being 
tensions  at  P and  Q are  practically  equal.  Tension  sn  toe  sen  s 
when  it  is  stretched  upo  P 

*•  (A/ f)  (x - 1),  acting  in  the  direction  PO. 

» A Work  done  in  stretching  from  P to  Q.  against  the  ten* 
.-(A/OfX-J)  Sx.  . 

Work  done  against  the  tension  in  stretching  from  A tod 


-£  .W /)<*-/)  rfx-(; 


. Horizontal  Elastic  Strings 
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. «{A/2/>  Kb-D'-ia-lf] 

“(A/2/)  l{(*-0+(«-  *'}  {(*— 0-  (a— /i>| 

=(A/2/)  (6-n) 

=(6-o).  1 t(A7)  (6r0+(A/0  (o  - /)]  * • (0 

Also  initial  tension=tension  at  A=*(hll)  (a—/) 

And  final  tension  “tension  at  ( b — l ) 

, Extension  produced  *= /LB  « (6 -a). 

From  (i),  work  done  against  the  tension  in  stretching  from 
A to  Z?=*  (extension  produced  )x  (mean  of  initial  and  (ina!  tensions'. 
#§  *7.  Particle  attached  to  an  end  of  o horizontal  elastic  string. 
One  end  of  an  elastic  string  whose  modulus  .of  elasticity  is  \V 
and  whose  natural  length  is  ‘o’  is  tied  to  a fixed  point  on  a smooth 
horizontal  table , and  the  other  end  is  tied  to  a mass  ‘m’  lying  on  the 
table.  .The  particle  is  pulled  to  a distance  whtre  the  extension  of 
the  string  - becomes'  ‘b'  and  then  let  go  j describe  the  character  of 
motion  and  find  the  period  of  one  complete  oscillation. 

Let  p A « a be  the  natural  length  of  the  string.  Let  O.  be  the 
fixed  cad  and  a particle  of  mass  ni  be  attached  at  A.  Let  this 


V 7 7 •”  . (Fig.  24)'  / 

particle  be  pulled  to  B from  A such  that  AB *=b  and  then  let  go. 
Let  P be  the  displaced  position  of  the  particle  at  time  /,  such  that 
AP~x.  . ' 

Then  tension  in  the  string  at  P=(Va)  x,  acting  towards  O. 

X The  equation  of  motion  is  , , 

d*x  A d*x  A 

dt*  a . </r*«  um  , ••  (0 

which  is  of  the  form  of  the  standard  equation  of  S H.  M. 

At  B,  the  velocity  being  zero.  AB  it  the  amplitude  of  S H.M. 
Time  of  describing  BA 

. “£  (time  period)  *=£  (InfVfi),  where  A lam,  from  (i) 

®iitV'(«m/ A).  t 

Integrating  with  respect  to  x%  we  get 

^ ..(ill) 

where  c is  constaot  of  integration. 

At  B,  velocity  v—0  and  so  from  (Hi)  ‘ # * ’ 

' 0^~(A/nm). (&*+<?  or  e*»(A/am).  (6* 
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A From  (iti)  wc  have  vl-t*(\lom){ba~xt).  ^ 

Since  the  particle  is  moving  from  B towards  Ole.x  decreases 
as  t increases,  so  from  (iv)  we  get 

£-;—  -» 
Now  when  theparticle  reaches  A,  and  from  OJ  an  l 


We  have  acceleration  = 


d*x 

% ~t  «o  and  velocity 


b. 


Hence  at  A,  the  tension  being  zero,  -there  is  no  ---  h wJ 
whereas  the  velocity  is  - y/(X}om)  b,  which  being  negw  oi. 
that  the  particle  would  move  in  the  direction  of  CM  wit 
form  velocity  y/[\Joni)  b and  not  stop  at  0.  With  , e acd 
velocity  the  particle  would  cross  0,  the  string  remaining  lo  .?s 
will  go  beyond  0.  The  string  will  be  again  laut  when  it 
A\  where  OA’*=a  i.e.  natural  length.  . Beyond  A it  .wc < (0 

* under  retardation  due  to  tension  in  the  string  which  wo  ’ fB 
pull  it  towards  0.  Thus  the  particle,  after  some  time  wouiu  »»  ^ 
come  to  momentary  rest  at  B'  (say)  such  that  A’BaAtf*  • 
the  velocity  will  be  zero  but  acceleration  will  be  t Ab/oM)  tbe 
0.  so  the  particle’  would  begin  to  move  towards  u.  > 
particle  would  oscillate  between  B and  B'.  (Correct  the  g 
Between  A and  A ' the  string  will  remain  loose  and  e 
there  will  be  no  tension  in  it  so  tbc  particle  moves  with  ®D 
velocity  V^Afam)  b. 

The  time  of  describing  the  distance  AO 


accelerate 


Velocity  VI Warn)  b 
Time  of  moving  from  J9\o  O 


7(  f)i 


,..(vi) 


=ttm«  of  moving  from  B to  A f time  of  moving  from 
txin\/{oml\)-\-Vio,pl^)(o}b)t  from  (ii)  and  (vi). 

Required  time  of  one  complete  oscillation 
= 4 (time  of  moving  from  B to  O)- 

-«[W(t  )+V(")-rl-V(rX*+.^ 


Solved  Examples  on  Horizontal  Elastic  Strings*  , jj 

••Ex.  1.  A light  elastic  string  whose  modulus  of  e,*s,'cl  J 
\ is  stretched  to  double  Its  length  ; and  Is  tied  to  two  fi*(d  P°  . - 
distance  2a  apart.  A particle  of  mass  m,  tied  to  Its  middle  P® 

Is  displaced  la  the  line  of  the  string  through  a distance 
bstf  Its  distance  from  the  fixed  points  and  released.  Find  the 
of  a complete  oscillation  and  the  maximum  teloclty  acquired  11 ® . 
subsequent  motion.  •'  * (Purtanth* I 1 


Solved  Exs.  on  Horizontal  Elastic  Suing 


59 


Sol.  Let  A and  B be  the  7j  5 . 

fixed  points,  such  that  AB^2a  X r J r~r  bx  P*  C 3 

and  let  O be  its  middle  point.' 

Then  OA=*a.  Lct'thc  particle  . (Fig.  25) 

of  mass  m be  displaced  from  O to  C,  such  that  0C**ia.  Let  P 
be  the  displaced  position  of  the  partitle  at  time  /,  such  that 
OP^k.  At  P,  the  forces  acting  on  the  particle  are  tensions  7\ 
and  Tt  in  the  parts  PA  and  PB  actiag  ia  the  directions  as  shown 
in  the  figure. 


Natural  length  of  OA  or  OB**\a 
Then  tension  in  the  string/4P 
X X 


l« 


[(a  t-x)-$o] 


And  r.^tcnsion  in  the  string  PB 


((a-x)-ja] 


Also  acceleration  at  P=tPx]dP,  acting  in  the  direction  OP. 
A , The  equation  of  motion  is 

"■Ss  “r>'r>"  pt(«-*)-W-  jj  t(«+*)-M 
=(2X/o)  [o— x-jtf'-o— or+Jo) 
d*x 


dp  am 

which  shows  that  the  motion  is  simple  harmonic. 


...o> 


Time  of  one  complete  oscillation— 


*2n‘*  _ 


2n 


vV4  V'(4X/o«) 
t ««V(fl/wfA)  ;•  '■  Ans. 

, Also  the  amplitude  of  S H.M.*»OC-  )a  - • 

amplitude  is  the  value  or  X,  when  dx/dt  =0) 
Maximum  velocity  acquired^* VPX amplitude”  . • 

/'  • ' .«-v/(4X/om)  - * Ans. 

**Ex.  2.  An«clastlc.  striae  of  natural  length  fa+h)  where 
a > 6 anl  unialas  of  elasticity  A has  a particle  of  mass  m attached 
to  it  to  'a  distance  a from  one  enl  which  is  Oxed  to  a polo!  A of  a 
smooth. horizontal  plane.  Tha  other  end  of  the  string  is  fixed  to  a 
psPnt  B — *’•-*  *v*  *•*-’ — *■»*  ‘ , , 

atfi’aoc  • . • • ■ . 

•„a  distan*  ■ 

Sol.  Let  O be  tie  po*nt'  _ 

where  the  particle  of  mass  m ' ■ 

is  attached  such  that  OA=*a  a/?-  ; C<‘ 'd  Ox  p 

and  08**b.  When  the  parti-  . ** a — ~ M 

iU  is  held  at  B,.  the  portion  (Fig.  26) 
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AO  of  the  string  is  stretched  whereas  the  portion  OB  is 
When  the  particle  is  released  from  Bihs  particle  mo)rc*low“B 
O due  to  the  tension  in  the  portion  AO  which  is  stretched  upw  e- 
There  will  be  no  tension  in  the  portion  2?0  of  the  string  tunc 

particle  reaches  O.  . 

Lit  ptrticlc  be  at  P,  such  that  OP- x add  lies  between 
B after  time  t of  its  release  from  B.  At  P the  only  fora  acting 
the  particle  is  the  tension  in  the  string  — (A/o) 

O.  Also  the  acceleration  at  P is  d'xldt'  acting  in  the  ®reeu™ 
of  x increasing  f.e.  OP.  c 

£.  The  equation  of  motion  is 

d*x  A . . , d*x 

m'dt*  ■*’“  jW  of  dt*  ~~ 
which  is  of  the  form  of  standard  equation  of  S H.M;  ' 
i.  Time  from  B to  0«  J (Periodic  time) 


...«) 


...(ill 


ivwowij  *■  y \ A * , tjng 

From  (i)  multiplying  both  sides  by  2 (dxfdt)  and  iflfcg* 


we  get 

(dx/d/)*  «* — (A/am)  (x*)+C,  where  C is  constant. 

At  B,~  **»0  and  x~b,  so  0« — ~ (£*)+£  °.r  am 
at  am 


Xb' 


velocity 


of  the  particle  when  it  reaches  O al 


» V(A/om)  b , f{  0f 0, 

. When  the  particle  crosses  O and  moves  towards  toe 
the  string  OA  becomes  slack  and  OB  becomes  taut.  So  as  ^ 
the  equation  of  motion  becomes  dixjdtt^  -rWbm)  (*'• 
changing  a hy  b in  (i).  * ' * _ H M. 

This  is  also  of  the  form  of  standard  equation  or  »■ ■ 
Hence  the  particle  .will  come  to  momentary  rest  at  C {**}> 
that  OC<=d  (say).  - * 

i.  Time  from  O to  (Periodic  time)**i  (2«/v(A  . . 

n\n^[bm}X) 

Also  from  (Hi)  we  can  find  as  before  . , 

(dfe/eft)***  ~{\xtlbm)Jrk,  where  k is  chnstant  of  iotegr*  1 


At  O,  x— 0 and  ^ — V(A lam)  b,  so  we 
ldx\'  A ..  A . 


® am 


Solved  Examples  on  Horizontal  Elastic  Suing 
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Then  0=  — 4*  - i d’  or  <i>~  - or  d=  fy— 
am  bm  a -y fu 

L.  Required  distance**  .#C«=.B£?+0C 

'^b+d=b-{-{b^b!Va)=b  Wo+y/b)!Vo 
And  required  time  period  -2  (time  taken  from  B to  C)  (Note) 
*=2  [(time  taken  in  moving  from  B to  O) 
x + (time  taken  in  moving  from  O to  C)] 

*=2  (}«\/(am/A) + $rs  y/(bmM)],  from  (ii>  and  (iv) 

. „*«r;y/(m/Ajf[\/ff+V'£]-  Hence  proved. 

•Ex  3 A particle  of  maw  *m ’ executes  S.  H M.  In  the  line 
joining  the  points  A and  £ona  smooth  table  and  is  connected  with 
these  points  by  elastic  strings  whose  tensions  in  equilibrium  are 

each  7\  show  that  the  time  of  an  oscillation  is  2w  ~y  ~~y.yj  • 

l,  V are  the  extensions  of  the  strings  beyond  their  natural 


xZ 


where 
lengths. 

Sol.  Let  OA  and  OB  be 
the  elastic  string  whose  natu- 
ral lengths  arc  /,  and  It  res*  ' ’ ^ ^ 

pectivcly  Let  O be  the  posi-  (Fig.  27) 

tion  of  equilibrium  of  mass  m Let  Ai  and  A,  be  tbc  modulus  of 
elasticity  of  the  strings  OA  and  OB  respectively. 

Then  in  the  position  of  equilibrium* 
the  tension  in  the  string  OA  ^tension  in  the  string  OB. 

I.e.  (1)  a ji  (/'}*=  r (given),  (j) 

where  l and  /'  are  the  extensions  tn  OA  and  QB . 

Let  ut  time  /,  P be  the  displaced  position  of  the  particle  of 
mass  m,  such  that  OP**x.  Then  tension  in  the  string  PB 
=»(V/,K/’  -*>,  acting  in  the  direction  PB  and  tension  in  the  string 
PA  * (V/j)  (/+*)■  acting  in  the  direction  PA. 

d*x 


Also  the  acceleration  = 


tfi* 


acting  in  the  direction  OP. 


The  equation  of  motion  of  the  particle  6f  mass  nt  is 


*■  £4  <'+’>=  (if  <-$  1 Mb? f ) 

»(T-T)  - (p  + y)  x,  from  (i) 

(Px  TU+n 


x ...(«) 


di* 


mil' 


x,  ybich'  is  of  the  form  of  the  standard 
equation  of  S.  II.  M. 
Hence  required  lime  period**-—-  ~2n\/(r (/-[/')]* 


a 


Dyaivto 


Ex.  4.  T*o  Until  cUltlc  lltlojt  •» 
mi!f  mind  (heir  other  end<  to  Hxt) 

Tbe  modulo*  of  each  /*  A,  the  te3*l®9 
Shaw  that  the  period  of  to  oscillation  *ICDS 

W 7r.  A)  <a+b)) )xti 

Sot  Let  O be  the  position  p 


mi 


©r  equilibrium  of  mw  m.  Let 
A and  B b:  two  points  where 
the  other  ends  of  the  strings 
are  attached.  AO -a  and  OB  -b  (given).  t«* 
of  these  be  tt  ond  /,  respectively. 

Then  In  the  position  of  equilibrium,  ft 

tension  in  the  string  CM~tenslon  In  the  u 
or  (VW  {b-l,)-r  (given), 

whence  we  get  (Ao//0~A-  or  A3//,%*r+A 
or  f»-A  o/(r+A>. 

Similarly  /»— A6/(r+A) 

Let  at  time  /,  the  displaced  position  of  the  psrl»c' 

Such  that  OP—x-  . , , 

The  force  acting  on  the  particle  at  p are  tension 
PB-{ Vlt)(b+x~lt),  acting  in  the  direction  PB  and  j 


rn  {(Px/OTrCW/.)  ^*-v}T,w^uunZ!ii,« 

-[(A'/,)  f*— r,1— C A//,)  (o-/,»-A* KI/W+0//.1] 

, + / 1+3)1.  from  («,  00  end  (111) 

”1^-VVS  (o+w««m  *..’*icb  ’■  f« 

or  , rf  jr/rrr  »,T’  stsodard  equelron  of  s 

Heme  required  period-  “2bV 

L,  A perlicle  „ 

polef-A-edBou.  emeelb  ££  (le mod 

poiols  by  eUltlc  elrloB’  9 Shtm  tbut  the  P»Wlc 

(ln'ielly  be'"E  A »“»  A rt 


Vertical  Elastic  String 
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- 

or  £*M(«+£)/'“]x'rroffl(A) 

Required  time  period 

"“W  + ?"}]  Hence  proved. 

Exercises  on  Horizontal  Elastic  Strings 
Er.  t.  Choose  the  correct  answer  : 

An  elastic  string  is  stretched  from  its  natural  length  / to  21 
7 he  tension  T is  given  by 

0)  A// ; (ii)  2 k/r;  (iii)  A ; (iv)  A/2  “ (Ranchi  86) 

Ex.  2.  in  the  above  example,  choose  the  correct  answer  from 
the  following 

(i)  A//,  (ii;  A ; (iii)  A ; (iv)  //A.  Ans.  (ii) 

♦Ex.  3.  Prove  that  the  energy  of  a stretched  elastic  string  is 
equal  to  half  the  product  of  tension  and  extension. 

Ex.  4.  Prove  that  the  modulus  of  elasticity  of  an  elastic  string 
is  equal  to  the  force  which  would  stretch  a light  string  to  twice  its 
natural  length. 

(Hint : Pat  / -2a  in  result  (A)  of  § 6 Page  56) 

Ex.  5.  One  and  of  an  elastic  string,  whose  modulus  of  elasti- 
city ts  A,  is  fixed  to  a point  on  a smooth  horizontal  table  and  the 
other  end  is  tied  to  a particle  or  miss  m lying  on  the  table.  The 
particle  is  pulled  to  twice  the  natural  length  / from  the  point  of 
attachment  of  the  string,  and  is  then  let  go.  Show  that  the  time  of 
. a complete  oscillation  is  2 (n-f2)y/(lm/h).  ' 

(Hint : See  § 7 on  Page  57) 

: **§  8.  Particle  suspended  by  Bn  elastic  string  (Vertical  elastic 
string). 

A light  elastic  string  of  natural  length  ‘o’  and  modulus  of  elasti- 
city *V  is  suspended  by  one  end,  to  the  other  end  is  tied  particle  of 
weight  'mg',  the  pirticle  is  slightly  pulled  down  and  released,  find 
the  motion.  . . (Kanpur  90;  Ranchi  86) 

,Let  O be  the  fixed  point  from  which  the  elastic  string  is  sus- 
pended. Le  0/4“ a be  the  natural  length  of  string.  At  this  stage 

if  at  A a particle  of  weight  mg  is  attached  to  the  string,  ’the  string 
will  be  stretched  downwards.  Let  the  particle  be  atv.fl,  *inthe 
position  of  equilibrium,  such  that  AB*=d  (szy). 

At  B.  the  force  acting  on  the  particle  are  the  tension  (X/a)  (d\ 
In  the  string  aotmg  vertically  upwards  and  the  weight  mg  of  the 
particle  acting  vertically  downwards.  ' 
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At  B.  we  get  mg =(A/o)  {d) 

Now  the  particle  Is  dragged  vertically 
downward r to  a point  C and  then  released. 

Let  BC=b 

A C,  the  tension  in  the  string  is  grea- 
ter than  that  at  B i e . the  weight  mg  of  tbe 
particle  [from- (i)J.  Hence  the  particle  will 
begin  to  move  vertically  upwards. 

Let  P be  the  position  of  the  particle, 
after  time  t ofitsrelpase  from  C such  that 
BP~x 

At  P the  tension  in  the  string 
s-(A'a)  Id  t-x),  acting  vertically  upwards. 

Also  the  acceleration  ol  the  particle  at 
P is  d*x  di\  acting  in  the  sense  of  x incre- 
asing i e.  vertically  downwards.  * 

The  equation  of  motion  is 
m rf*jr/rfr*=nig  -Tension  in  the  string 

or  m p.-ng- *-  «/+*)  = - ; W.  fr‘>m <‘> 

d’x/dP**  — (\'aw)  (x), 


39/111/4 


(Fig.  29) 


...(■■) 


which  is  of  the  form  of  the  standard  equation  of  S.  H.  M- 
Here  centre  of  oscillation  is  B,  from  which  x is  mea 
and  amplitude  * BC  ^b.  . . striog 

Note  1 The  equation  (ii)  holds  till  the  tension  in 
exists  / e the  string  remains  wretched.  |,en 

I*  the  panicle  rises  above  A (this  ca*e  will  happen 
BC  > AB\  the  string  wrtl  become  slack  when  H ,fac_]e*  ..i  uc  free 
upwards  journey  from  C and  part  of  motion  above  A »i 
mou  n under  gravity  i d in 

Note  2.  IT  BC  < AB,  the  particle  will  not  rise  upto  A ® 
this  case  the  whole  motion  is  simple  harmonic  and  its  P crto 

-vr»fc)-I'V(r)-rrom<i) 

Note  3.  In  the  case  of  a spring  it  is  to  be  remembere^  the 


. the  law  of  compression  is  the  same  as  that  of  extension 
tension 


operates  even  when  the  particle  rises  above  A.  Hen 
this  case  the  equation  (ii)  holds  throughout  the  motion  *"<* 
motion  is  simple  harmonic  of  period  2 ny/{d  g)  as  in  Note  Z at~ 

Solred  Examples  on  Vertical  Elastic  Strings 

•*Ex.  1.  An  clastic  string  without  weight  of  which  tb* ®nJ,rL 
ched  length  is  / and  modulus  of  elasticity  Is  ng  h 07 


39/111/3 


Solved  Exs.  on  Vertical  Elastic  Strlu. 


end  and  * mass  m Is  attached  to  the  other  end.  Show  If  n®5 


of  a small  vertical  oscillation  is 

7 _/-*/- 


r>'l\ 


Sol.  As  In  § " ......  _ * 

m is  suspended  “ ■ • ■ - ■ * 1 -«• 

elasticity  A,  then  the  time  period 

" V§ilm)~7~  J{  x)’ 

Here  A ^modulus  of  elasticity  **ng 

A Required  time  per]od«'2rv/ftff»l)/(n^l*  Hence  proven. 

Ex.  2.  A mass  ‘m’  bangs  from  a fixed  point  by  a light  spring 
and  Is  given  a small  vertical  displacement.  Show  that  the  motion 
Is  simple  bartnonfe.  If  */*  Is  (be  length  of ’the  aprlog  when  the 
system  Is  in  eqallibricm  and  V (be  number  of  oscillations  per 
second,  show  that  the  natural  length  of  the  spring  Is  /-fg/dn’n'J. 

Sol.  Let  O be  the  fixed  point  from  which  the 
spring  is  hung.  Let  0.4=*  a be  the  natural  length  of 
the  spring.  Let  B be  the  position  of  equilibrium, 
then  0R«**/ (given). 

A AB ** extension  produced **/  a. 

Let  A be  the  modulus  of  elasticity.  At  the  posi* 
tion  of  equilibrium  B, 

the  weight  of  the  particle*** tension  in  the  spring 

ar  , „ mg""(Xfa)  (t-a).  ..(i) 

Let  the  particle  be  given  a small  vertical  dls* 
placemn.i  and  lei  It  be  qt  P after  time  f,  such  that 
BP~x*  .\t  P,  the  force  acting  on  the  .particle  of  mass  m are 
its  weight  mg  acting  vertically  downwards  and  the  tension 
IA>c>  (I— a+x)  in  the  string,  acting  vertically  upwards.  Also  the 
acceleration  of  the  particle  at  P is  (Pxjdt * acting  in  the  directi  n 
in  which  x increases  / e.  BP. 

i.  The  equation  of  motion  is 

* d*x  A v.  „ , . _ .A ' . . .A 


B 


XC 

(Fig.  301 


dp 


-(/-o+x)=*mg  - — {(  a)—  ~ x 


—— (Ate)  (x),  from  (i) 

or  • , . ...(») 
which  is  of  the  form  of  standard  equation  of  S.  H,  M. 

Hence  the  motion  is  simple  harmonic  and  its  time  period 

i,"2*"-.,  , -- 

. • V>  VWam)  ™J\\I  ...(li!) 

Also  time  For  one  complete  oscillation«l/R  second  (given) 

X From  (Mi),  we  get  (l//j)=.2nv/(um/A): 

or  , i/n»=4«*am/A  or  A*=>4n*  omn*  ' 

vr  amg}(l—  fl)=*4«;,  amn *,  from  (I)  putting  value  of  A 
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n*(/-fl)  of  f-o—gjtix1/)*  or  ii*J— (glWrf)’ 

At  J?d  A light  elastic  airing  of  rat  oral  length  / Is  hang  bjoz 
Now  thco  the  other  end  are  lied  successively  particles  of  oasM’^j 
downwards  < If  ti  and  f,  be  the  periods  and  fj,  ct  the  statical  <*t{115  0 
Let  Z?C«-fyondiog  to  Ibe  o two  weights,  prove  that 

AC  8 (Cx- c,).  ^ 

Sot.  As  in  § S Note  2 Page  64,  we  con  prove  that  rt * je 
ataticat  extension  corresponding  to  a mass  w,  then  inc  nrac  y 
~2  nV'(«. 

J,  Here  f«2rxv/(c,i/g)  and  /Jta2rtv'’('Vj.'L  » 

V~lf«~4*«fo/ir-<V*}  or  g '■4“  (*~.L 


Er,  4.  A heavy  particle  is  attached  to  one  p<d“* L^JLlmSw 

“be  ends  cf  the  string  *re  attached  to  two  9 fl 


light  elssilc  slrfng  The  ends  cf  the  string  areallacnr a ...  |M 
In  a vertiral  line.  Show  that  the  period  of  a vertical  < os 
which  the  string  rtmalns  taut  Is  2«V{ni/i/JAJ,  ''here  A cf  tSi 
dent  of  the  elasticity  of  the  string  and  h the  harmonic 
unstretched  lengths  of  the  two  parts  of  the  string 


Sol.  A and  B nre  two  points  in.a  vertical  line 
to  which  the  ends  of  the  string'are  attached.  Let  C 
be  the  point  where  particle  of  mass  m,  is  attained. 
Let  CA~a  and  CB~b.  Let  /,  and  /,  be  the  natural 
length  of  the  portions  CA  and  CB  rcspectisdy. 

At  C force s acting  on  the  particle  of  mass  m 
are  (i)  its  weight  mg,  acting  vertically  downwards 
(ii)  the  tension  in  the  string  C-BMA//,)  lb-h)  ac\ 
*.ting  vertically  downwards  and  (ill)  the  tension  jo 
the  string  CA~(MU).  (° -/,)/.  acting  vertically 
upwards.  Also  C being  the  position  of  equilibrium 
the  upward  force  on  the  particle «=  downward 
force  on  it. 

I.e.  (»//,)  (a-/J=»s+(V/,)(4~/.)-  -(') 


>S 

(Fig.  3l> 


Lat  the  particle  be  now  given  a small  vertical  dawn  e f jn 
placement  and  then  let  go.  The  panicle  will  «t  tip!? 

the  upward  direction.  Let  /'.'be  the  position  ol  the  pan  ..  #f  y 
t.  such  that  CP**x.  Then  the  resultant  force  on  the  pa  » 


ia  the  vertically  downward  direction. 

*»mg+tension  in  PIS-  tension  in  FA 

x-l.)  0,11,)  (a+x-  h) 


•'«*,-+(»//.)  («- 

/p(°_ 

—*»((/, +«/WJ.  from  (i).  , ,.iof  If 

Also  the  acceleration  of  the  panicle  at  P 1*  ‘"x}a*. 

Ibe  vtrticalfy  downwards  direction.' 


-/1l]iAx(i-+,7) 


Solved  Examples  on  Vertical  Elastic  Str. 

From  Newton’s  second  law  of  motion,  we . 'ngs 
**  — Xzf'iHA  or 

W,5T*  te\  #»#,  / r tf/*  »*  V. 

where  h*=>  harmonic  mean  bf  /,  and 

A The  motion  is  simple  harmonic  and  its  period 
"V’  It. 

*“  V/1  " V<2A/m/>) 

**Ex.  5 (a).  A heavy  particle  Is  attached  to  one  end  of  an 
elastic  string,  the  other  end  of  which  Is  fixed.  Hie  modnlnsof  elnsti* 
city  of  the  string  Is  eqatUo  weight  of  the  particle.  'The  string  fa 
drawn  vertically  down  till  it  la  four  times  Us  natural  length  and  then 
let  go.  Show  that  the  particle  will  retorn  to  this  point  in  time. 

V(o/g)  l»«+2v'3]  where  a Is  the  natural  length  of  the  string. 

{Gorakhpur  88) 

Sol.  O is  the  fixed  end  of  the  string.  OA°*a  is  its 
natural  length,  Let  B be  the  position  of  the  particle 
of- mass  tn  (say)  when  it  Is  in  equilibrium  Let 
Then  at  B, 

the  weight  of  the  particle  *=  tension  in  the  string 
or-  rng*={\(a)  d or  mg=»(/ng/fl}  <f,  v A *=  mg  (given) 
or  d“0  ..  (!) 

Now  the  string  is  drawn  vertically  downwards  to  a ^<9 

point  C,  such  that  OC*=4a  (given)  and  then  »et  go.  Let 
P be  the  position  of  the  particle  after  time  t tucb  that 
BP=x ; 

At  P the  force  ncting  on  the  particle  are  .(i)  its 
weight  rrg  acting  vertically  downwards  nod  (ii)  the 
tension  jA/t/)  (d+x)  in  the  string  acting  vertically  up- 
wards. Also  the  acceleration  of  the  particle  is  dax/df* 
acting  in  the  sense  of  x increasing  I.e.  vertically  down- 
wards. ' 

A * From  Newton’s  second  law  of  motion,  we  have  the  equa- 
ls* A ' 

tion  of  motion  m.^-,  =mg-  — (rf+x) 

=*mg-(mg!a)  (a+x),  v A =wg  and  from  (i) 

,SSX  or  — 5-X 
a dt*  a - ...<il) 

Multiplying  both  sides  by  2 dxjdt  and  integrating,  we  have 
(rfx/rff)*«-  -~(g/o)  *VG»  where  G is  constant  of  integration. 

At  C,  x=*2<r,  dx[dt**  0. ' 

A 0»-(g/o)  (4o*J+C  'or  C^(g/a)  (4a»).  - 

A (dxA//)i=(g/a)(4a«_x*J‘ 

dxjdt** -VigfaWHa'-  x»).  .(/,*;) 


C 

(Fig.  32 J 


dJx 
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gn  is  due  to  the  fact  that  as  time  increase*  * drew* 

Nwrlh^"~V(fkK 


dx 


V \g  f ' v{4a*~**) 

aownwar^ratmg,  t=VWg)  cos"1  (xj2a)+kt  where  k is  couMl 
*-2o  and  1=0.  • 

Q—Vlalg)  cos"1  (1)+Jr  or  fc=*0. 


i%  VialS)  cos"1  (x/2a). 


..  (iv; 


If  t,  be  the  time  taken  in  moving  from  C to  /il/’lhci),pubit'£ 
x*»-a  in  (iv),  wC  have  t^Vfa'g)  cos‘r(- |), 
or  t^Viofg)  in-  'W 

Also  when  particle  reaches  A,  /.e.  x=*—o,  wc  have  from  (i'l 
the  velocity  at  /i  glo)V(**% - a')**~VOag)  i e.  tbe  velocity 
at  A is  V(3ag),  acting  vertically  upwards  f le.  in  the  sense  of  * 
decreasing). 

At  A string  becomes  slack  and  tension  vanishes  so  the  particl* 
moves  as  a free  particle  under  gravity  when  it  rises  above  A Hi* 
the  string  is  again  taut. 

Let  the  particle  rise  above  A for  time  v(say)  till  its  velocity 

becomes  zero,  tben  from  *‘»e=u4-/rrt,  wc  get 

0-V(3go)-gr?  or  r7**V(3a/5) 

Time  taken  by  the  particle  in  moving  from  C to  the  point 
where  it  comes  to  momentary  real 

Conditions  bting  same  it  will  take  the  same  lime  lo  co®v 
back  to  C from  its  position  of  momentary  rest 

A .Required  titne-2  (1,-f  (,)»2a/(a/p)  |n+v'( 

from  (r)  and  (vl* 

**V(a'g)  IJft+2v'3]*  Hence  proved. 

Ei.  5 (b).  One  end  of  an  elastic  atrins  is  filed  and  In  Me  el  hit 
and  is  fastened  a particle  hear*  enough  to  stretek  Ike  stria!  u 
donMe  lit  natural  lensth  a.  Tbe  airing  is  drarrn  rerllcsllj  da«» 
till  It  is  four  times  Ms  natural  leoilh  tad  (ben  let  Jo.  Describe  Ik 
■»««>•  (OorMfurli) 

Hint.  Do  as  Er.  3 (n)  Page  62  of  (his  chapter. 

Here  in  the  position  of  equilibrium  at  £ the  weijht  of  Ik 
body-tension  In  the  siring.  U.  mg=(A/n)  no  - a),  as  the  string  is 
stretched  to  double  its  natural  lenjlb  o ' 
or  A.  -mp.  where  A i,  the  modulus  of  elastic,.,. 

.t=.i,E  .III  , fc",J  »*r,Wc  ‘Hacked  to  a 6 ted  point  W *° 

kn£Sc2r3A.  "W  ‘,'*-,~<ee;e  »** 
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Solved  Examples  on  Vertical  Elastic  Strln  . 

‘ngs 

Sol.  0 is  the  fixed  paint  to  which  the  particle 
is  attached  by  the  elastic  string  hanging  freely.  Let  L*. 
natural  length.  Let  B the  position  of  equilibrium  of  th  • 
such  that  AB**e  (given).  ^ 

At  B,  wt-af  the  particle—tensfon  in  the  string, 
ir.  mg*=Wa)  (*).  ...(0 

Now  the  particle  is  drawn  to  C.  such  that  BC**f  (given)  and , 
then  let  go.  Let  P be  the  position  of  the  particle  at  time  t.  Then 
the  equation  of  motion  is 

» -Wf-  \ (*+*)—  j-x,  from  (i)  - 

or  ‘ {\lam).X  ...(li)  lO 

Multiplying  both  sides  by  Idxfdt  nnd 
integrating,  we.get  — (A/nm)  a*+Ar, 

where  k is  constant  of  integration.  A 

AtC.  x-/and  dxjdt-  0. 

0=*— (A }am)P+k  or 

(/>-x*)  8 

or  rfx/A--«'(»/om)v/(/’-*,J.  ...(ill)  * 

(negative  sign  shows  that  x decreases  as  t P 

increases). 

At  A,  x*=— e. 

i,  From  (HI)  velocity  at  A , • jc 

--v/(A/em)  V(/*-0 

ru—y/(\fam)  \/(4ce),  v . /*—e***der  (Fig.  33)  . 

•«— V(g/e)  i/(4oe).  from  (1)  kjam^gfe 
«C f(4og). 

The  string 'becomes  slack  at  l.e.  tension  vanishes  and  above 
H the  particle  moves  freely  under  gravity.  Let  the  particle  rise  to 
a height  d above  A till  its  velocity  vanishes,  tbe  from  v,—u,+2/jr 
we  have  0— 4ag-2g</  or  d**2a.  < 

Required  height -CA-\  J -CB-bBA+d~f+e+2a.  An*. 

Ex.  7.  A light  elastic  string  whose  natural  length  Is  a has  one 
end  fixed  to  a point  O and  to  the  other  end  Is  attached  a weight 
which  In  equilibrium  would  produce  an  extension  e.  Show  that  If 
the  weight  be  let  fall  from  rest  at  O,  it  will  come  to  stay  Instanta- 
neously at  a point  distant  y/{2ae+e*j  below  tbe  position  of  equili- 
brium. 

Sol..  OA=-a  is  the  natural  length  of  the  string.-  Let  m be  the 
mass  of  the  particle  and  3 its  position  of  equilibrium,  such  that 
Ato=*e.  Then  at  B, ' - 

weight  of  the  particle  ■=  tension  of  the  string. 


Or 


-(0 


f4  Dynamics 

At  /weight  is  dropped  from  rest  at  0,  0 0 

Now  tfcon  from  O to  A wiii'be  due  to  gra* 
as  there  will  be  no  tension,  the 
string  being  slack.  Let  y be  the  velocity  with 
which  the  particle  reaches  A. 

Then  for  the  motion  from  O to  A,  from 
mv*=u*+2/j”  we  have 

v*i=0+2ga  or  v~^/(2ga) 

At  At  the  string  becomes  taut  and  for 
the  motion  below  A,  the  tension  of  the  string  ' j • 

comes  into  play.  Let  P be  any  displaced  - r 

position  of  the  weight  such  that  BP=x. 

Then  at  P,  the  force  acting  on  the  particle  being’  its  weight 
acting  vertically  downwards  and  tension  (A/a)  (e+*).  acting » 
tally  upwards,  the  equation  of  motion  is 


d*x  \ 

a (e+X) 
_ 2^ 


* x,  from  (i) 

a 

x,  since  A=*~  from  (t) 


. c>0 


or  d2x}di*——'(gje)  X.  * . 

Multiplying  both  sides  by  2 dx/dt  and  integrating  we  ha 
, (dxldt)*—(gle)x'+k.- 

where  k Is  constant  of  integration. 

At  A,  dx/dt =v^^/(2ag)  and  x~— e 
i.  2ag=?— (#/a)  (t)*+  k or  k=(2a-\-e)g  /i,j) 

(dxldt)'r(2a+e)  g-(gle)  x*.  h”l( 

Let  the  particle  come  to  instantaneous  rest  at  C,  suen 
BC—d{  sayl 

Then  from  fiii)  we  get  0=>(2a+e)  g-gd2Je  • ' 

or  _d!«(2ac+esJ  or  r/  = \/(2ae+e*).  PC,°  hmOO6 

Ex.  8.  A light  elastic  atring  of  nataral  length  4 m b . 
end  fixed  at  • point  A and  the  other  attached  to  a stone,  yrnicfl 
equilibrium  extends  the  string  by  1 metre.  If  the  stone  be  oropp 
from  A,  find  the  maximum  extension  produced.'. 

Sol.  Proceed  exactly, as  in  last  example. 

Here  a=4m.  ;d=\m 

Required  maximum  extension=‘fl+?4d,==4+l+3*=‘8  *J0S> 

Ex  9.  A light  elastic  string  of  htforal  length  /h»s 
ShfchV  * theofher  *tt*fhed  to  a stone,  fhe  Wej8h* 

r^  Vrq^nibrLnm,W0nld  tx{tni  tht  str{°s lo » hD*lVli«K 

,tCne  be  drophed  rro,a  rest  at  A,  it  will  come  *•  *“  *sl 
tfon  e°“  Bt  * dfPth  below  the  equilibria®  VaSh 


Solved  Examples  on  Vertical  Elastic  Strings 

ngs 


Sol.  AB»I  is  the  naturallength  of  the  string.  Lett, 
mass  of  the  stone  and  its  position  of  the -equilibrium,  &>. 

AC^li  or  ,, 

Then  at  C.  my -(A//)  (/,-/),  ••  (')' 

where  A Is  the  modulus  of  elasticity. 

If  the  stone  be  dropped  from  rest  at  A,  the  motion  from  A to 
B will  be  due  to  gravity  only  as  there  will  be  no  tension,  tbe  string 
being  slack.  If  v be  the  velocity  of  the  particle  when  it  reaches  B 
then-from  we  Rave  ., 

v* -0+2/?/  or  v«V<2 gl)  ••'(**) 

At  B,  the  string  becomes  taut  and  for  the  motion  below  B, 
the  tension  of  the  string  comes  into  play.  Let  P be  any 
displaced  position  of  the  stone,  such  that  CP*=x.  Then 
at  P,  the  force  acting  on  the  stone  being  its  weight  mg 
acting  vertically  downwards  and  tension  (A//)  (/»—/+*) 
in  the  string  acting  vertically  upwards,  the  equation  of 
ePx  x 

motion  is  y (/,—/+*) 


« - (A >1)  x,  from  (i) 

<p*  *.  A gx 

dt-  ml' 

Multiplying  both  sides  by  2 ( dx/dt ) and  integrating 


-,  from  (i) 


we  get  | =»  — y~T/)  *2+*'.  where  k is  constant.  ^ 

At  B,  dxjdt—v=*y/{7gl)  from '(H)  and  x**—  (/t-  /) 

* A /)](/.-/)'+* 

or  • k ~i2g!+f!  (/,-/))  . 

••  {Jx/dtf^gi+rVx-n-inHi,  i))x*  ...(Hi) 

If  the  particle  comes  to  instantaneous  rest  at  D such  that 
CD^d  then  from  (Hi)  we  get  • _ 

0~2  (/,-/)}  . 
or  da^»(/|*“I*)  or  ‘ tl—  y/Uf—P).  Hence  proved. 

•Ex.  10. 'A  heavy'parlicle  of  mass  m Is  attached  to  one  cod  of 
in  elastic  string  of  natural  length  l;  whose  other  end  Is  fixed  at  O. 
The  particle  Is  then  let  fall  from  rest  at  O.  Show  that,  part  of  tbe 
motion  it  simple  harmonic  and  that.  If  tbe.greatest  depth  of  the 
particle  below  O Is  / cot*  tbe  madaJus  of  elasticity  of  tbe  string 
ls}mg-tan*  Q and  that  tbe  particle  attains  this  depth  fti  time 
V(2/'Jg’)[l+(is— 9)  cot  fl],  where  q is  a positive  acute  angle. 


-pyOatD'CS 

-d-  «&r-a A*»  » « mouon 

^^sssfr** 

M»  “«»U  ro  o' E*;  ..  CM 

in*taotap? 


If  \l-  ^ 


Squatiog  — , tl+cui  * W£2S-f  \ 

,e  rcW^T  -’  erf • |0.i.  , 

2e”>  it „»l  col’ s 

v'VfiSStt  °f  -sSSSVi^^ 

M4’  -••  ^r.«°"‘^Tr 

/x  . 


« g-Jlc^r>' 1 

-^)»n«^'co^^r?-J.  . 

!/2i\  0 -77rTr^tTcov<c  8) 
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J.  Time  from  A to  C 

” \j (g" ) cos  ^ j,_.e  vriTrsn a cosec  a)*— a*i 


e VC  1*1  cot  # c£>scc  ’ 

where  rf«(2e/H;e*)«(2/  cot  0 cosec 

=*V(2/g)  cot  0 ^sin*1  {ar/(2/  cot  0 cosec  & 

«V(2 fa)  tot  0 (sin-1  (1)  4-sin-1  ((cot  0/cosec  6)} 

“ V(2//£)  cot  0 (Jjt  4-sin"1  (cos  $)] 

=*V(2//ir)  cot  0 [jn-f sin-1  (sin  (}n— 0)}] 

■=*  V(2R£)  cot  0 [in+fiit-  0))“V(2//g)  (n-0)  cot  0 
Required  time«-time  from  O to  /44-timc  from  A to  C . 
«V(2//*)4V(2//g)  {(*-0)  cot  0} 

«V(2//*)  [!+(n  0)  cot  0].  Hence  prosed. 

Ex.  II.  A light  clastic  string  of  natural  length  / and  modulus 
of  elasticity  A,  Is  hnng  by  one  end.  To  the  other  end  Is  tied  a parti- 
cle of  mass  m.  Find  the  time  of  travel  from  a distance  x:  to  xs  Jo 
the  vertical  from  the  point  of  suspension. 

Sot.  OA  «/is  the  natural  length  of  the  string  and 
O is  the  point  of  suspension.  Let  B be  the  position  of* 
equilibrium  when  mass  m is  tied  to  the  end  A,  such 
that  AB*=c.  Then  at  B, 

tension  in  the  string= weight  of  the  particle. 

"•  - or  ’-nr  ..  (i) 

Let  P be  any  position  of  the  particle  in  its  down- 
ward motion,  such  that  BP*^x. 

. Then  at  Pt  the  equation  of  motion  is 

Mg . * d-x  g 

or  or  gp—  JX  m 

Multiplying  both  sides  by  2 ( dx/dt ) and  integrating,  we  get 

(£)’”-  f-xS+C’  * .(Hi) 

If  the  particle  starts  with  velocity  V from  the  point  B f.e.  *=0. 

^ (Note) 

Then  from  (iil)^  we  get  F,«.0+C  or  C—  F* 

, X From  (iiOVe  get  (dx/eft)1**  V'—ig/e)  x • 


(Fig.  37) 
— (e-b.x),  from  (}) 
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or  * (d<ldtt*=*{gle)  [a* -*8J.  where  o*  * Pc/g 

or  ^r\/(t')  or  ••■.(,) 

N jw  let  C and  O be  two  points,  such  that 
0C-***  and  OD*=*Xj 
Then  jBC=OC— (/+ e)«x,— /-e 
and  0ff=0Z)— (/+c)*=x,~(-  c 

From  tv)  required  time  in  moving  from  C to  D 

-M  ' 

(^t. 

whtre  c~mgl/\.  o=»VW*>-  „„j  ,t  -I 

**E*.  12.  A light  clastic  string  ,4/1  of  length  J » „j  ^ 
.and  is  snch  that  if  a weight  <*/  be  attached  to  B,  Ibe  sir  ng  ^ 
stretched  to  length  21.  If^s  weight  *>'4  he  attached  to  ^ 
fall  from  the  level  of  A.  prove  that  (<}  the  amplitude  0 ' 

that  ensues  is  3f;4,  [ii]  tbe  distance  tbrongb  which  it 
[HiJ  the  period  of  oscillation  Is  v'UAfc)  <V*+«+*  1 

Sol.  Let  A be  tbe  modulus  of  elasticity.  . sj00 

if  a weight  w is  attached  at  B,  we  are  given  that  the  e 


In  the  strtng=2/— /=*/ 

w«=(A//)  if)  or  ««A 
(V  In  the  position  of  equilibrium  weight  of  the 
particIe«=tension  in  the  string). 

Now  if  a weight  t»(4  is  attached  at  B,  let  the  parti- 
cle be  in  the  positron  of  equiljbrjuro  at  C,  such  that 
(say).  Then  at  C as 

weight  of  the  partic!e*=  tension  in  tbe  string. 
t.  i«»  *(VJ)  id)  or  (d),  frofflfp 

or  d~  {l.  ..  (“1 

Now  tbe  particle  is  dropped  from  A and  the 
motion  from  A to  B is  under  gravity  only,  string  being 
slack. 

If  v be  the  velocity  of  the  particle  at  B then  from 
. we  have  r*«0-f2g/  or  r*=t/(2gl) 

and  from  we  fmd  /,,  the  time  taken  In 

moving  from  A to  B,  is  given  by  v~o-f.gr, 
or  • ^-r'g-VVIsVs^VCJ.S) 
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Solved  Examples  on  Vertical  Elastic  Strings 


As  tbe  particle  falls  below  B,  the  tension  of  the  elastic  string 
come?  into  play.  Let  P be  the  position  of  the  particle  at  time  r, 
■such  that  CP*=x. 

■ (Here  time  is  measured  from  the  instant  the  particle  crosses  B . 
and  x is  measured  from  C downwards).  (Note) 

At  P,  the  forces  acting  on  the  particle  are  its  weight  £w  acting 
vertically  downwards  and  the  tension  (A//)  (ef+x).  acting  vertically 
upwards  Also  the  acceleration  of  the  particle  at  P is  ePx/dP  acting 
vertically  downwards  / e.  in  the  sense  of  x increasing. 

A From  Newton’s  second  law  of  motion,  we  have 
rFx  A 

• m ffi*  ■*£«—  j (</+x),  where  m=mass  of  the  particle 


or  ' 

\4g)  dt*  4 II.  V «■*£« 

=»  — («//)  x,  from  (i)  and  (ii) 
or  ' 'l*£\x  . 

3T*  \ / / ’ • ' (iv) 

which  shows  the  motionbelow  B is  simple  harmonic. 

Multiplying  both  sides  by  (2  dxfdt)  and  integrating,  we  get  ■ 
(dxfdt)* (4*//)  x*+k,  where  k is  constant.  . 

At  Bt  dxtdt*3v**y/(2gl)  and  x =*—«/«—(£/),  from  (ii) 

A 2g/«-(4g//)(/-7t6)+c  or  k-9glJ4, 

. A ( dxfdt >*« (9*7/4)  --  (4*//)  ((9/2/l  6)-**] 

or  dxfdt =2y/(gH)  i/[CV— .xsJ.  . . ..  (v) 

(here  as  t increases,  x also  increases,  hence  +ve  sign  of  dxfdt). 

Let  the  particle  come  to  momentary  rest  at  D,  such  that 
CD=fr  (say),  then  from  (v),  0=2\/(gll)\/{(ll)s—b'i} 
or  „ amplitude. 

A Total  distance  fallen  through 

= AD  = AIt+BC+CD~l+d+b=l+{H-V=U  ’ * 

Again  from  fiv).  time  taken  by  the  particle. rn  moving  from  C 
to  />=£  (time  period)**  £ r2*v'<//4*))**£*v'f//£l-  ...(vi) 

From  (V)  we  get  l±)  . 

A time  taken  in  moving  from  *(oCic.  from  *=—</  to  x=0 

' ' - ' T d~U 

**WVfg)  sin-*  (j}).  ...(Vii) 

A Required  period  =*2  (time  taken  in  moving  from  A to  D J 

«»2  [time  from  A to  fi-f-time  from  B to  C+time  from  C to  D ] 
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=2  WMg)+WWe)  si"'-'  (lv)  and  ("I 


..(i! 


-V(W  lVi+sm“.  (Jl+.M  . Hence  pt°vtl 

-V('/“S)  [41/2+2  510-'  (lJ+iei-  »t.«ehl«»S 

Ex.  13  (ql.  A heavy  particle  of  u«  “oJatas  ofetoWW 
of  an  clastic  string  of  natural  Je°Rt\’  d tbe  other  end  Is  Alt'5 
1.  equal  <0  the  weight  of  the  pari  ele  ana  tbe^  ^ . „ oil* 
O.  the  particle  let  fall  from  rest  ' (eSt  depth  of  jJel,Le 
motion  Is  simple  harmonic  and  that  the  S'  “ (h  b alta’ntd  I” 11 
ele  below  O .a  <2+ V3>  /■  Show ,*!  *' l'?,  «„nda. 

,/l#  f\/24-n— COS  1 (1  lv*)*  5 , 

Sol  Let  A be  the  modulus  of  elasticity,  then 
X = mg  (given) 

Let  OA  «/.  tie  the  natural  lencth  of  the 
siring.  Let  AB~b  (say)  he  the  statical  exte 
Sion  in  the  string.  Then  at  B, 
the  weight  of  the  particle -the  tension  in  the, 
string  f c w»£“(V/) 

or  mp-iwll)  b.  from  (0  (U)  , . 

Now  the  particle  is  let  fall  from  ' «<  * ‘<.f 
and  the  motion  from  O to  A is  under  g 
only,  string  being  slack  . 

if  v be  the  velocity  of  particle  when  r- - • - 

i,  reaches  A.  then  from  •'•',=“’+VJ  .•  ,he  time  taken 
or  e_V(2S»  and  from  »eSn4l,.'« 

moving  from  O to /I,  is  given  by  ...  ^(21/g).  '"L 

v-O+gl,  or  r,=v/g=V(2g'»s  rihe  elastic  * i 
As  the  part, ele  falls  below  A.  the  tension  < >r  th  „ time  <■ 

comes  into  Say.  Let  P be  the  poslttoo  or iDStant  »* 
SS  thatW-e  (Here  time  ts  measured  Trom 
particle  crosses  A).  , ..  we;ebt  mg  «. 

At  P,  the  forces  acting  on  the  particle  ;«+‘«  actW“S 
e at  P i5  ^at 
. ■ asing. 

• From  Newton’s  second  law  ot  motion,  we  bave 

01  . df-  Vi  ) • ‘iCi 

which  shows  that  the  motion  below  A is  simple  barm  ^ ^TC 
Multiplying  both  sides  by  2 dxldt  and  integrating* 

{dxi&tf-  -iS'J)  ftbvrc  C,  is  constant. 


(FIE-  39i  . 

v.«0+2s( 


7? 
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At  A,  x=»  — £«-/  and  dx}dt-v=y/(2gl), 

2gl~—(gll)ltA-Ci  or  Ct=3g/. 

•\  (dx/dt)*~3gl-(gl!)  x'=(g/l ) (3 l*-x*)  ' 

or  %-</[ 

(Here  as  t increases,  xincreases,  hence  positive  sign  of  ( dxjdi ). 
Let  the  particle  come  to  momentary  rest  at  C,  such  that 
BC-rf(say). 

Then  from  (iv),  we  get  0 = V(g/0  VWVS)2—^*}  or  d~l-/3. 
X Total  distance  fallen  below  0.=?0C~0A+AB+BC 
«/+6+</-/+/+  ty3«/  (2-{- V3).‘ 

Again  from  (ivy,  the  time  taken  by  the  particle  In  moving  from 
B to  C. 


=(1/4)  (time  period)=*(l/4)  l2W(gllj\-lnVU;gb  -(v) 
Also  from  (v),  dt=»  l(  f 1 . 

X Time  takenin  moving  from  A to'B  Le.  - / 1 oa«0 

“ L -ijig)  fiPRi " J(r )[ sm'’  (/h)L 

=«/*)  (sin-1  (l/\/3ll=('M  [Ib-cos-* 

(V  irfl^sin'Ml/Vi)  o;  sin  1/^3  or  cos  (in  - 1/V3 

or  in-fls-cos-1  ( I /\/ 3) 'then  cos->  (1/^3)). 

.*.  Required  time 

*=time  from  O to  A -{■  time  from  A to  B -|  time  from  B to  C 
*=VVUg)+V(Hg)  [}n— cos"*  (I/V3)]+|nv/(/;g) 
**V'(f/g)tV2+n— cos”1  (I/V3)).  Hence  proved, 

-•  n * — r . 


to  rest. 

Sol.  Do  as  Ex.  13  (a)  above.  Here  we  are  given 
•/’■bOk‘6*  of  the  last  Example. 

And  therefore  at /t,  we  shall  get  mgc*(\fa)  (a)  or 
Rest  is  the  same  as  Ex.  13  (a)  above  and  we  are  to 'find 
only  the  total  distance  fallen  below  O.- 

Ex.  14.  A heavy  particle  is  attached  to  an  InextenslWe  string 
to  a fixed  point  from  which  the  particle  Is  allowed  to  fall  freely  ; 
when  the  particle  Is  In  its  lowest  position  the  string  fs  of  twice  Its 
natural  length.  Prove  that  the  modules  Is  fonr  times  the  weight  of 
.the  particle  and  find  the  time  during  which  the  string  I*  extended 
beyond  Its  natural  length.  “ 


?fi  Dynamic* 

Sol.  Let  O be  the  fired  point  from  which  the  particle  fo  ld 
fall.  Let  m be  the  mass  of  the  particle 'and  A the  required  mood 
Let  OA  («a)  be  the  natural  length  of  the  string  and  AB  (“  > 
say)  be  the  statical  extension. 

Then  at  B. 

weight  of  the  paitic!e«tension  in  the  string  * 

ic.  rng«(A/d)  (h)  or  \-mgJab  . ' *”u 

Now  particle  is  let  fail  from  O and  the 
motion  from  O to  A is  under  graviiy  only, 
the  string  being  slack. 

If  v be  the  velocity  with  wh:ch  the  par*  ‘ A 

tide  reaches  A%  then  from  «Vs*u*+2/j,\  r B 
we  have  >*=>0+2(7^  or  v**i/(2ga).  Lp 

As  the  particle  falls  below  A , the  ten- 
sion of  the  string  comes  into  play.  Let  P be 
position  of  the  particle  nt  time  / (measured 
from  the  instant  the  particle  crosses  A)  such  ' . y 
that  BP*=x.  At  P,  the  force  acting  on  the  (Fig-  40) 
particle  are  its  weight  nig  acting  vertically  downwards  and  M : 

(A/n)  (h  + x)  in  the  string  acting  vertically  upwards.  Also 
ration  of  the  particle  is  acting  vertically  downward  • 

From  Newton’s  second  law  of  motion,  we  have 

m jf-ms- j- (»+*)  or  •£?-- (£*)*-  ' ■ -4«) 

V \**mgafb, 

which  shows  that  the  motion  below  A is  simple  harmonic.  ^ 
Integrating  (ii),  we  get  (</*;<//)*«=;  — fgjb)  -x'+fr,  where 
cotjstaht. 

At  A>  x»  — b and  </jr/df*=v*=vT2go). 

2ga=-  gb+k  or.  k^2ga+gb.  /«() 

- {g]b)  x*j-2ga+gb.  **.’„) 

If  C be  the  lowest  position  of  the  particle,  then  OC=2fl  IB  _ 
t.e,  jBC**2a~-OB**2a-{a+b)=0-b. 

Also  at  C,  dxjdi  = 0. 

* • From  (Hi),  we  get  0 (a~b)'+2ga+gb 
it  6«+2a6-(o~6)»~o  * ' 

<)s+2fl6— fl*+2a6— fc*=o  or  b~la%  V a^O  , 

A.  From  (i),  A«=mga/t=4m,  ...(iv)  Hence  Pf(" 

.\  From  (iii),  (dx/dt)'^-*  (g/a)  x*+2go+}ag,  V **** 

■ 

•>'  J«rWr=V(4.?fo)  VICJo)'-**} 
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VdOvM")'-*’} 

Required  thnc=timi  from  A to  C 
l.e.  from  x^~b  to  x—(a—  b), 

wiaci'  1,1 


...(V) 


,^V{.W*)>f,om(v) 


VO'a)1— *’} 

-» V(f-)h-  on-*  7(1-)  tsin“ n,+sin'1  tf)1 

[its+sin-*  (in-lv'fr/g)  [ic-cos-*  (4)1 

(V  sin-*  cos-1  <1)1. 

Ex.  15.  A particle  of  mass  m is  attached  to  one  end  of  an 
elastic  string,  of  natural  length  g and  modulus  of  elasticity  2/»g, 
whose  other  end  is  fixed  at  O.  The  particle  Is  let  fall  from  A when 
A is  vertically  above  O and  OA  ~a.  Show  that  its  velocity  will  be 
zero  at  B,  where  OB=3a  ; calculate  also  time  from  A to  B. 

Sol.  Let  OC=a  be  the  natural  length  ot  the  string  and 
C2>=r/ be  the  statical  extension. 

Let  A be  the  modulus  of  elasticity.  Then  A=2/?ig  Ifiivcn)  0) 
• At  Dt  for  equilibrium,  we  have 


Mg' 


o 


U~\a  ..  (if) 

The  particle  is  let  fall  from  A.  where  OA=o 
(natural  length), 

«\  The  motioli  from  A to  C will  be  onder 
gravity  only,  the  string  being  loose  from  A to  C. 

v A If  v be  the  velocity  of  the  panicle  when 
It  reaches  C,  then  from  "v* ®n* we  have 
* v*«0+2 g (AC)=2g  (2 a)  or  v® 2V(ag). 

Also  if  tj  be  the  time  from  A to  C,  then 
from  we  have 

v—O+ff/i  or  ti^vfg*=2\/(alg) 

As  the  particle  moves  below.  B,  the  string  becomes  taut  ami 
tension  begins  to  act.  Let  at  time  t (time  being  measured  from 
the  instant  the  particle  crosses  C)  the  particle  be  at  P,  such  that 
f>P=x.  At  P,  the  forces  acting  on  the.particle  are  its  weight  mg 
a?t‘n8l vertically  upwards.  ‘Also  the  acceleration  of  the  particle  is 
il'xjdi*  acting  vertically  downwards. 

The  equation  of  motion  is  ■ * 

m 3*  $+*)■»— * from  (it)  and  0) 


B 

(fig.  41)'  ‘ 
..  (rii> 


Dynamic.* 

£0  3 

* ..(W) 

(Px  __  x,  from  tf) 

' lmcgmuns  <iv>  "c  Etl  \di  1 a ^ 

' -(y) 

Thtfl  W-W*  *i’-°  °f  I x.  <=  o + 1 a + !■> ” vtd. 

O/I-OC+CC+CE-ol  ‘'+1'  }U0«P' 

' Also  from  tv>.*/*-V«eW^B»*’,"vi 

OI  *mJ[si)W f {«?"-*** 

• * 

- ^rrxa^--  - 

-*^  8u.^ir.s  ».Sfo ’$« 5,1  a 

■■  * ijmoJo'w  iu.sttw 

■ ■ i a Ugbt  lnc*tcn  ^pie  b** 
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Solved  Example*  oo  Vertical  Efcatfc  Strings 


•I 


Sal.  let  O be  the  fixed  point  from  ■which  the  pulley  is  sus- 
pended. Let  A be  the  modulus  of  elasticity  then 

' A*=»ng  (given)  ...(I) 

Consider  the  motion  of  masses  mx  and  m.  Let  / bo  the 
acceleration  of  the  system  and  T the  tension  in  the  inextensiWc 
string  round  the  pulley.  Then  the* equation  of  motion  (if  m,  > m,) 
are  m,/ =mig—T  and 

whence'  * 7W  r^-st  g=>Mg,  where  Af"- rr*?~L“* 

s * mt+in. 

Pressure  on  the  pulley  due  to  the  masses  m,  and  nia 
~2T=*2Afg 

1 A The  question  now  reduces  to  the  motion  of  a mass  of  7M 
hanging  from  one  of  an  elastic  spring  O'A  of  natural  length/ 
whose  other  end  is  fixed  at  O. 

Let  B be  its  position  of  equilibrium  such  that  AB>=d(i ay). 
Then  at  B,  the  weight  of  the  mass  2M=* Tension  in  the  spring. 

2 Mg=  (j)  </=  tl.  from  (i) 

. 2 IM 


le. 


In  case  of  vertical  spring  whose  one  end  is  fixed  we  know 
' that  the  motion  is  simple  harmonic  about  the  position  of  equili- 
brium of  the  mass  attached  to  the  other  end. 

Hence  required  depth=>05«=  CM +/fB  =■/+</ 

\ n 1 l n J Hence  proved. 

Ex.  17.  Two  bodies  of  masses  M and  M’,  are  attached  to  the 
lower  cod  of  an  elastic  string,  whose  upper  end  Is  fixed  and  hang  at 
rest,  M'  falls  off  ; show  that  distance  of  M from  the  npper  end  of 
string  at  time  t is  a+b+c  cos  |V(g/fi)  t],  where  ‘a*  Is  the  onstret- 
ehed  length  of  the  string,  ‘h’  and  ‘c’-the  distance  by  which  It  would 
be  stretched  when  snpporting  M and  hV  respectively. 

( Avadh  90, 87;  Gorakhpur  86) 
Sol.  Let  P be  the  fixed  point  frobi  wjiich  the  clastic  string  is 
suspended.  OA{*»a)  Is  the  natural  length  ol  the  striog  and  A its 
modulus  of  elasticity. 

-When  only, mass  M is'  hanging  the  string  will  be  stretched 
upto  B.  such  that  AB^b.  . * 

Also  at  B,  we  have  A/g-=(A/a)  b or  A =Mogfb.  \ ...(i) 

When  both  the  masses  are  hanging  the  string  will  be  stretched 
. further  a distance  c i.e.  if  C be  the  position  of  equilibrium  when 
both  the  masses  are  hanging,  then  BC**c  or  AB—b+e. 
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Dynamics 


Now  mass  M'  falls  off  and  therefore  the  mass  l 


get  back  to  its  equilibrium  position  viz.  B, 

Let  P be  the  position  of  the  particle  at  time  t, 
such  that  BP^x. 

Then  at  P,  the  forces  acting  on  the  mass  M are 
its  weight  Mg  acting  vertically  downwards  and  the 
tension  (A la)  (b+x)  in  the  string  acting  vertically 
upwards.  Also  the  acceleration  of  the  particle is 


^-2,  acting  in  the  vertically  downwards  sense  i.e. 
the  sense  in  which  x increases. 


From  Newton’s  second  law  of  motion,  wc 
Af.£f-Afc-(i)(6+*) 

(i+jr),  from  (!) 

</l*  ” li>  t 


which  shows  that  the  motion  is  simple  harmonic. 
L dv  g __ 


From  (iii  wc  hav«  v / « - fl . 

dx  b 


Integrating  with  te<pe.'t  to  x,  we  get 
^v*=— C„  where  Ct  is  constant  of  integration. 
v=eO  and  x~c  we  act  0=.—  fi»/Ai.Ae*4-C.  of  Ci~~8c  > 


At  C,  v=eQ  and  x-*-.c  we  get  0=.— (g/5).Ac*+Ci  or  Ci 


...  . -b — vt*'r*  - 

th^ negative  sign  shows  that  as  time  increases  x decreases. 

or'  *=  '/J5.1  - J*. 

V Ig  j V(c*-x*J  . 

• Integrating,  f=»  V'ttyg)  cos-*  (x/r)  -f  r,,  where  c*  is  constant. 
Initially  at  C,  x=*c,  r = o * 

V ^V(ft/g)  u>r  * (x/c)  o;  cos  fVCg/6)  0 
~ Required  distance  «Op=c.f 


_ . =*« t-6+c  cos  (vTg/*)  'I*  , 

s A ma,sof  Ihj  hanging  at  the  end  B of  * 


. 3pr?«8  produces  bq  extension  of  4*.  A mass  of  5 lbs.  is 

“',JC',“'^„Fin','u”,rir  B -ni  fui  wS  ««u* 


-rmn  It  nil!  Orst  return  to  it.  Initial  position. 

Sol.  Let  O be  thetfixed  point  rront  which  the  spring  is  s“’' 
pend.  J.  Let  an  be  the  r.itural  leogth  of  the  string-  bc[  lh  . 
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g~  32'/sec» 


mass  of  10  lbs.  be  at  B in  tbc  posit'on  of  equilibrium,  such  that 
/fB=* 4'  (given).  Then  at  B we  have 

lCs~(A/0).4  or  10x32=4A/o, 
or  A=80a. 

Now  let  a mass  of  5 lbs.  be  attached  at  B.  Let 

C be  the  new  position  of  equilibrium,  such  that 
BC**d  inches  (say). 

At  C,  (10+5)  /r— (A/fl)  (4+d]  .(Note) 

or  15x32=80  [4+r/J.  ' from  (i) 

or  6**4+d  or  rf=2’  ,..(ii) 

• Let  the  total  mass  15  lbs.  hanging  from  J3  be 
at  P at  time  t suejj  that  CP**t‘ 

Then  at  P,  we  have 

15(^)“l!?-.(r)(4+‘'+x)  l» 

■ « IS  C32*) — -SO  (6-f-x),  from  (ii)  (Fie- 44) 

or  ■ iF  'Jx.  ' 

eff*  3 ...<iii) 

w * • i integrating  we  get 

■ ,*  ‘ • • istant  of  integration. 

■ - . C«(64/3) 

(dxldt)**=(l6/3)  (4— x*).  . ...(iv) 

If  D be  the  point  where  the  particle  comes  to  rest,  then  at  D, 
ff\-JJ(=aQ  and  x (/.r.  CD)**y  (say). 

From  (iv)  wc  get  4-  j*— 0 or  y— 2 l.e.  CO— 2*  Ans. 
Also  from  (iij),  time  from  Cto  Z)«$  (2 r.[\'p) 

1 


Also  from  (iv)  we  have  time  from  Cto  E 
3 p>  it 


.LI"  

loj...  v't-s-S'J  1 (Note) 

“ Tsi"'0"  M2>  l’'”  TS k{f  r } 


—(9/32)  it  tec. 

Required  time— time  from  B to  D and  back  to  B 
—2  (time  from  D to  B\ 


-*(W) 


Exticlst*  ©a  Vertical  Elastic  String* 

Lx,  t.  A light  elattic  string  ©T  natural  length  a and  modulo* 
°f  elasticity  A is  impended  by  one  end,  to  the  other  end  It  tied  a 


Kinematics 

r •,  (Two  Dimensions) 

I 1.  Angular  Velocity.  ' ‘ ■ i V-*J  * v , 

Definition,  //n  pomr  V moves  in  a plane  and  if  O be  a fued point  and 
OX  be  a ft  ted  hne  through  O in  the  plane,  then  the  angular  i florin  of  P 
about  O (or  of  the  line  OP)  if  the  rate  of  ehtv.ee  of  the  angle  XOP. 

(Sfeeeut9*) 


Let  P t«  the  jxni lion  of  the 
mating  particle  at  any  time  / and 
let  d.  VOX  •*  0,  Let  Q he  the  posi- 
tion of  the  panicle  at  time  (t  + &) 
anj  let  4Q0X*  0 + 60. 

Then  in  time  6r.  the  angle 
turned  through  by  the  particle 
about  O * 60 

Aicrarc  rate  of  the  chang- 

AO 

tflg  of  anf  tc  about  O ■ r-. 


The  angular  aelocltj  of  the  point  P«*£^q  ^7*  ^7°® 

Simlwlv  tterelerarion  of  the  point  P it  defied  at  the  rate  rt 

(barge  rf  an  t rfar  irto tin  of  P about  O 

.%  Angular  acceleration  of 

In  trrtor  notation*  i 

The  jrp,lu  stlnfrtj  of  the 
Van  *<  pftord  at  a Vise  tn  **;  0 

lh«t  tl  * SfCtM 
tigtttrrtrJ  t-}  * »r :t.*  sj*i  O, 

it  f)  ihrcv**'**  « per* 

^ & V t *♦»•*  j-’t--  POQ.  *vih  £•_»* 
i*V  <*(*  j**!  *,«  ! -*m  a t tfx*  Kvv5  1 

A!>i  rkjv$i*  *►,%?«**'.->**  rf  »S? 
jp  ---<  t ti  4 «-%•*?  vt  -„.3r 

r ** 


the  point  P 


-5(S)- 


tl  I !■'>»*<; 


IS’ 


Dynamics 


5 2.  ^Rate  of  change  of  unit  vector. 

Let  r denote  the  unit  vector  OA  such  that  OA  »1  and  ZA0XS6. 


where  OX  and  OY  are  mutually  perpendicular 
and  fixed  lines  in  the  plane. 

Let  i,j  be  the  unit  vectors  along  OX  and 
OY  respectively 

Then  r«(cos8)i  + (sin0)j 


d \ 

^jj(r)*(-sin6)  8 i + (cos0)  0 j 


(Fig.  2) 


a * K- s«n  0)  i + (cos  8)  j]  8 ...(«)  ' 

Also  if  n be  the  unit  vector  perpendicular  to  OA,  then  it  makes  an  an? { 
5 rr  + 0 with  OX  and  so  we  have 


n * [cos  n + 0)1  i + (sin  (|  rt  + 0))  j 
«(-*sin8)i+(cos0)  j 
From  (i),  we  get  ~ (f)  = 8 (n) 

A 

Here  n is  in  the  sense  in  which  8 increases.' 


...(«) 

fia) 


Also  from  (ii)t  ~ (n)  = (-  cos  0)  8 i + (-  sin  0)  0 j 


- - 0 ((cos  8)  i + (sin  8)  j} 


From  (i),  we  get  ~ (n)  => 


- 9 r 


...(!») 


**  § 3.  Relation  between  angular  and  linear  velocities. 
Theorem.  If  v be  the  velocity  of  a point  P moving  In  a planer 


— a*  .Kc  »ci uviiy  oi  a point  r 

and  (r,  8)  its  polar  coordinates  referred  to  a fixed  point  O in  tft*  P 


then  the  angular  velocity  of  P about  O is  equal  to  vp/?,  where  p **  *** 

..... j: I J . y.  . . 1 ..  tUftl 


perpendicular  drawn  from  O to  the  tangent  at  P. 

Let  the  radius  vector  OP  make  an 
angle  $ (=  £ OPL)  with  the  tangent  at 
P to  the  given  curve.  Then  if  OL  (=p) 
be  the  perpendicular  from  0 to  the  tan- 
gent at  P,  then  from  A POL  we  get 
p — riin 
Also  we  know  that 


rf  = Sm*or^  = -^  = iL 
ds  ds  r p 


.<«> 

. i . . (’•*  P = rsin$) 

..  Angular  velocity  of  P 

— ds  p 

" dt~  ds'  dt~  pv  *"  *’rom  (*>  a°d  v = 


Angular  Velocity  and  Acceleration  3 

. , . pv  (r  sin  6) . v v sin  6 

Also  p =*  r sin  (}>,  so  = * "~j?  = 

/.  Angular  velocity  of  P = -^  = -~~^ 

In  Vector  Notations  : 

. Let  the  angular  velocity  of  the  y a\  I 

moving  point  P about  O,  be  0,  where, 0 Jj 

is  the  angle  which  OP  makes  with  the  axis  \ r £ 

OX.  Let  8 - 0)  (say).  _■ 

Let  the  position  vector  of  th^  point  4 

P referred  to  O be  r,  then  if  v be  the  // 

linear  velocity  of  P we  have  — - <-,jy ..  - . - jy 

-*  dr  ...  0 

V=-J7  -(■)  (Fie.  3 b) 

Also  r = rr,  where  r=|  r I and  r is  the  unit  vector  in  the  direction  of 


From  (i)  we  get  v*=  ~ (r  » & f + r ^ (f) 

or  r ? + r (0  n);  see  § 2 page  2,  — (u> 

where  n is  the  unit  vector  perpendicular  to  OP. 

From  (ii)  we  get  v . n = (f)  r «n  '+  (r  8)  n • n 
or  v • n = r 0,  since  r • n = 0 and n*n  = l 

= rco,  v 9 = co 

or  rco  = v • n ...(Hi) 

If  the  tangent^at  P makes  an  angle  $ with  the  radius  vector  OP,  then 
the  direction  of  v (i.e.  the  direction  of  the  tangent  at  P)  makes  an  angle 
- rt  — $ with  n. 

.%  From  (iii)  we  get  the  angular  velocity  of  P - ' 

^ r*»n  v * 1 cos  ( j ft  — $)  ysin#  v(rsin$) 

~ ~ r ~ r ~ r ~ ? 

or  - to  = vp/r2. 

Note.  The  rate  of  change  of  direction  of  motion  of  the  panicle  Is 
dy/dt  or  v. 

Solved  Examples  on  § l-§  3. 

Ex.  1.  A body  rotates  with  uniform  angular  acceleration  a.  If  to 
is  the  angular  velocity  when  the  body  has  turned  through  an  angle  0 
from  res^£how  that  to2  « 2a0. 

Sol.  Given  ...(i)  and  rf9/cft=ta  -(«) 

Multiplying  both  sides  of  (i)  by  2 dQ/dt  and  integrating  we  get, 
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C^>»»c0”s 

■ a%,S  , cuv  and  0«  Article  d^1"  I 

,^u,'cXZ  ™ "35  ^ \ 

lhe  “^become *««•  (t„m  A \ , . -.  ■ 


e»i,f  , . Ho"f  « 

1 0r-el  become*  *M°-  .,  £ (torn  A 

»A"“  „.,W. 

pMlidea'"  lZP0A»®' 

A.P  tUp°A'  - 


Tbc  icqnncd « ^U'20^  ‘«clcrad<” 

..Ex.  3- 

-^ss.W”’/.v: 

otmouonay  - _!bLW(!T»'S-  . 

,hea»solA„  <w  <!i  = -v  . • P ds'  ■■ 

^■=-±  * P ' 


Angular  Velocity  and  Accleration 
Differentiating  both  sides  with  respect  to  t,  we  have 

, -i.tft’1,  r ■Lrfp-'i 

- dr_  P * I .p2'* 


Hence  proved. 


, • t.  ? . ■ 1 vdv  :■  ,v  dp  ds  • dv  idv  . 

j' ...  - - p ds..'p2,ds  dr  „ *“,dr  dr, 

’•  _ j_  q-dv  : df>*  * » ’ • 

~p‘  -‘  ds  ■ p 2 ‘ dr  '*  • 

**Ex.  4.  Prove  that  the  angular  velocity  of  a projectile  about  the 
focus  of  its  path  varies  inversely  as  its  distance  from  the  focusi 
l'  ■ '•  >'  • * : - • i (Rolihkhand 92) 

Sol.  Referred  to  the  focus  S as  pole,- the  pedal  equation  of  the  path 

^~nr  ’ ' .:.(i) 

then  PL  the 

perpendicular  from  P to  the  directrix  =SPs*r.' 

■ , If  v be  the  velocity  of  the  projectile 
at  P;  then  we  know  that  the  velocity  of  * 
the  projectile  at  any  point  of  its  parabo- 
lic path  is  that  due  to  a fall  from  the 
level  of  the  directrix.  • , v 

»’  = ^(2  gr).  . ..(it) 

Also  angular  velocity  of  P 


of  the  projectile  (which  is  a pafabola)'is/?2  = ar.  ' 

Let  P be  any  position  of  the'  projectile.  Let  :SP  = r,  the. 


t2 

grW(ar) 


...  § 3 Page  2 


r2 


v from  (i)  and  (ii) 


- • V 

RX. 

ft 

/ 

: \ 

P - 

./ 

* "i  i 

I ' , \ 

! — .i , . ■ 

■ ’ (Fig.  5)  ‘ ’ 

= *v((2 ga)/r,  which  varies  inversely  as  the  distance  of  P from  the 
focus  S.  ' Hence  proved. 

**Ex. -5.  "A  particle  describes  a parabola  with  uniform  speed, 
show  that  its  angular  velocity  about  the  foucs,  at  any  point  P,  varies 
inversely  as  (SP)3/2.  *■  ’ ' *'-ri  ■ ' 1 "‘t*  * ' * ' 

Sol.  Let  the  velocity  of  the' particle 'be  v/  which  is  given  to  be 
constant  Let  the  pedal  equation  of  the  parabola  referred  to  focus  5 as  pole 
bep-  = ar.  ’ ' ’ - 1 ", 

'Then  the  required  angular  veltfcity  of  any  point  P . ' 


_ “ip"  _ v %W)  v Vo 


where  r is  constant. 

The  angular  ' 

(5P)V:. 


i Wo 
.(SP)V 


• SP* 


cloeitv  of  P about  the  focus* varies  inversely  as 
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The  acceleration  at  P parallel  to  x-axis 
„ du  d fdx}  d*x  •• 


du  dfdx\  d2x_» 
' a"  ch\d,y 


• ..  ...  ....  i\  .. 

Similarly  the  acceleration  at  P parallel  toy-axis  = -j*=y. 


.*.  The  magnitude  of  the  resultant  acceleration 

= V[(x)2+6:)2I 

and  if  this  resultant  acceleration  makes  an  angle  a with  x-axis,  then 
tana  = y/x 

Solved  Examples  on  § 4. 


dx 

dt 


Ex.  1.  (a).  The  position  of  a moving  point  at  time  t given  by  x = a cos  t 
and  y = asin  t.  Find  its  path,  velocity  and  acceleration.  (Meerut 94) 
Sol.  Given x = a cos r ..  (i)  and  y = nsin/.  ...(ii) 

To  obtain  the  equation  of  the  path,  t should  be  eliminated  between  (i) 
and  (ii).  Thus  squaring  and  adding  (i)  and  (ii)  we  get  the  equation  of  the 
path  as  x*+yr^ci . 

Also  from  (i)  and  (ii)  differentiating  with  respect  to  t,  we  get 

x = -’43  sin  rand  y = a cost.  ...(i) 

Hence  required  velocity  = V(P +y*)  = V(a2  sin2  r + cos 2 t)=a  mak- 
ing an  angle  tan“ 1 (y/x)  i e.  tan" 1 (-cot 0 or  tan“ ' [tan  (J  n + r)J  or 
(r  it  + r)  with  x-axis. 


Also  from  (ii)  differentiating  again  with  respect  to  r,  we  have 
x = -n  cos  r and  y = -a  sin  r. 

' Hence  required  acceleration  = V{(x2)  + (y2)  J 

, . = Vfo2  cos2  / + a2  sin2  r)  = a, 

making  an  angle  tan"  1 {y/x)  or, tan"  1 (tan/)  or  t with  x-axis. 

Ev.  1.  (b).  The  co-ordinates  of  a moving  point  at  time  r are  given 
by  x=cr,  y-2 at.  Find  the  magnitude  and  direction  of  its  resultant 
velocity  and  acceleration  at  time /. 

> Sol.  Given  x = ar,  y = 2ar.  • - ...(i) 


Differentiating  with  respect  to  r,  we  get  x = 2at, v = 2a 
magnitude  of  the  resultant  velocity 

= Vti2  + i’)  = V[(2al)!+  (2o)-J  = la  V(r  + I ) 
This  velocity  makes  with  x-axis  an 'angle 


Again  from  (h)  differentiating  with  respect  to  f.  we  get. 

; ' x = 2u.'V  = 0.  ‘ 


■*.  magnitude  of  resultant  acceleration 

= V[(  jf )!  + ( j’  j-]  = V[(2o)J  + (0)’l  = la 
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and  this  resultant  makes  with  x*axis-an  ancle 


A» 


from  the  origin  and  the  compontnK 
of  coordinates  at  time  Y a«2f+ 


*Ex.  I.  (c).  A particle  starts  from 
of  its  velocity  parallel  to  the  axes 
and  4/;  find  the  path.  • 

Sol.  G)veni=2r  + 3and>'-4/. 

To  find  path,  / should  be  eliminated  from  these  equations. 
Fromi»2f+3  or  4r  = (2;  + 3)d/ 

On  integrating,  we  get  x - r + 3r  + Cj  * ' • 

Initially  x = 0,  / = 0 (given).  ■ ' ‘ ‘ *'■  C\  * 0- 

. jc  = r2  + 3r. 

From  y«4r  or  dy  = 4t dt.  , , • 

On  integrating,  we  gety  = 2/“  + C2-  - . -1 

Initially  y *=  0,  / = 0 (given). 

y ~ 2/2.  •'  ' 

From  (»)  we  get  t2  = \y  or  t‘=  V{^ y). 

Substituting  this  m (i),  we  get  the  required  equation 

* ~ y)i2 + 3 N(j  )’)l  ' 
or  x=ly  + 3^(ly)  or  U~y *6 , 

or  (ir-^  = 36(i,)=i8y  .or 

Ex.  1.  (d).  If  x = a (cos Q + 0 sin 6),  y-a  (sin 0 7 0 c®*  ' 0fat  ii 
creases  at  a uniform  rate  (0 , p rote  that  the  velocity  ot 


.(<> 


, of  the  path  as 


M'' 


of  X. 

Sol.  Given  x = a (co’s 0 + 0 sin  0)  ...(1)  y = a(sin0 
and  dd/dr^o). 

Differentiating  (i)  and  (ii)  with  respect  to  t,  we  get 

x = a (~  sin  0 + 0 cos  8 + sin  8)  0 = nW0  cos  8 
and  y~ai, cos  0 + 8 sin  0 - cos  8)  0 = a«®  sin  0‘ 

Required  velocity  = Vfj2  +y2) 

= V((aa>0  cos  8)2  + (oO)G  sin  0)31 
= Via2©2©2  (cos2  0 + sin2  0))  * fliCP' 

And  inclination  of  direction  of  velocity  to  the  axis  of  x 

= tan' 1 $/i)  = tan' 1 (oolfl  »»  O/“<B0  ““  ^ 

' * tan"  ‘{tan  8)  = 0. 

•Ex.  t.(e).  The  co  -ordinates  of  a moving  point  at  time**  r 
by  x = a (2i  + sin  2t),  y = a (1  ~ cox  2i);  prove  that  Its  acceleration 
*tant  and  find  the  direction  of  motion  at  time  l.  ■ 
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So).  Given  * = a(2r  + sin2/) . ‘ '...(i)  ••  y = a ( 1 — cos 2/)  ..  (ii) 

From  (i),  we  get 

x = a (2  + 2 cos  2t)  = 2a  (J  + cos  2 1)  = 2a  (2  cos2 1) 


or 

x ~ 4a  cos-  / 

...(in) 

and 

‘t  = 4a  (-  2 cos  t sin  /)  = - 4a  sm  2i 

...(iv) 

From  (ii). 

we  get  y = 2 a sin  2r 

..(v) 

and  ' ’ 

1 ymAa  cos  2t 

(VI) 

' ’’  The  acceleration  of  the  moving  point  at  time  / ’ 

: v ■ ■ ' 
«V[)6a“  sin2  2/+16a“  cos2  2/J,  from. (i(v)  and  (vi) 

■ *=  4a  - constant  1 Hence  proved 

Also  if  the  direction  of  the  motion  of  the  particle  at  time  t makes  an 
angle  y with  x-axis,  then  . , . ' 

, ',>r,  tan  v -y/x  - (2a  sin  2 r)/(4a  cos2  /),  from  (iii),  (v)  , 


. , i . ==  tan /.  V , 

or  y = t,  ie , the  direction  of  motion  makes  an  angle  t with  *-axjs. 
E\.  2 (a).  A point  moves  in  a plane,  its  velocities  parallel  to  the 
axes  of  x and  y being  u + ey  and  v + ex  respectively;  show  that  it  moves 
in  a conic  section.  ... 

Sol.  Given  that  dx/dt  = u + ey  and( dy / dt  = V+  ex. 

. dx/dt  u±e y ' 5 ‘ dx  it  •+-  e\  ' ' ' 3 

Dividing  we  get  ~TT7  = T~. — ^ or 

“ dy/dt  ■ V + ex  > • dy  > v + ex 

or  (v  + ex)  dx  = (n  +.ey)  dy.  ; , 

Integrating  we, have  vj:+-je.c2  = trj’+^e>2  + jC,-  ^ 3.-  , 


‘ where  i C is  constant  of  integration 
or  + 2vx  — 2 uy  —C=  0,  which  being  an  equation  of  second  degree 

represents  a conic.  ■ • ••  ■ •-  Hence  proved 

Ex.  2 (b).  Find  the  path  of  a particle  whose  velocities  parallel  to 
the  axes  of  x and  y are  respectively  2 + 3y  and  4 + 5x. 

, [Hint : Do  as  Ex.  2 (a)  above).  ___  Ans.  ^ 3v2  + 8r  - 4y  + c * 0. 
< Ex.,  3 (a).  A particle  is  moving  with  a constant  velocity  parallel 
to  the  axis  of  y and  a velocity  proportional  to  y parallel  to  the  axis  of 
Xt  prove  that  it  will  describe  a parabola.  * 

? ;Sol.  Given  that  y = k ...  (i)  and  - i = Xv,,  ” ' „ :-(■*) 

where  k and  X are  constants.’ , < . ; i . 

Integrating  (i),  we  get  y-kt+C,  where  C is  any  constant  1 -*  . i 

■ Let  y=  0 when  t = 0.  Then  C= 0 and  we  get  \ = kt  r . in\) 


From  (ii)  i = Xkt,  • v from  (iii)  y = U 

or  x = at,  where  a=  ?JL 
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Integrating  x - j ax2  + B,  where  B is  any  constant. 

Let  x = 0,  when  r = 0t  then  B = 0 and  we  have  x = \&l“ 
Eliminating  / between  (iii)  and  (iv),  we  get  the  equation  of  the  pa 
the  particle  as  . 

x--a(}/k)2  or  y2  = |lt,  where  p = (2Ir/a),  which  is  t e sa 
2 . . Hence  prove 

equation  of  parabola.  - , ,„nrtant  acci 

**Ex.  3 (b).  A particle  moves  in  a plane  under  a con  ^ 
eration  pa  parallel  to  OX  and  an  acceleration  - 2jiy  P*™  - m ^ 
where  OX  and  OY  are  rectangular  axes.  If  the  particle  s 
at  a point  (0,  a)  find  the  path. 

Sol.  Given  x = pa  ..  0)  and  y = “ 2py 

Integrating  (i),  we  get,  x = ) tax  + C,  where  C is  constan  . 

Initially  x = 0,  t = 0 and  so  we  have  C = 0.  (] 

We  have  x = pax.  . t#n 

Again  integrating  (iii),  we  get,  x = j pal2  + C i,  where  I ,s 


Initially  f = 0,  x = 0 and  so  we  get  C\  = 0.  - - 
We  have  x - ~ par2. 

Multiplying  both  sides  of  (ii)  by  2 y,  we  get  2y  y~~  4P>^ ■ 
Integrating,  we  get  (y)2  = - 2P)2  + C2.  ^ 

Initially  y = 0,  y = a.  so  0 — — 2pa2  + C2  or  C2  - 2p°  • 

(y)2  = “ 2py2  + 2P*2  = 2p  (a2  - y2)  vc 

or  y = - V(2p)  V(a2  — y2),  negative  sign  is  taken  as  }’  is  negativ 

or 

Integrating  we  get  V(2p)  X + C3  = cos-  1 (y/a). 


Initially  v = a.  X = 0 and  so  C3  = 0 

We  have  V(2p)  X = cos-  1 (y/a)  * ’ „ 1 

or  v = ocos  (V(2n)  r}  ’ nhcp: 

Eliminating  x belwecn  (iv)  and  (v),  the  required  equation 

is  v — a cos  V(V(2p)  V(2x/pa)}  = a cos  (2  V(x/a)}  ^ 

or  y — a cos  {2  V(r/ a)}.  ’ ’ ’ : ' rfescrih 

•Ex.  3 (c).  Prove  that  the  parabola  y2  = 4ac  can  be  .jfl( 
under  a constant  force  parallel  to  the  axis  of  3 and  a force  prop 
to  v parallel  to  the  axis  to  x.  . •„  j] 

Sol.  Since  force  is  always  proportional  to  the  acceleratio 
direction  by  virtue  of  Newton's  II  Law  of  Motion,  so  we  are  £>'  ^ ( 

>-*  ...(1)  and  jr  = Xv, 

where  t.  and  X arc  constants 


Motion  in  a Plane  Curve  (Cartesian) 


II 


Integrating  (i)  with  respect  to  f,  we  get  y - kt  + C,  where  C is  constant. 
Let  v = 0 when  t- 0,  then  C = 0 and  wc  get  y = kt 
Again  integrating  with  respect  to  t,  we  get  y = {kr  + d, 
where  d is  constant 

Lety»0  when  /=* 0,  then  d-0  and  wc  get ysiAr  ..  (Ill) 

From  (ii),  we  get  ^ X/r. 

Integrating  w.r.  to  r.  we  get  + where  n is  constant, 

* Let  .r«0  when  /»0,  then  n^Onnd  we  geti  = (I /6)  WrA 
Again  integrating  w r.  to  /,  we  get  x = (1/24)  Xkt4  + p, 
where  p is  constant. 

Let  _r=0  when  /=0,  then  wc  get  P = 0 and  we  get 

jr=(I/24)  Ut4.  ...(iv) 

Eliminating  t between  (iii)  and  (iv)  we  get  the  equation  of  the  path  as 
x*=  (1/24)  }J,  (2v/A)2  or  y » (6k/X) x,  which  is  of  the  form  y2  = 4ar,  and 
hence  the  path  of  the  particle  is  the  parabola  y2-Aax. 

**Et.  4.  A particle  is  acted  on  by  a force  parallel  to  the  axis  of 
y whose  acceleration  (always  towards  the  axis  of  x)  is  Jiy-2,  and  when 
y~a.  It  is  projected  parallel  to  axis  of  x with  velocity  V(2ji/a);  prove 
that  it  will  describe  a cycloid.  (Meerut  91) 

Sol.  Given  that  Sy/dr^pSy*  (Note)  ...(«) 

and  dx/dt  = V(2p/o).  . .(») 

There  being  no  force  parallel  to  x-axis;  the  velocity  parallel  to  x-axis 
will  remain  constant  throughout  the  motion. 

Multiplying  both  sides  of  (i)  by  d)/dt  and  integrating,  wc  get 
< ( d)/dt )2  = (2 p/y)  + C,  where  C is  any  constant. 

Initially,  dy/dt= 0 and  y = a.  __ 

0 = (2 p/a)  + C or  C = - (2}j/a). 

-•(fj ^(B>^  ' 

or  dy/dt =-2}t  V[(n-  y)/m  1 ...(in) 

(- ve  sign  is  due  to  the  fact  that y decreases  as  t increases.) 

Dividing  (iii)  by  (ii)  we  get  dy/dx--  Vfto  -y) A)  - 
or  J dx  = - J V(j/(o  — y)J  dy-f  2a cos2  Odd, 

putting  y » a cos2  0 or  dy  — — 2a  cos  0 sin  0 dQ 
or  x = (l+cos20)rf0  = o[0  + 4sin20]  + L 

•'  , where  k is  constant  of  integration, 

or,  ( x = a (0  + ~sin20]  +k 

Initially  x- 0,  y **  a or  a cos 2 0 = a or  cos  0 = 1 or  0 = 0.  ; 
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bO  ' • **.* 

[20  + sin  20] 


And 


G = i a H + cos  20} 


..(iv) 

.M 


(iv)  and  (v)  being  parametric  equations  of  a cycloid,  the  path  a 
cycloid  ' . i r jjts 

*Ex.  5.  A rod  moves  with  its  ends  sliding  on  rectanga  ^ 

OX  and  OY.  If  x,  y are  the  coordinates  at  any  instant,  of  a po  ^ 


iis  constant,  show  that 
_ vf.v~  and 


IPcx.y) 


n 0 O 


ttye  rod  and  if  the  angular  selocity  o)  of  the’  rod  2 

the  component  acceleration  of  P along  the  axes  are  ~xu>  a * ^ 
and  that  the  resultant  acceleration  is  OR  to*  towards  O.  ( u 
Sol.  Let  AB=*(a  + b)  be  the  rod  » f 
whose  ends  A and  B are  sliding  .on  x 
and  y axes  respectively  Also  let 
/.  OAB  *=  0,  then  according  to  the  pro- 
blem dQ/dt  = <0  or  0 = 0)  ..(0 

Let  AP-b,  then  BP -a,  where  P 
is  a fixed  point  on  the  rod  AB. 

From  P (x,  y)  draw*  PN  and  PM 
perpendiculars  to  x and  v-axes 
respectively. 

Then  x=  pAf  = PPcos0  = ncos0. 

And  y-PN-APsinQ  = bsin&. 

From  (u)  differentiating,  we  get  x~- 
or  x = -aOJsm0,  from  (i)  , . ■ 

Again  differentiating,  we  gel 

x = - 010  cos  0 0“-  cmr  cos  0,  from  (1) 
or  x~~  to'x,  from  (ii) 

acceleration  parallel  to  ar-axis  = - (A'X. 

1 1 to* c is  in  the  direction  PM 

Similarly  from  (ui).  we  get  y » 6 cos  0 0 
or  i = fxo  cos  0.  from  (1). 

Again  different lanng.  we  get  \ = ~/m>sin  0 0 
or  v = - b tu*  sin  0.  from  (>) 

or  \ = - or  \.  from  till) 

acceleration  parallel  to  % -axis  «-ci*v 
1 ' to*i  is  in  the  direction  P<V 

Magnitude  of  resultant  acceleration  of  P 
* * ):  *►  ( V ):J»=v'l(~t!>202^(-tir»)'}.  from  [»») 

Mt;  + r)Bt »' .OP 

This  resultant  acceleration  males  an  angle 


>(«> 


f*» 


Motion  in  a Plane  Curve  (Cartesian) 
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tan- ' (y/x)-  or  - tan- 5 [(-  0>2y)/(—  or  .r)J  or  tan- 1 (y/x) 
i.e.  , tan- 1 (tan  PON)  i.e.  /.  PON  with  .r-axis 
i.e.  this  resultant  acceleration  acts  along  OP. 

Also  from  the  figure  it  is  evident  that  the  resultant  acceleration  viz. 
the  resultant  of  acc.  or  x along  PM  and  acc.  or  y along  PN  will  be  in  the 
direction  PO  i.e.  towards  0.  • ' ’ 1 Hence  proved 

' Ex.  6.  A particle  is  acted  on  by  a force  parallel  to  the  axis  of  y 
whose  acceleration  is  Xy,  and  is  initially  projected  with  a velocity  rr/X 
parallel  to  the  axis  of  x at  a point  wherey  ==  a.  Prove  that  it  will  describe 
a catenary.  • ( Meerut  91  5) 

Sol.  Given  tP^y/dP'—Xy,  _...(i)  and  <Px/dP  = 0,'  . 00 

Integrating  (ii),  we  get  dx/dt  = C,  where  C is  constant 
% s=nVX  (initially  given) 

Integrating  again  x^a^lXr  + k,  where  k is  any  constant. 

Let  .r  sr  0 when  t « 0,  k - 0,  and  we  have  x = a VX  t.  ...(in) 

Multiplying  both  sides  of  (i)  by  2 dy/dt and  integrating,  we  get 
• • 0 dy/dt )2  = A,  where  A is  constant. 

' ' ' Initially  y = a and  dy/dt  = 0,' 0 = Xr i2  + A or  A = — Xa2 

(dy/d/)2='Xb2“«2) 

or  ..  •'“'*■=?  VX  V(vT  — a 2).  or  - dt ~~jr . r ^ . - 

dt  ^ • >/x  v62-tr2) 

, Integrating -again,  / « [1/VX]  cosh- 1 (y/a)  + B,  where  B is  any  con- 
stant. • - ,,  , .-j  j. 

Initially  / = 0,'}  = a,  - .%  B = 0,  so  we  have 
- . vr  = [l/VXlcosh-1  (.v/a)  or  v = a cosh  (t  VX)  ' 

or  'y  = a tosh  (x/a)  since  from  (lii),  / VX  = (x/d),  ' 

which  is  the  required  equation  of  a catenary.  Hence'proved. 

*wEx.!  J7.  particle  moves  in  the  Curve  y = « log  sec  (x/ a)  in  such 

a way  that  the  tangent  to  th'c  curve  rotates’  uniformly;  prove  that  the 
resultant  acceleration  of  the'partide  varies  as  the  square  of  the  radius 
of  curvature.  \ ‘r\.  (Gorakhpur  93;  Pun-anchal  90) 

Sol.  -The  equation  of  the  path  is  y»  o log  sec  (r/o)  . , • (*) 

As  the  tangent  to  the  curve  rotates  uniformly,  so  ' ' 

•r  dy/dt  = constants  <0  (say)  ‘ ^ - (") 

, . Differentiating  (i),  w;e  get  _ ' 

■ " •"'rfH  7^fc%'yxc(x/a)':m(A/al‘i  or  S = ,an«  •4'"’ 

■ • .Differentiating  again  d\/dp  = (\/a)  sec2  (x/a),  - . • 


Dynamics  - 


_ , ll+(dy/dxj1?/2  M+tair(x/<?)L 

The  radius  of  curvature  = * ~ , — = ~ j , , . 

dfydfc2  (1/fl)  see*  (x/fl) 


* a see  (x/a)  = p 

Also  from  (iii),  we  get  tan  \|»  = dy/dx = tan  (x/ a) 
\}~x/a  or  x-a\f. 
Differentiating  with  respect  to  t,  we  get 

dx/df  - a (dy/dt)  ~ a(i3,  . 
d2x/dp-  = 0,  v aw  is  constant 
dy  _ dy  dx^ 
dt  dx'  dt 


...from  (») 


Also 


Q?  = aw  sicz  (x/a) . - . -r  * 
dr  1 a dt 


1 dx 


to2  sec2 


Now  resultant  acceleration  = Vf {d2x/d?f  + (d2y/ dr1)  1 . 

= VfO  + a2©4  sec4  (x/a)  1 = aw2  sec2  (x/a)  ~ (w2 /°)  p2  ” ^r0m 

Hence  resultant  acc.  varies  as  square  of  radius  of  curvature- 


Exercise  on  § 4 . lA,3ys 

acceleration  wh.ch.s^5 


Ex,  A particle  moves  in  a plane  with  an  a 
towards  and  perpendicular  to  a fixed  straight  line  in  a plane  0f 
inversely  as  the  cube  of  the  distance  from  it.  Given  the  ctrcum 
projection,  find  the  path.  ' larcoo^' 

*§  5.  Expressions  for  velocities  and  accelerations  (* 0 

na"s)-  -,*»*<£ 


Radial  and  Transverse  Velocities.  (Avadh  91‘,  &um 


Garhwal  95;  Gorakhpur  91; 

Pun-anchal  90; 
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Velocity  and  Acceleration  (Polar  Form) 


The  radial  velocity  at  P 
= Um  displacement  along  OP  in  time  St 
St  — > 0 Sr  - i 

= Lim  ptf_  Lim  ON- OP  _ Lim  (r+6r)  cos  50-r 
8r  — > 0 5/  5/  — > 0 5/  '6/  — > 0 St 

B Um  (rtSr),(l-:(S9)V2M;^.]-r  di  cos  w 
&*->0  - 5 1 


* mi expanding  cos  60 

8t->0  - 5 1 

= J^im  ~ neglecting  higher  powers  of  60 
6r  — > 0 1 5r 

= 5r  _ dt  = jn  t^e  direction  0f  op 

8f-»0  6;  .dt  ' 

Ans  transverse  velocity  at  P = *"*m 


_ Um  (r+  Sr)  sin  68  _ Um 
8r  — r 0 6r  • 6/  — » 0 

Um  r50  ^ negjccting  higher  powers  of  60 
or  0 or 
rdB 

e - r0  m the  sense  in  whic 


= r0  in  the  sense  in  which  0 increases. 


**Radial  and  Transverse  Accelerations.  (Agra  91;  Avadh  92; 

Bundelkhand  95,92,90,  Gorakhpur  95,  93,  9 1 ; 
Kanpur  94,  92,  90;  Lucknow  92,  90;  Meerut  97,  96,  90, 
- Purvanchal  90,  Rohilkhand  97,  91) 
Let  u and  v be  the  radial  and  transverse  velocities  at  (r,  0)  and 
(m  + 8u)  and  (v  + Sv)  be  the  radial  and  transverse  velocities  at 


0(r+8r.  0 + 80).  (In  the  figure  write  v + 8»*  in  place  of  u + Sm  in  the 
direction  perpendicular  to  OQ ) 

Then  radial  acceleration  at  P 
_ Lim  change  of  \elocity  along  OP  in  time  Sf 
Sr  — » 0 6r 


. Dynamics 


39/Kift 

(Note) 


_ I*im  [(»  + 8m)  cos  5Q-(v-+  6v)  cos  (90*  - 58)1  - u 
St-*0  :.5t 

= Lsm  (»  + 5»)  cos  88  - (v+  5v)  sin  60  - » 

6r~>0  5 1'  ■ - . 

* *Lim^  («  4-  5m)  (1)  ~ (v  + 6v)  60  - n expanding  cos  50.  sin  59 

' and  neglecting  higher  P0'^ of  ^ 


5r- 


6i 


Um  5h  — v56  _ du 


= where  w = ~r:  v - r 

dt  dl  . * * 


d0' 


5t->0  5/ 


) ^-iE-rf^T'wr-reV 
<*(drl  I aI**  dt2  [dt  J 

<lm  x-,.r,r»  If  /ID  b^cb.  In  llftrirh  r inCfeaSCS.  f 


in  the  sense  of  OP  i.e.  in  the  sense  in  which  r increases. 

And  transverse  acceleration  at  P 
__  Lim  change  in  velocity  perpendicular  to  OP  in  tirnejt 
6/— >0  6f*  ‘ 

_ Lim  [(»  + 5m)  sin  59  •+-  (v  + Svt  sin  (90*  - 56)]  ~zJi 
Sr— >0  ,6 t , 

e ^im  ( u + 5a)  sin  58  ■+•  (v+  6v)  cos  59  - v 
5r  — * 0 5r  , : , ■ ' 1 : ' 

= L,m  (h-&<K59)  + (v  + 8i.)(I)-J  expending 
8r-»0  S,  - _ 

' ' ''  , ' . rreglcclmg  higher  powers 

Um  « 89  + 5v  uda  . dv  " dr„_,i S 

= - + where 

;dr%d0  - d9mdr 

~ dt " dt  + r jt  2 + dt  dl 


(Holt) 


5t  ->0 

5 i 

dr  _dQ 

*1 

dt  dt  + 

*1 

*J 

> d~Q 

dr 

d&'  ' 

dr  + 

dt  ' 

dt 

1 £ [rz  d0)_  1 jl  r r2o 
rdtf  dl J~T  di(  8 


6)  in  the  sense 


n wM0*1 


B increases. 

In  vector  notations  ' s % 

Refer  Fig.  3 (b)  Page  3 of  this  chapter.  . |wCjr 

As  in  § 3 Pages  2*3  of  this  chapter  we  can  prove  that  if  v be  • 
velocity  vector  at  P,  0 be  the  angle  which'  OP  makes  with  the  in|U 
OX  and  r be  the  position  vector  of  P referred  to  0.  then 

y~^~dt^r^'  where  rs=  * r t and  f is  the  unit  vector  in  the  d,rcCtl 


39/Ki/2 
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= fr+r(0  n),  where  n is  the  unit  vector  perpendicular  to  OP. 
or  v=(r)r+(r0)n 

From  (i)  we  conclude  that  the  components  of  the  linear  velocity  v at 
P in  the  directions  of  OP  and  perpendicular  to  OP  re.  in  the  directions  of 
? and  n are  r and  r0  respectively.  i.e.  the  radial  and  transverse  velocities 
of  the  particle  at  P are  rand  rG  respectively.  Again  differentiating  (i)  with 


respect  to  t we  get 

dv  d .*  a. 


dr'dr— dr(r0n\  ' 
a = (r  (?)  + r ~ (r)]  + [f0n  + r0n  + r0^  (n)l. 


dtK 


where  a is  acceleration  vector  of  the  particle  at  P. 
or  a = rr+f0n  + r0n  + r0  n + r0(-0r).  from  § 2 Page  2 
or  a » (r—  r 02)  f + (20  + r 0 ) n (*0 

a , From  (ii)  we  conclude  that  the  components  of  acceleration^  vector  a in 
the  radial  and  transverse  directions  i.e.  in  the  directions  of  r and  n are 
r-rO2  and  20+r0. 


Solved  Examples  on  § 5.. 

Ex.  l.(a).  If  the  curve  is  equiangular  spiral  r=  or9  co,°,  and  if  the 
radius  vector  to  the  particle  has  constant  angular  velocity,  show  that 
the  resultant  acceleration  of  the  particle  makes  an  angle  2a  with  the 
radius  vector  and  is  of  magnitude  v2/r,  where  v is  the  speed  of  the 
particle.,  . (Lucknow 90) 

, Sol.-, The  curve  is  given  by  r = aeQcosa.  ••  01 

Also  we  are  given  angular  velocity  6 = constant  = co  (say)  . ,,  •■,•00 
From  (i),  we  get  r = a cot  a . e® cot  a 9 = no  cot  a,  from  (it)  and  (i) 
Again  differentiating,  r = ho  cot  a = no2  cot2  a,  v f = /to  cot  a 
Radial  acceleration  = r~  hr  - (no2  cot2  a)  - rtif . 

= no2  (cor  a - 1)  l,») 

And  transverse  acceleration  . 


< = - ~ (P-  0)  = - -j  (^oj).  from  (ii)  1 

„ r dt  r dt 

= (1/r)  (2r co)  r = 2(Or  = 2co  (rto cOt  a)  « 2r  ca2  cot  a.  . («v) 

If  p be  the  angle  which  the  resultant  acceleration  makes  with  the  radius 
vector  then  , » 

tan  B - = - V.<£'  . from  (i„)„d  (iv)  . 

radial  acc  ror  (cot2  a- 1)  . ■ • I 

' _ (2  cos  a/sin  a)  sin2  a - 2 cos  a sin  ex  _ sm2a  _ ^ 

, (cos2  a - sin2  a)  ' cos  2a  cos  2a  ^ 

or’  0«2a  ‘ Hence  pnned. 


Dynamics 

Also  speed  of  the  particle  = V[(r)2  + (rf)}2)  • 

* V^rtocota)2  + (no)2)  - rtocosec  ct= v (given) 
Again  from  (ui)  and  (tv),  resultant  acceleration 
= ^{(radial  acc  )2  + (transverse 'acc.)"I  ' 

» *![{ rco4  (cor  a - l)2}  +■  (4rto4  cor  a}] 
sVfrTi)4  cosec4  a),  on  simplifying 
= rto2  cosec2  a - vVr,  from  (v) 


M 


Hew'?*1, 


Ex.  I (b).  A point  P describes  an  tqoianenhr .*Pi™^t°tfrat!)» 


with  constant  angular  velocity' about  the'  pole  O.  F|nd 


and  show  its  direction  makes  the  same  angle  v 
the  radius  vector  OP  makes  with  the  tangent.  ,'celen,I1'WL 

Hint.  Proceed  as  in  Hx  I (a)  above  and  find  angle  P an  w t3R|fHt. 
‘.’hen  if  <Jj  be  the  angle  which  the  radius  vector  OP  makes  wl  £ajc^ttj? 


hen  we  know  tJiat  tan  $ = rdQ/dr.  (See  Author’s  D 

= r(d*/dt)  = rg  = _ |an  ^ or  $*«. 


{dr/dt)  ~ r ~ rW  cot  a 

Atso  the  ancle  which  the  direction  of  the  acceleration 
radius  vector  = 2a,  as  proved  in  Ex.  1 . (a)  above  , /’  _cfi(  31 P 
..  angle  which  direction  of  acceleration  makes  with  t „cnCC  pfpvti 
~ 2a , i 

{Note.  Students  should  draw  the  figure].  vttoC**7 

*Ex.  1 (c).  A point  P describes,  with  constant  a”RUf  {j,c  spiral 
about  O,  the  equiangular  spiral  r»nee,  O being  the  pole  o 
Obtain  the  radial  and  transverse  accelerations  of  P-  comoar^' 

Wundttkhand  92. 9U 


Sol.  The  aquation  of  the  curve  is  r =*  ae. 

Also  angular  velocity  = 0 = constant  = to  (say) 
From  0).  wc  get  r = arQ  6 = ae° . to  from  fii) 

r-txa,  / from  (i)  r=ue*. 
Differentiating  again,  we  get  r = tof  = to  (tor) 
Radial  acceleration  ® r - r02  » o>2r - r (or)  = 0- 
And  the  transverse  acceleration 


. r = cv 
K#- 


l d(jdO\  ! d , j,  4 
- ~ ~ P ~ =--r(rto) 
r di  dt  rdt 


. .fiotn  » 


Jr/**1" 


a 1 1 /r)  2rto  {dr/dt)  ~2n  (rxa)  % 

-2o >2/  which  varies  as  radius  vector  r ie.  distance  from  the  ^ 
•Ex.  I ulj.  A narticte  describes  an  equiangular  *Pira 
with  constant  angular  velocity.  Find  its  velocity  and  ac«Ie"M 
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Also  angular  velocity  * 6 = constant  = o)  (say)  ••■(») 

From  (i),  we  get  f a* omr'"0  6 = mro),  from  (»).  (il) 
radial  velocity  = f =*  mwr  - ...(lit) 

Also  transverse  velocity  *srO  = rto.  from  (ii) 

Resultant  velocity  « V((f)2  + (rO)2J  = V|(mav)2  + (tor)2] 

‘ : = [V(m2+ 1))  tor.  Ans. 

Differentiating  (iir),  wc  get  rsmtors/ati)  (mtor),  from  (iti) 
r • rs=f?rtov 

Radial  acceleration  ar-r 02  * r-no2 

= u2(m2-I)r  Ans. 

And  transverse  acceleration 

; = r*^6)=,A<'5“,'rr°m(ii> 


= (l/r)  (2ro>)  r»2o)  (mcor).  v r = mrto 
. = 2m  to2  r , , 

/.  Resultant  acceleration 

= 'A{co2  (m2  - 1 ) r ) 2 + ( 2mto2r)  2J 
= tov  V((/7j2  - | )2  + 4m2}  a to2r  V(m4  + 2m2  + 1 ) 

= «2rV[(m2  + l)2]  = w2r(m2+  1)  Ans- 

Ex,  1 (e).  A particle  describes  an  equiangular  spiral  r&ae  in 
mch  a manner  that  its  acceleration  has  no  radial  component.  Prove 
hat  its  angular  velocity  is  constant  and  that  magnitude  to  the  velocity 
ind  acceleration  is  each  proportional  to  r. 

Sol.  The  given  curve  is  r = ae°.  ' -0) 

From  (i),  we  get  f=mre  0 = r 0,  from  (i) 


or. 

or 

or 


And  :r=r‘0  + r0  = r02  + r0,  . r~rQ. 

Also  we  are  given  radial  acceleration  =0 
. r~  r G2 - 0 or  r02  + r01-r02  = O,  from  (ii)  k , ■ 

r0  =0  or  0=0.  vr*0 

0 « constant  = to  (say).  ' Hence  proved. 

Again  transverse  acceleration  =— ■—  (r2  0),  where  0 = to 
r at 


,,  =2to(r0),  . (|  v r=r0 

> t =2to2r,  , , v 0 = ©.  , 

7 Resultant  acceleration  =, Transverse  acceleration,  . . > 

, >i-  .•  ; , ‘ Radial  acc^’ts  zero. 
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Dynam',cS  • 

__  -.uen  curve  »s  r gCt  r-  . , 


w“„ " eaccelera»''" 

LtanS  • r«2flc0S®-  * *r 2fl8’1  ,1 

*•  ^ -:,*-•■-■  u^u  >\« 

« tS'ne)\+y+2.ogC«"e>=’0V^flt»'''C'e 

lnlee,a«rg.  1°S . (sin e)2  = c "cctrauon of* 

, (0  and  0V>  ““"f " ’ s-  0 « coseir  01  1 
,W  l _i(4o-ros  “•  ■ , ■ m 


..  From 


1 i- 


\ _ (AO2  cos  ° ' - , q 0) 

=_sV.e)=jjSS*  ■ . jCO,0«^e-  i 

r * d ^ o’.  = 2ac  sec  0 ( 0 fo'^ 

-EX.  .,6.9**' 

«»"'atusac;:lv  .m******1  ^ 

IJ0 


(do4  t*-*945*" 

e^-  V 


iflOl  v—  **-** 

£%££**-'*  dO/d^ccos^O  . 


^ ft  (cosec  0 eot  U)  ijt#” 

■••  V-’z^r  l’”' 

- The  ' docitfM  ?' a„F  rmd  the  P3"’0 
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retleratlon*  alone  and  perpendicular  to  the  radius  vector  art 
,*  r- p*  0 '/r  and  pO  (X  + p/r).  (BarJellkanJ  96, 95,  90.  Meerut  96  BP; 

Gorakhpur  97;  RohiUhand  93) 
Sol.  Given  that  r “ Xr  ,..(i)  and  rO«p0  - .(ii) 

* Differentiating  (i)  we  pet  r * Xr  « )?r,  —(ill) 

r\  ‘i  , •»  . tir  Xr  U rff  dQ 

by — -jj  or  fj-J- 

Integrating.  »c  get  -p/Xr e log 0 - logc.  ube-e  logr  is  constant  of 
integration 

or  - p/Xr  t>  log  (Q/c)  or  0 ■ er~  K/*\  is  the  equation  of  the  path. 

Now  radial  acceleration  **r~r  0\ 

« X2r  -r(pO/r)‘,  from  (ii)  and  (sii) 

»>.V-(p3oVr). 

And  transverse  acceleration 


**  CM''*)  fpO + 0 Xrf  , ...from  (i)  and  (ii) 

c pO  l(p//)  + XJ  Hence  proved. 

••Ex.  3.  The  velocities  of  a particle  along  and  perpendicular  to 
a radius  vector  from  a fixed  origin  are  Xr  and  pO:,  where  X and  p are 
constants,  find  the  polar  equations  of  the  path  of  the  particle  and  also 
Its  radial  and  transverse  accelerations  In  terms  of  rand  0 only. 

’ {Agra  92,  Avadh  92;  JlunJelkhand  91;  Gorhwal  90: 

Kanpur  95,  92;  Meerut  95,  92) 
Sol.  Given  r*=Xr  ..  (i)  and  r6«=p02  —(h) 

Differentiating  (i).  we  get  r = 2Xrr^2Xr(Xr).  from  (i) 
or  r*  2XV  ^ . ...(Hi) 

Radial  acceleration  of  the  particle  = "r-  r0“ 

~ 2X2  r*  - r (pOVr)2,  from  (ii)  and  (iii) 

- 2X2  r3  - p2  oVr.  Ans. 


And  transverse  acceleration  of  the  particle 

['"  "•  ‘t]  • from  W> 


“(p/r)  (2p03  +Xr02],  from  (i)  and  (ti) 
= (2p2G3/r)  + Xpr02. 


Ans. 
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Dynamics 


• or^'X? 

Alsod,vidinB0)by0'0.«8«r^  *l0lconst  ofW^ 
, ' i/B.  where ^,sc0  : ' l 


. ^ ■_  consl  ofinK?r3U01' 

Integrating.  ~\yiT  article  is  i + c " 0 . 

...  „a.,ononhePa.honheP 

,Ex  4.  Itthcangu1ir«loc;^^„he,r»«'erSt  l 

so.  w 

or  .,  f ',„e  c=  IS.  "b‘"  ,0S  C n 0[  the  pa*  W 

Integrating,  log  ' 1 | 1S  the  eq«»u0" 

ortog(r/c)  = fc°orr=^  ’ 

of  an  cqutangul^  sP'r“  • we  have  . vhere  X = c°n 

JJsss^rr'T^'  ' 

„„ 

,tl  wf.  It 


£_ 

if 

ii 

if 


front  (•> 


p 1 firf  li\r  d'\ 

V ' ^ * where  A and  B arc  cons.30’5 


A ^"^1* 
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cP~r  n( dr\  , - 


nr  — /lclr'\  H dr 

W\Sj  rdi  <N°"> 

Integrating,  log  {dr/ di)  = p log  (r)  + log  D,  where  D is  constant 
or  b^dr/dl-^'.D 

,,  Substituting  this  value  of  r in  (i),  we  get  r*1 . D - kr  0 

or  r 8 = a./*1,  where  a = D/k. 

The  resultant  velocity 

= ''IW2  + (.r O)2]  = VK/*1 . D)2  + (a  d')2)  = P V(D3  + a3) . 

, Velocity  varies  as  some  power  of  radius  vector. 

*Ex.  6 (a),  A particle  P describes  a curve  with  constant  selocit) 
and  its  angular  velocity  about  a gisen  fixed  point  O varies  inversely  as 
its  distance  from  O;  show  that  the  curse  is  an  equiangular  spiral,  and 
t at  the  acceleration  of  P along  the  normal  varies  inscrscly  as  OP. 

Sol.  Given  that 

-Velocity  of  the  particle  is  constant  and  equal  to  v (say) 
or  V[(r)2  + (r0)2J  = v or  (r)V(r  0)2  = v2.  . (i) 

And  angular  velocity  =0  = X/r, * (lt) 

where  X is  some  constant.  . . .* 

‘ '•*.  From  (i)  and  (u),  we  get  (r)2  + X2  = r2  - . • • ? 

or  , (r)  = v2  - X2  = p2  (constant),  #v  v and  X are  constants 

°r  '■■M.  , . . * . . ' / (in) 

Dividing  (iii)'by,  (ii),  we  get  ~ = ^ = hr.  where  k = ^ ' 

or.T  . (1  /r)dr  = kdQ 

: Integrating,  log  r = log  C + kQ,  .where  C is  any  constant 

or  Jog  (r/C)  = A0  or  r = Ce*®,  which  is  the  standard  equation  of  ar.  equi- 
angular spiral. 

(For  the  second  part  see  Examples  on  next  article)  , , 

**Ex.  6 (b).  A particle  describes  the  curse  s»ith  a con* 

s nt  velocity.  Find  the  components  of  velocity  and  acceleration  along 
the  radius  vector  and  perpendicular  to  it.  , (Meant Pi 

Sol.  Given  the  path  of  the  particle  as  r — ae'"®  ■ ■ . ..ti) 

‘Also  velocity  of  the  particle  = constant  = v (say) 

«•<.  w)2  + (r  0)2]  =v  or  * (r)2  + (r  0)2  = v2  ( 1 1 ) 

From  (i),  we  get  r = ame^Q  0,  on  differentiating 
. Bmr0, 

or.  ',0  = (l/«i)  r 


from  (i) 
‘..tint 


Dynamics 

«*«  From  (ii)  and  (iit),  we  get  <f)2  + (r/ m)' 


^[I+(l/ra);)  = i'  ot  f2=**mV<m!+l> 

r=vln/V(mJ+  I) 


M 

From  (iii)  we  gel  r6  = v/'Jlnr+ 1) 

Comppncntofvelocityalongandpcrpendicularlotfie  ^ 

vtr.  r and  rO  arc  given  by  (iv)  and  (v). 

Again  from  (iv)  on  differentiating,  we  get 
r » 0,  since  m.  v are  constants. 

Components  of  acceleration  along  the  radius  vector 


e2”»-/-62.  i 

s~(l/r)(v/('/(m2+  l)Jj2.  front  (v) 


*-v2/(r(m2+l))  .. 

And  component  of  acc.  perpendicular  to  the  radius  vec 


rdt  rA(V(mJ4-I) 


v2  n 


, from  (v) 
, from  (iv) 


An* 


rV(m2+!)  r(m2+l)’  ^vithau^00” 

**Ex.  7(a).  A point  describes  a circle  of  radms  O (fon5  srf 

speed  v;  show  that  the  radial  and  transverse  ac  {foe  *nl5 

“ (v2/a)  cos  8 and  — (v2/a)  sin  8,  if  a diameter  is  taken 

one  end  of  this  diameter  as  pole.  1° tutlno^^ 

Sol.  Let  C be  the  centre  of  the  circle.  *■ 

Take  O,  any  point  on  the  circle,  as  pole  and 
the  diameter  OA  as  initial  line. 

Then  the  polar  equation  of  the  circle  is 

r=  2a  cos  8 (i) 

Let  P (r,  0)  be  any  position  of  the  particle. 


The  velocity  v of  the  particle  acts  along  the  Or 
tangent  at  P. 

Its  resolved  parts  ilong  OP  and  per- 
pendicular to  OP  are  — v sin  9 and  v cos  0 (as 
shown  in  the  figure)  • * • * 

/.  Radial  velocity  ® r = — i>  sin  8 
A nd  transverse  velocity  ~r  9 = vcos0.  ' ; ' 

Differentiating  (ii)  we  get  r«-(vcos8)8  . „ ,•  n 

= - v cos  0 f(v  cos  ^rorn 

or  rs-fv2  cos2  0)/r  ’ *• 

Radial  acceleration  at  P =r - 
_ v2  cos2  8 


8 fv  cosOY 

~i~y 


from  (iii)  and  (tv) 
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2i^  cos2  0 2v*  cos2  6 

r ~ la  cos  6 * 


from  (i)  r = 2acos0 


= - (v2  cos  0)/a. 

And  transverse  acceleration  at  P 

v d . v f n dr  . _ dOl 

- rdt  1 r[  dt  dt  J 

«(v/r)  [cos 0 (-  vsin  0)  ~r sin  0 ((vcos 0)/r}J,  from  (ii)  and  (iii) 

2V2  sin  0 cos  0 - 2V2  sin  0 cos  0 , 

==- — - — = - — — , from  (t) 

r 2a  cos  8. 

s-fv^sinOj/o.  Hence  proved 

Ex.  7.  (b).  A particle  moves  In  a circular  path  or  radius  a so  that 
its  angular  velocity  about  a fixed  point  in  the  circumference  is  constant 
and  equal  to  ox  Show  that  the  resultant  acceleration  of  the  particle  at 
every  point  is  of  constant  magnitude  4a to2. 

Sol.  Refer  Fig.  8 above. 

Let  C be  the  centre  of  the  given  circular  path  of  radius  a. 

Take  any  point  O on  its  circumference  as  pole  and  the  line  OC  as  initial 
line.  Then  the  polar  equation  of  the  circle  is  r=  la  cos  0.  ..  (i) 

j Let  P(r,  8)  be  the  position  of  the  particle  at  time  t.  ■ 

' " Given  angular  velocity  about  0 = 0 =‘g>  (constant)  • • - - .(it) 

, ",  ‘ From  fa),  we  get  r - (-? 2 a sin  0)  0 = - 2am  sin  0,  from  (ii)  ..  (iii) 
i ' Again  differentiating,  r=(-2a£0  cos  0)0  • 1 ' ' ’ 

, = - 2acfl4  cos  9,  from  (ii) 

' or  ' , r = -0)2  r,  from  (i)  . ^ ' 

Radial  acceleration  of  the  particle  at  P 
, = r - r 02  = (-  o Tr)  - (rto2)  = - 2oj2  r = - 4am2  cos  0,  from  (i) 

And  transverse  acceleration  of  the  particle  at  P 

= 7 ■5<'S8)"=~<r®).froin(ii)  , 

' =(l/r)  (2rrm)  = 2mr~2m(~2ams'm  0),  from  (in) 

= '-4aO)2sin0  • ' 

« Resultant  acceleration  at  P - 

® 4am2  cos  0)2  + (-  4a co2  sin  0)2J  = 4am2. 

**Ex.  8 (a).  A ring  which  can  slide  on  a thin  long  smooth  rod 
rests  at  a distance  d from  one  end  O.  The  rod  is  then  set  revolving 
uniformly  about  O in  a horizontal  plane,  show  that  in  space  the  ring 

describes  the  curve  r=rf  cosh  8.  > - - 

Sol.  Let  Ox  be  the  initial  position  of  the  rod  and  A that  of  the  ring 
Then  OA  = d 
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(Fig.  9) 


Let  after  time  i,  the  position  of  the  ring 
be  P,  such  that  Z POx  = 0 and  OP  = r.  The 
only  force  acting  on  the  ring  is  the  normal 
reaction  between  the  rod  and  the  ring  act- 
ing in  (he  transverse  sense  at  P.  The  weight 
of  the  ring  is  inffcctivc  as  the  rod  revolves 
in  a horizontal  plane. 

There  being  no  force  in  the  radial 
sense,  we  get 

'r-  r{0)~ =0. 

Also  as  the  rod  revolves  uniformly,  so 

0 = constant  = 0)  (say) 

•.  From  (0,  r»  mr 

Multiplying  both  sides  by  2 r and  integrating,  we  have 
(r)2  * r + C.  where  C is  constant  of  integration^ 
Initially  r«  d and  r=0  so  0 = <f2to2  + C or  C=~d"W  ■ 
.*  (r)2  = r^co2  - = to2  (r2  - tf).  \ 


dr 


stodt-dQ,  from  (>0 


^ { r2  *-  d~)  - , . , e 

Integrating  cosh- 1 [r/d)  = 0+A,  where  A is  constant 
Initially  r = d and  6 = 0,  A *0.  eprt>«d- 

Hence'--'  cosh" 1 (r/d)  = 0 or  r*=d cC'Kfl  e"  ■ *" 

’'Ex.  8(b).  A small  ring  is  at  rest  on  a smuu»»* 

rod  of  length  a at  a distance  b from  one  end  0 of  the  ro  • 


1 (r/d)  — 0 or  r*=dcosh0  beru^1 

t on  a smooth  straigW ^ b 

then  suddenly  set  rotating  in  a horizontal  plane  about  t * * ^ ^ib 
constant  angular  velocity  ra  Prove  that  the  ring  will  «eaV  jjf) 

velocity  o>  V(2 <r  - b 2)  after  a time  (1/u)  cosh* 1 (a/bl  < e 

Sol.  Proceed  as  in  Ex.  8 (a)  above.  Here  ‘d'  =b  „(i) 

Then  we  can  obtain  (r)2  = w2  (r2  - b2)  («' 

Also  B = (o,  so  r 0 = rto , , 

Velocity  of  the  ring  at  P = V[(r)2  + (r0)2J 

= V(co2  (r2  - b2)  + ro)2].  from  0).  (;,o 

— a)  V(2  r -b2)  - ' ■ , (iofrf 

When  the  particle  leaves  the  rod.  r=a,  the  length  of  the  ^ 

From  (ni),  the  velocity  of  the  ring  at  that  instant 


Also  from  (i),  we  have  + oWfr2  - b2).  since 
increases 

dr 


r ,ncrcast5  a 


"03  dr 
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Integrating  cosh" 1 (i r/b ) = to t + C,  where  C is  an  arbitrary  const. 
Initially  r= b,t=0,so  C=0  , 

cosh" 5 (r/b)  = co  r or  r = (1/co)  cosh" ' (r/b) 

■ Required  time  = (I/to)  cosh" 1 ( a/b ), 
since  r==a  when  the  particle  leaves  the  rod. 

• , **Ex.  9.  A straight  smooth  tube  revolves  with  angular  velocity 
in  a horizontal  plane  about  one  extremity  which  is  fixed,  if  at  zero 
time  a particle  inside  it  be  at  a distance  a from  a fixed  end  and  moving 
with  velocity  V along  the  tube,  show  that  its  distance  at  time  t is 
a cosh  cor  + (V/to)  sihn  co/  (Meerut 9\  P) 

Sol.  ‘ Let  Ox  be  the  initial  position 
of  the  tube  and  A that  of  the  particle 
inside  it.  O is  the  fixed  end  of  the  tube 
At  any  time  f,  let, the  position -of. the 
particle  be  at  P,  such  that  OP  = r and 
^POx=Q. 

Since  the  particle  is  moving  with 
constant  velocity  V along  the  tube  i e. 
along  the  radius  vector,  therefore  radial 
acceleration  of  the  particle  is  zero  ,,  (Fig.  10) 

throughout  the  motion  ' \ ’ 

Hence  . r - r 02  = 0. . ••  (*) 

Its  solution  is  r= ci  cosh  cor + C2sinh  cor,  , —00 

where  ci  and  C2  are  the  constants  of  integration  and  d0/dt*=  co 
’ Initially  r = 0,  and  r=a.  from  (li)  a = ci. 

Differentiating  (il),  r=ci  cosinh  cor + C2CO  cosh  cor. 

Initially  r = 0,  r=V,  so  V=c2  <0  or  c2  = (V/co) 

From  (ii),'  we  get  r = a cosh  cor  + ( V/co)  sinh  tor,  which  gives  the 
distance  of  the  particle  from  O at  time  r.  Hence  proved. 

Ex.  10.  If  a rod  which  always  passes  through  the  origin  rotates 
with  uniform  angular  velocity  co,  while  one  end  describes  the  curve 
r=a  + be®;  show  that  the  radial  acceleration  of  any  point  of  the  rod  is 
the  same  at  every  instant,  and  the  radial  \eiocity  is  the  same  at  every 
point  at  a given  instant. 

Sol.  Let  AB  be  the  rod  which 
always'  passes  through  the  origin  O 
and  whose  end  A describes  the  curve 
r=a  + beQ  . ...(i) 

Let  P be  a point  on  the  rod,  such 
that  AP~d  Let  at  time  r,  the  coordi- 
nates of  A be  (r,  6)  i.e.  OA  = r and 
AOx  = 0.  Then  the  coordinates  of  P 
are  (r~</,  0). 


(Fig.  ID 
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Radial  acceleration  of  A is  r-  rB2  and  that  of  P is  ^(r  & 

- (r~d)  f— J , putting  (r—  e§  for  r in  the  radial  acceleration 

„ \r). ~~  . . -a 


30  = u> 


Hence  radial  acceleration  of  P~r-'(r-d)Q 
But  the  rod  rotates  with  uniform  angular  velocity  o)»  s°  a ^ 
Hence  from  (t),  the  radial  acc.  of  P~"r~{r~d)(£Tl  ^ 

Also  r=a  + be 6 

Differentiating,  r ~ be®  9 = be®  '•  to,  as  0 = 0) 

or  r^enhe®  • 0 = bti>2 e®  0 = “- 

»o>2(r~a),  v from  <iii)  r-o*be  ^ ~ 2 

from  (ii)  the  radial  acceleration  of  P ==  {r—a)  w *"  ir 
= (d  - a)  to2  = constant  and  independent  oft-  ’ -n(  w 

Radial  acc.  of  P is  the  same  at  every  instant  and  Y is  J v 
the  rod.  ^ instarit 

•\  Radial  acc.  of  any  point  of  the  rod  is  the  fame  a 
Also  the  radial  velocity  of  P 

« ~~  (r-  d),  putting  (r-  d)  (otr 
at 

= r = be®  • (o.  (Proved  aboye) 

= (r~a)  to,  from  (iii)  on  the '<** 

which  being  independent  of  d,  the  radial  velocity  anyj . -9tr~a)® 
at  given  instant  is  the  same.  Also  the  radial 'velocity  °»  A 1 
(proved  above).  ' (he  ^ 

Ex.  11.  One  end  of  a rod  describes  a plane  caVi  _ jf  the 
always  passes  through  a fixed  point  in  the  plane  of  tran&efSt 
angular  velocity  of  the  rod  is  constant;  show  that  m j^stant. 
acceleration  of  every  point  of  the  rod  is  the  same  at  die  s ^ janjf 
What  curve  must  the  end  describe  to  make  this  accelerat* 
at  every  instant. 

Sol.  See  Figure  1 1 on  Page  27  of  this  chapter  - , 0 J* 

Let  the  coordinates  of  the  end  A be  (r,  0)  referred  to  fixe  P” 


AS,  so  OP-J  Y 


p°ic  . . „ 

Let  AP  = d.  where  P is  any  point  on  the  rod  AS,  so  OP*', 

The  transverse  acceteralion  of  P = — ■•7 
(r-d)dt[ 

(r  - d)  for  r in  the  expression  of  transverse  acceleration. 

Also  angular  velocity  of  the  rod  = dQ/dt  ~ constant  = w i*3?'" 

The  transverse  acceleration  of  P l(r~  <0“ 
(r~d)dt, 

a {r-d)  ~ (r  “ d)  oi . ~~  = 2ca  which  being  free  from  d is ^ 5 
for  every  point  of  the  rod  at  the  same  instant. 
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,,  r,  If  this  acceleration  is  the  same  at  every  instant  also,  then 
’ , •,  , 2tor  = constant  or  r = X (say) 

- 4 We  have  f-2.and0  = o), 

whence  dividing,  wc  get  dr/dQ  = X/Oi—k  (say)  or  dr  = kd&. 

, Integrating  r = kQ+C,  which  is  the  required  equation  of  the  curve 
**Ex.  12.  A point  starts  from  the  origin  in  the  direction  of  the 
initial  line  with  velocity  //to  and  moves  with  constant  angular  velocity 
W about  the  origin  and  with  constant  negative  radial  acceleration 
Show  that  the  rate  of  growth  of  the  radial  velocity' is  never  positive, 
but  tends  to  the  limit  zero  and  prove  that  the  equation  of  the  path  is 

(Agra  91,  Meerut  91  S) 


<*>V  =/(l-<r») 


. .Sol.  Given  that  angular  velocity  </0/dr=  to  .(0 

and  radial  acceleration  = r-  r 82  = -/.  . (u) 

from  (i)  and  (ii),  we  ha've  r—  rto2  = -/.  ..(in) 

or  r=arr-/.  Multiplying  both  sides  by  2 f and  integrating,  we  get 
. (f)2  = <oV  - 2 fr+  C,  where  C is  any  constant 
Initially,  r-0  and  r=//to  (given),  /.  f2/ar  = C. 

' • " Hence  (r)2  = rto2  - 2/r  + (f2/<er)  = ((//©)  - no]2 
dr  f 

0f  dt  = (o~n0’ lhe  P9s‘nvc  s‘gn  is  due  to  the  fact  that  the  particle  moves 
in  the  sense  of  r increasing. 

» . (Note) 

dB  dt  to 

or  > ~ to = - no,  •.•  — = to. 

dQ  to  dr  * 4 ( 

or  ■ ‘ or, — r~ = d9 

, , 10“  [(//tO“)  - r\ 

Integrating,  - log  [(//to2)  -V]  + log  k = G,  where  k is  any  constant. 

. -Initially.  rj=  Oand  8 = 0,  so  - log  (//to2)  + log  k = 0 
or_.v  . " • ‘ , < k=f/ar.  . 

• " -'log  [(//to2)  - rj  log  (//or)  = G 
or  ''t'-W/VoM  St  f/<f~orr)  = e° 

or , j,  “**  or,  = / ^ I - , ' "i  ..hseH  i*  the  required  equation  of 

the  path.  

Substituting  this  value  of  fin  (mi.  wc  get ; -yn —t  J)  = ”/  , 

or.  r*/(i  -e“y) 0 = -y/,°,  which  »x  negative  lor  all 
0 and  tends  to  zero  when  G is  infinite.  ‘ . 

dt 

= .rate  of  growth  of  radial  velocity  ^ . . ~ 

Hence  proved 


of 


ikiiui  io  icr*>  wiicr 

Also4  = -f-]= 

dr  dt(drj 
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**Ex.  13.  Show  that  the  path  of  a point  P which  possesses  t«o 
constant  velocities  u and  v,  the  first  of  which  is  in  a fixed  direction*” 
the  other  is  perpendicular  to  radius  OP  drawn  from  a fixed  pom 
is  a conic  whose  focus  is  O and  whose  eccentricity  is  «/»'. 

(Agra  92;  Gorakhpur  92.  Mein"  P' 51 
Sol.  Let  the'  fixed  direction  be  that  of  ' • ’ 


the  initial  line  OX,  drawn  through  the  fixed 
point  O,  i e.  the  line  of  action  of  u is  parallel 
to  OX.  ' ' * ' 

The  resolved  parts  of  u in  the  radial  and 
transverse  senses  are  ucosO  and  « sin  G - 
respectively.  (see  figure)  0 

At  P,  the  radial  velocity  r = u cos'  8 ...(«)  ' (Fig-  12)  . 

and  transverse  velocity  r9  = v - u sin'9 

Dividing  (i)  by  (ii),  we  get  ■ ' ! 1 

dr  _ » cos  8 dC-(  “ cos6~  up 

rdO  v-usin0  °r  r j^v  — « sin B J ^ 

Integrating,  log  r s=  - log  (v  - u sin  0)  + log  c,  where  log  c is  con5ta 
integration 

or  r = c/(v - « sin 8),  ' or  c/r*=v—u sin 9 

or  = i _ (M/v)  Sln  et  which  being  of  the  form  //r  = I - e sin  ® 

represents  a conic  whose  focus  is  O and  eccentricity  is  («/v)  starts 
**Ex.  14.  A boat  which  is  rowed  with  constant  velocity  ’^nj 
from  a point  A on  the  bank  of  a river  which  flows  with  a c0  ^ 
velocity  v,  and  it  points  always  towards  a point  B on  the  ot  cr 
exactly  opposite  to  A;  find  the  equatidn  of  the  path  of  the  boat 
If  v = m,  show  that  the  path  is  a parabola  whose  focus  is 
Sol.  Let  B be  taken  as  pole  and  the 


bank  BX  as  initial  line.  Let  at  time  t,  the 
position  of  the  boat  be  at  (r,  9)  referred  to 
B as  pole.  The  boat  at  P will  have  two 
velocities,  rr  along  PB  and  v parallel  to 
BX 

At  P,  the  radial  velocity 

dr/dt  = v cos  9 - u . .(,) 


and  ihe  transverse  velocity  r(dQ/di) 
- - v sin  9. 

Dividing  (i)  by  (ii),  we  get 
dr  _ t cos  0 - ii  dr  i 

rdQ~  - v sin 0 °r  r ~\ 


~ = cosec  0 - cot  6^ 
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Integrating,  log'r  = (uA)  log  tan  (i  0)  - log  sin  B + log  c, 
where  log  c is  constant  of  integration 
or  log  r+  log  sin  0 — log  c = (u/v)  log  Jan  (j  B) 

or  [(r  sin  BJ/o]  *=  (tan  r 0)u/l , which  is  the  required  equation 
If  v =s  u,  the  above  equation  reduces  to 


r sin  8 c tan  9) 


2sm^0cos^8  . . „ „ 

3 ^ — ■ = 2 cos^  (~  9)  * 1 + cos  9 

0_(sini'0)/(cos|0) 


or  c/r=  1 + cos  0,  which  ts  a parabola  whose  focus  is  the  pole  B. 

•Ex.  15.  The  acceleration  of  a point  moving  to  n plane  curve  U 
resolved  into  two  components,  one  parallel  to  the  mi  i 
other  along  the  radius  vector;  prove  that  these  components  are 


-^4(^0)  and  6|(^0,  + ?-rtV 

rsinB  At  r Ax 


Sol.  Let  O be  the  pole  arid  OX  the 
initial  line.  Let  P (r,  9)  be  any  position 
of  the  moving  particle.  Let  F and  R be 
the  components  of  acceleration  of  the 
particle  parallel  to  OX  and  along  the 
radius  vector  OP  respectively.  Then 
resolved  parts  of  F along  and  per- 
pendicular to  OP  are  F cos  8 and 
Fsin©,  as  shown  in  the  diagram.  , _ 

’ " Then  in  the  radial  and  transverse  senses, 
we  get  r — rG^  = R + Fcos  9 


■FCos& 


(Fig.  14) 


and 


-rfy*" 


-FsinG 


1- 


r<r0) 


...(ii’t) 


•;  ...from  (ii! 
Hence  proved- 


From  (h),  we  have  /"=-  rs-m6  dr' 

Also  from  (i),  R = r — r G2  - F cos  0 
, ..  I-*  c'osG  d 

. - =’--re'+71^D*(r0) 

: . ^-reOsOfyo).--  ha 

, *Ex.  16.  A point  mo.es  on  a parahol3  tJjc  radius 

manner  that  the  component  of  velocity  at  r,p"  -federation  of  the 
vector  from  the  focus  is  constant.  Show  that  rhwal  94:Li«Am"w’ 91) 
point  is  constant  in  magnitude.  m ...(il 

Sol.  The  equation  of  the  parabola  is  2a  = f ( c 
whose  focus  is  the  pole. 
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Also  we  are  given  transverse  velocity  =rG- constant 

ie.  r9  = X(say)  or  0=7/r 

?S—*as  ec^ia 


From  (i).  we  get  r = 


39® 

.(#>1 


l + cos  6 


2 cos2 1 0 ( 
r=a« . 2 sec 1 0.  sec-| 6 tan^B . . 

s a sec2 1 6 tan  1 0 . 6 = r tan  j 0. 0.  from  (rii) 
a X tan  i 0,  from  (ii). 

/,  r «i  X sej A 0 . 0 5=1  X sc? i 0 (X/>>.  from  (»'0 

ai  ?.2  (r/a)  (1/r),  from  <iii) 

= X%/2a.  . . 2 

Now  radial  acc.  of  the  point  = r - r G2  - {X~/2a)  - r ( r 
* (2.2/2a)  - (?.2/r)  = *2  (r-  2a)/2rtr. 

Ans  transverse  acc.  of  the  point 

=73<^=7s(-7}" 


X d 


x.  x- 


=s77r(r)=~^=“lan’0,v  r = 


= ^(scc2|0-l)I/2  = ^|^-lj  , from  (iii) 

Resultant  acceleration  of  the  particle  - 


which  is  constant 


H—jjS 

•E*.  17.  A small  head  slides  with  a constant  speed  » . t,}3» 

ire  In  the  shape  of  the  cardloid  r^a{\  +cos0).Showm»‘‘  ~ 
r 0 IS  (»-/2u)  sec  \ 0.  and  that  the  radial  component  of  the  a ,ayV 


of  0 

is  constant. 

Sol.  The  path  of  the  head  is  r 


radial  component  o 

•0(1+  cos  0)- 


(After* 


*-<n  (l  +2cos 


39/Ki/3  Velocity  and  Acceleration  (Polar  Form)  3- 

= „ V(sin2  e + ( 1 + cos  0)2] 8 = <W[2  ( I + COS  0)]  0 
= <W(2  (2  cos2  i 0)!  0 = 2<i  (cos2  8)  0 = v (given  conslnat) 

i e 0 = (v/2/i)  see  2 0 ' 

. _ . . *■  - Hence  proved 

Again  radial  acceleration  of  the  bead 
. = [(-  a cos  0)  02  - (a  si  n 0)  0 ) - a ( 1 +cos0)  B2.  from  (0,  0«) 

(1  +2cos6)  02-o  (Sin 0)  0 , where  0 is  given  by  (iv) 

1 0)  . f^.sec  j el'  - o (sin  0)  [^  | «c  1 0 un  i 0 ej 
L . J - L from  tiv) 

' (1+2 cos 0) . sec ^ 0*1  -i«(tan|0sin0)[^scc|e|  , 

1 ' > ' , - . * * , L . ■ J * s L from  (iv) 

(v2/4a2)  (sec2  j 0)  ((1  + 2 cos  0)  + j tan  \ 6 sin  0) 

= “ ; &/a)  (sec2  i 0)  ((1  + 2 cos  6)  + sin2  { 0] 

= -}  (v2/o)  (sec2  [ 0)  [( l + 2 cos  0)  + \ 0 - cos  0)] 

=~-{(vVa)  (sec2  \ 0)  [(3/2)  (1  + cos  0)J 
= - { (vVa)  (sec2  3 0)  (cos2  \ 0)  = - (3/4)  (v2 /a)  - constant. 

, Hence  proved 

**Ex.  18.  An  Insect  craw  Is  at  a consant  rate  u along  the  fl»oke 
a cart  wheel  of  radius  a,  the  cart  is  moving  with  velocity  v,  u 
acceleration  along  and  perpendicular  to  the  spoke.  ve 

Sol.  Let  the  initial  position  of  the  insect  be  at  centre  Oan 
be  04.  After  a time  r.  let  the  spoke  turn  through  an  angle  B an 
position  OB,  Let  the  position  of  the  insect- be  at  P after  lime  t.  ^ 

'"sect  is  crawling  at  a constant  rate  « along  the  spoke,  so  V ~ 

_ r = ut. 

The  equation  of  the  circle  (cart  wheel) 
ferred  to  centre  O as  pole  is  r=a  . 

If  p be  the  length  of  the  perpendicular 
om  the  pole  to  tangent  at  any  point  on  , 
ie  circle,  then p -a. 

•\  Angular  velocity'  ; - 


= '2  = ve. 


(Fig.  IS) 


j- = “ = w (say)  . (i»)  * 

*’•  Acceleration  along  the  spoke  = radial  acceleration 

= — _ r (~T  <=  “ (ml  “ "I  (“*)  rrom  (i)ard  <H) 

dr  j dr 


34 


Dynamics 


= 0 ~ nt  o2  = - ut  (\*)az),  from  fii). 

Acceleration  perpendicular  to  the  spoke 
= transverse  acceleration 

- ~ 4:  (r2  0)  » ~ (u'riD),  from  0)  and  O') 

r dt  ut  dt 

*0  / ut ) 2u~  /to  = 2 U(0  ~ 2 (ui  /a),  from  (»)■  *“■ 

*Ex- 19.  A particle  describes  a plane  curse  with  an  accelerator 
which  is  always  directed  to  a fixed  point  O in  the  plane.  Show  that 
equal  areas  are  swept  by  this  radius  vector  in  equal  times. 

Sol.  Refer  Fig.  1 (a)  Page  1 of  this  chapter.  . 

Let  P (r,  0)  and  Q(r+8r,Q  + 60)  be  two  neighbouring  postuon* : «» 
particle  at  times  t and  (r+  6r)  respectively  referred  to  0 as  pole  an 
initial  line.  The  acceleration  of  the  particle  is  always  directed  to*a«* 
and  hence  the  particle  has  only  radial  acceleration  towards  0 w « 
transverse  acceleration,  , ‘!So  ' 


so  we  have 


7 


Integrating,  we  get  rJ0  = consiant«*(sa>'). 

*n  l'me  lhe  radius  vector  OP  sweeps  out 
OPQ  and  its  magnitude 
= I OP.  og sin se 


the  sectorial  #» 

(Note) 


= ^ r (r  + 6 r)  si n 6 0 = 1 r (r + 5/) /50  - X (go;3  + . . . J 

-jr2  50,  to  a first  approximation.  ,, 

Rate  of  description  of  the  sectorial  area  by  the  radius  vector  a 1 
passes  through  OP 


= Lim  {r2  50 
5r-*0  “ 5, 

= constant.  as  h is  constant. 


h,  from  (i) 


i!  tin*5 


cun sianr. 

Hence  equal  areas  are  swept  out  by  the  radius  vector  in  equal  t, 

‘ ' Exercises  on  § 5 

ir<  ar  r * 1*.  Apart,cfemov«  along  the  curve /-V9.B  = w Pr°'C 
its  acceleration  is  proportional  to  r 

eqnaf  ctoCe  >"  >"**’ 

JirccKdtowa'd^heP^ih  <>f  l PmiCh  is  r = aod  '' 

j.  S'®,  show  that  the  acceleration  in  terms  of 


s[>*#} 


wher ei-^. 

dt 
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*Ex.  4.  If  the  angular  velocity  to  of  a particle  about  the  origin  is 
constant,  and  the  rate  of  change  of  acceleration  is  directed  wholly  along 
ih=  radius  vector,  prove  that  (d2r/di1)  = (f02rV3. 

( Lachww  91;  Rohilkhand9\) 
*Et.  5.  A vessel  streams  at  a constant  speed  v along  a straight  line 
whilst  another  streaming  at  a constant  speed  V',  always  moves  at  right 
angles  to  the  radius  vector  to  the  former.  Show  that  the  path  of  cither  vessel 
relative  to  the  other  is  a conic  section  of  eccentricity  v/V 
[Hint  See  Ex,  J3  l*agc  30], 

Ex,  6.  If  a particle  P (r,  0)  describes  a plane  curve,  then  the  trans- 
verse acceleration  of  P at  any  time  / is  given  by 


“iff}  . »i('f 

im-4. 


\ns.  (m) 


d *0  dr  d9 

Ex,  7. . A particle  is  moving  in  a plane  under  the  attraction  jf  mag- 
nitude 2/r3  per  unit  of  mass  towards  a fixed  point  in  the  plane,  r being  the 
'stance  of  the  particle  from  the  fixed  point.  At  r = 0,  r = 2 and  the  radial 
and  transverse  components  of  velocity  are  V(3/2)  and  1 respectively.  Show 
that  r*  2r~3. 

8-  a particle  P (r,  0)  is  describing  a circle  of  radius  a with 
ntre  at  the  pole,  the  radial  acceleration  is 

»s'/03,  <")  o6.  • (Hi)  oO,  (iv)  0, 

so.  Expression  for  velocities  and  accelerations  {In'  rinsic  form) 
angential  and  Normal  velocities.  (Bur  !khand96; 

Garh^al  96,  94,  9 1 ; Gorakhpur  96,  94;  Kanpur  9 1 . Lucknow  90) 
Let  the  positions  of  the  particle  at  time  t and  t + 6/  be  P and  Q.  Let  arc 
,*  and  *0  = J + 5j.  Let  the 
angents  at  P and  Q make  angles 

\ JSS.  V+'6V  Wlth  Let 

^0PA/=«.  when  Q->P,a->0 
rom  Q draw  QM  perpendicular  ti 


"the 


tangent  at  P.  Let  chord 


> 1 


PQ  = 5c.' 

' "Then  as  Q -»  pr  - - 
chord  PQ 

^ . • arc  PQ 

^ 0-»P  ' 

Tangential  velocity  at  P 

^displacement  along  tho  tangent  at  P 


Lim 


] 

/ 

A^ 

'ir 

~o 

*X 

(Fig.  16) 
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Lim  pAf  _ Lim  (chord  PQ ) ♦ cos  a 
Sr  — » 0 8r  St  — » 0 ‘g t 
Lim  g c cos  a 
5 t- 


(Sott) 


chord  PQ  = Sc, 


*0  6/ 

Lim  fie  g,  ' ' A, 

= , » c * cos  a = I • ~ • cos  0, 

or  -» 0 5r  6r  , dt 


*0as  Q 


+ pit 


ds 
= dt 


Normal  velocity  at  P 
~ Lim  displacementalong  the  normal  at  P 
6r  0 5/ 

^ Lrm  QM  ^ Lim  (chord  PQ)  » sin  a Lim  Scsinfl 
~ or  - ' o 6 1 ~Si-*0  Si  ~St  -+Q  St 

l in*  8<  ?»•  . ' ds  . n_xpith H** 

%,-os, 

~<f  ,i  wioctfy 


Henc:  lor  a particle  movmg  in  a plane  curve,  the  tangent*3* 


ofmnl)c“ 


is  given  by  ds / dt  and  normal  velocity  is  zero  and  so  its  dirc*.ti°fl  g 

1 . . - (iffiUK"47 


is  always  along  the  tangent. 

••Tangential  and  Normal  Accelerations 


(Avadh  95,  93;  Dundelkhand  96*  94.  92.  91; 


■ - -.-d  96, 94.  92.  9t:  ■ ,91 

Gomkhpur  96.  92.  90:  Kanpur  96.  93. 9 j • ~ 90' 

P,  Purancha!  91;  ,4' 


Meenit  96  P.  Punanchal  91 ; RohtlM  f+ fr 
Let  P and  Q be  the  positions  of  the  panicle  at  times 
respectively.  Let  the  tangents  at  Pand.  ' • - . 

Q make  angles  y and  y + 5y  with 
■*'ax,s-  Let  v and  v ■*-  6v  be  the  velocit- 
ies of  the  particle  at  P and  Q 
respectively.  Since  the  velocity  of  the 
particle  moving  in  a plane  curve  is 
always  tangential,  so  v and  v + 5i  are 
acting  along  the  tangents  at  P and  n 
respectively  Also  we  have  proved 
‘hove  that 

tangential  velocity  at  P 


- i - ds/dt. 


(Fig-  H) 


Tangential  acceleration  at  P 

= SlagBLin  iclncifv alon'r .1..,. ../'in lime & 

v0  . *& — * 

a hoi)  COS  SlU  — \ 

— (l  Sr  1 


(Sold 


Velocity  and  Acceleration  (Intrinsic  Form) 


_ Urn  (v  + 5v)  • 1 - v 
6-)  0 8/ 

S Lim  Sv  _ dy  d d2s 
fif  — » Sr  dt  ~ dt\  rfrj=dt2 

Also^i— • — = — .,—  T — 

dt  ds  dt  ds  ds 


cos5\y=  1,  neglecting  powers  of  8vy 


— u‘  “■»  Ui  , , 

Tangential  acceleration  at  P = ~ 


dv 


ds 


d2 

— -vvnuuun  ai  v = — = — : 

Normal  acceleration  at  p.  • t dt 
a L'm  ^anPe  in  velociy  along  the  normal  at  P in  time  Sr 
6r~»0  6;  . 

- Lim  (u  + 8v)stn8y-0  * • * 

6/4 0 5/  • ' 


(Remember) 


(Note) 


_ Lim  (y  4-  5v)  Svt;  _ _ 

6/-^  0 8/  * ***  s,n  = 6y,  neglecting  higher  powers  of  5 y 

= Lim  5y 

~8/-»0V  8/’  neS*cct*ng  powers  of  small  quanutics  higher  than  first 


= v2/p. 


•,  since  p = — - 
- r dy 


In  Vector  notations.  (Refer  fig.  16.  Page  35  of  this  chapter) 

PQ  = 8j  * C Pa*Jic,C  al  **  at  *‘me  1 and  at  Q at  time  / + 8/,  where  arc 

to  ih^Ct  * k°d  ” Unit  vcctors  along  the  tangent  and  inward  drawn  normal 
who6  ^ Pan*c*c  al  P-  Then  the  velocity  vector  v of  the  particle, 

hv  VSC  Aect,,on  ,s  ^at  °f  tangent  to  the  path  of  the  particle  at  F,  is  given 

v = vt,  where  v = lvl  r 

0f  . ’’  ' v = (ds/di)  t,  as  v = ds/dr.  ■ - 

• ■ ne  magnitude  of  the  tangential  velocity  at  P is  ds/dr 

so  t c rate  of  change  of  unit  vector  t is  given  by 

wher  / " ' • di$  = ' im.  - . -d) 

'vithfiT, '« thC  3ngle  wh'ch  ,he  tangent  at  P to  the  path  of  the  particle  makes 
Cr/an8ent  to  the  curve,  say  at  A ..  Sec  § 2 Page  2 of  this  chapter 
••  e acceleration  vector  a of  the  particle  at  P is  given  by 


-M 


t + vyn,  from 


ds  ' dl  Where  V 


dy  dy  ds 
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/ V f ,\V 

dl’^A  I’1  A 

ra=  ~ 1+  - n. 
dl  p 
\ / \r 


I'di'U  1 a . 

= - , + v.-.,.n,  . P-*. 

A y 


From  here  we  conclude  that  tangential  and  normal  (inward  fa 
componcn  ts  of  accc  leration  vector  a at  P are  (dv/ dt)  and  (vvp)  fWf^ 
Solved  Examples  on  § 6,  • 

Ex.  I.  A particle  describes  the  parabola  x = (Hh)'~  ' 
Compute  the  tangential  and  normal  accelerations  at  r= 

Sol.  Given a:  = 64/andy  = 96f - 16r.  „(i) 

i = 64  and  y = 96  - 32/.  Also 'r=0.y=-32 
If  v be  the  magnitude  of  the  velocity  at  time  f,  thcn 
v = '/(i2  + y2)  = V[(64)2  + (96  - 32r)2]  = 32V[(2)!  + (3  " '> 

= 32V(4  + 9-6r+IJ)  = 32V(13-6t+l2). 

Also  p,  the  radius  of  curvature  is  given  by 


-<£J. 


.set  Author’s  DilT.Caicuto 

, from  (i)  anti  v2®  4 +> 


’ <ry-yx) 

(64(-32)-0) 
w — v3/(32  x 64).  , -1/2, .6+21) 

Tangential  acc.  = (dv/dr)  = 32  (13  - 6f  + O ' 

= 32 (13 - 6r  + 12)- 1/2 « - 3) * 0.  w',<:n  '=L 
And  normal  acceleration  * v2/p  = — vz  (32  x 64)A  , ft0111 
= - (32  x 64)/v  = - (32  x 64)/(64),  from  (ii)  at  ' s 3 ^ 

= “ 32  unit/sec2.  1 Bartfcft 


*Ex.  2.  The  rate  of  change  of  direction  of  velodO JLst  b< 
moving  in  a cycloid  is  constant.  Prove  that  accelera  1 
constant  in  inagnitudc. 

Or  A point  moves  along  the  arc  of  a cycloid  »»■  h0„ 

that  tangent  at  it  rotates  with  a constant  angular  velocity* 
the  acceleration  of  the  moving  point  is  constant  in  magnl  ' „(j) 

Sol.  The  equation  of  the  cycloid  is  r = 4a  sin  V . . lS  cc* 

v 7,16  tatc  of  change  of  direction  of  velocity  of  the  p*rt’c  _(ti) 
start,  so  dy/ dt  constant  = (o  (way) 

Differentiating  (i).  we  have  ds/dt  = 4a  cos  y (dy/dO 


, jnfld  5 

surha<; 
ity; 

nitudt' 


ds/dt  = 4ooj cosy,  from  (iff  , ... 

r = -4a0is«nV'f^) 


Differentiating  again  ret  (f-s/dr 
‘Pf'dr  rp  - -taferui  v . to.  from  <») 
d'  j/ dr  ~ — 4alo‘  sin  i/. 

Also  from  (i).  wt  have  ds/dy  = 4a  cos  y. 


. W 
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•'*  radius  of  curvature  p = ds/dy  = 4 a cos  \}/. 

. »»..  ' v5  (ds/dt)2  16a1  co2  cos2  V 

• • formal  acceleration  « — — — = % 

p p 4 a cos  V 

« 4nco2  cos  V 

Resultant  acceleration  of  the  particle 
. . ‘ .....  . , . ® ii^s/dt1)2 + (v2/p)2] 

1 .l  ■ » V[(- 4ato2  sin  y)2  + (4aa)2  cos  y)2] 

‘ ’ * • ’ =V(16a2a)4)s=4aco2  = constant 

Ex.  3 (a).  A particle  describes  a circle  of  radius  rwith  a uniform 
peed  v,  show  that  its  acceleration  at  any  point  of  this  path  is  v2/rand 
t directed  towards  the  centre  of  the  circle. 

Sol.  Given  that  .V  = constant.  ...(i) 

, Tangential  acceleration  ==  dv/dt  ~ 0.  from  (i) 

, Also  normal  acceleration  = v2/p  = •P/r, 

*.*  in  the  case  of  circle  p = radius  of  the  circle  s=  r. 
At  any  point  of  the  path,  the  resultant  acceleration 
* ^(dv/dl)2  + {i^/p)-J  c VfO  + (v2//-)2)  = v2/r 
i f.  the  resultant  acceleration  consists  of  v2/r  only  which  is  the 
ormal  acceleration  at  the  point. 

We  know  that  the  normal  acceleration  at  a point  is  directed  towards 
e ,nward  drawn  sense.  Hence  in  the  case  of  a circle  it  is  towards  the 
‘''.I'.  ^ • Hence  proved. 

Ex.  3.  (b).  A point  describes  the  cycloid  j = 4asiny  with  uni- 
rom  speed  v.  Find  its  acceleration  at  any  point.' 

, ‘ (Agra  90,  Meerut  96  BP) 

Sol.  The  equation  of  the  cycloid  is  s - 4a  sin  y.  ...(i) 

Also^given  that  ds/dt  = v‘=  constant. 

7 ® the  tangential  acceleration  = 0 
Differentiating  both  sides  of  (i)  with  respect  to  y,  we  get 
ds/dy  = 4a  cos  y. 
e * r““fUS  of  curvature  p = 4a  cos  y. 

The  resultant  acceleration 
= A(d-s/dr)-  + (>2/p)2]  = [0  + (v2/p)2l  = vVp 

^COST  ‘teAl -sin2  W~4a^U -(iVl6u2)]' rr°m  <l) 

a v /V(16a'— s2).  « Ans. 

j 4‘  the  *anSential  and  normal  acceleration  of  a particle 
'Scribing  a plane  curve  be  constant  throughout,  prove  that  the  radius 
>f  curvature  at  anv  point  r is  given  by  p=s  (at  + b)Z 

.. . SoJ*  Givcn  (h /llt = >•  ...(i)  and  rVp  * p.  •*•<»> 

Crc  A and  p are  consiants  ' - 
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Integrating  (i),  we  get  v = k?+c,  ' 
where  c is  constant  of  integration. 

••  from(i1),p  = ^/n  = (J.I  + c)2/fl  = (a(+(>)2, 
where  a » X/Vp  and  b = c/Vjt.  < . 

*Ex.  5.  A particle  describes  a cycloid  with  uniform  sp«  ^ 
that  the  normal  acceleration  at  any  point  varies  inversely  3*  f 
root  of  the  distance  from  the  base  of  the  cycloid.  . a 

Sol.  As  in  Ex.  3 (b)  Page  39.  we  can  find  that  the  norma!  acc  ^ 

= vVp  = vVV(1 6a2  - J2), 
where  v is  the  uniform  speed  of  the  particle.  . 

Also  we  know  that  if  the  distance  of  any  point  on  the  eye  oi 
tangent  at  the  vertex  be  y . then  the  arcural  distance  of  that  p°*  ^ 

from  the  vertex  is  given  by  s2  = 8ay. . . 

Also  the  distance  of  this  point  from  the  base  o 
“s  « 4a  sin  y"  is  la  -y. 

/.  From  (i)  and  (ii),  we  get  the  normal  acceleration 
v2  v2  ’ constant 

= V(8«)  V(2a  -7)  ~ ^T-y) 

Hence  pro'" 


\\^-Zay)~ 
consiant 


~ V (distance  from  the  base)  . . 0>jngl8» 

**Ex.  6 (a).  Prove  that  the  acceleration  of  a P0,n  f#lFI 
curve  with  uniform  speed  is  py2.  ■ ^ 

Sol.  Given  that  speed  is  unifrom  i.e.  ds/dt = constant- 
Differentiating.  d^s/d^-Oie.  tangential  acceleration  is zer 

Resultant  acceleration  of  the  particle  ■ _(il 

= + (vJ/p>3j  = Vjo + (v2/p)2l = 

NowS,=^!=^;^=i.  or  v=rpy. 
dt  ds  dt  p rT 

From  (0.  resultant  acceleration  of  the  particle 

= £~M>?-D,i,2  Hence 

p r* 


P P ' 

•Ex.  6 (b).  If  the  velocity  at  a point  moving  In  a P oljo# 

varies  as  the  radius  of  curvature,  show  that  the  direction  o ^ 

revolves  with  constant  angular  velocity.  (Punanc  - 

Sol.  Given  that  v = Jtp 


dt 


-*-r-  or  d\y=  kdt  or  ^ = consult- 

°V  dt  w,s; 

Hcocc  rhe  direction  of  motion  revolves  wirh  consult  anHir  “ „ai 
'Erl  A point  moves  In  a plane  curve,  JO  »*»*  ...if  I* 

and  normal  aeeeleratlotts  are  equal  and  the  angular  velocW 
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tangent  is  constant.  Find  the  curve.  (Agra  9 1 ; Bundelkhand  95,  92,  90, 
- i . r-  Carlwol  9,1 ; Gorakhpur  95,  93,91,  Kanpur  97, 91; 

Meerut  92  P;  Purvanchal  90) 


Sol.  Given  a ~ ...(i)  and 
ds  . p 

From(i),  = — - — 

ds  p (rfs/dy) 


= 0)  = constant 


.(«) 


or  dv*=vdy  or  {\/v)dv~dy 

Integrating  it  we  get,  log  v a y + log  c, 

, where  log  c is  constant  of  integration 

or  log  (v/c)  = v or  v = cev 

f”"V  'or'^^  = "V'0r  ^<o  = «v.from(,i) 

OT  ■ dss(c/ti»tvd\i/. , 

Integrating,  j = (r/w)  > + < whcrc  js 

constant  of  integration 

°r  J=dev+  fl,  where  A and  B are  arbitrary  constants 

Tnis  is  the  required  intrinsic  equation  of  the  curve  Ans. 

fcx*  7 (a).  If  tangential  and  norma!  acceleration  components  be 
equal,  prose  that  the  velocity  varies  as  rv. 


P- 


ds 


Sol.  Giver  or 

ds  p ds  ds  ' 

0r  (l /v)dv  = dy.  ' 

Integrating,  log  v = y + log  c,  where  Jog  c is  constant  of  integration 
°r  **  (V^C)'S!  V or  v = cev  i.e.  v varies  os  ev.  Hence  proved 

si  A particle  describes  a curve  (for  which  sandy  vanish 

U ®n*ousIy)  with  uniform  speed  v.  If  the  acceleration  at  any  point 
v c/{r^  + c“)  find  the  intrinsic  equation  of  the  curve. 

(Avadh  94;  Gorakhpur  97,  94,  90;  Kumaun  92;  Rohilkhand  95,  90) 
St>l. . It  is  given  that  ds/dt  = v (constant),  so  d2s/dr  = 0. 

Acceleration  at  any  point 
= V((rfVdr)2  + (vVp)2]  ^ VfO  + (v2/p)2]  = v2/p 
Now  it  js  given  that  acceleration  at  any  point  = V^c/(s~  + c~) 


dy 

. ds 


1 _ - 
- °r  P j2  + c2 
I , ds 
or  — ay =-^— 


s~  + c~  _ c , j-  + c" 

wh<.„ISra'inE'  "e  <1/r>  v+ A = (l/c)  inn'  1 (s/c). 
A is  constant  of  integration.  ' ' 

When  V = 0,  s = 0 (given),  A = tan~  1 0 = 0 
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Hence  (1/c)  y = (i /c)  tan" 1 (s/c)  or  s = c tan  y is  the  required  in- 
trinsic equation  of  the  curve,  which  is  a catenery.  . *** 

Ex.  8 (b).  A particle  describes  a plane  curve  with  a constant 
speed  and  its  acceleration  is  constant  in  magnitude.  Trove  that  (be  path 
is  a circle. 

Sol.  Let  v be  the  constant  speed  of  the  particle. 

The  tangential  acceleration  of  the  particle  at  any  instant 
= dv/dt  - 0,  as  v is  constant. 

And  normal  acceleration  of  the  panicle  at  that  instant  «v*/p- 
Resultant  acc.  of  the  particle  = [(dv/dt)2  + (v“/p)2] 
a VfO  + (vVp)2)  = v2/p  = constant  (given). 
v2/p  = constant  = A (say)  or  p = constant,  Y v = const. 
t.e.  the  path  of  the  particle  is  such  that  its  radius  of  curvature  is  const- 
ant! such  a curve  is  circle  Hence  Pr0Vt 

**Ex.  9.  A particle  is  describing  a plane  curve.  If  the  tangent' 
and  normal  accelerations  are  each  constant  throughout  the  mot‘ 
prove  that  the  angle  y,  through  which  the  direction  of  motion  turn* 
time  t is  given  by  v = A log  (l  + Br).  (Avtit/h  93,  90,  BundelUmd^ 
Gorakhpur  94;  LucAnon*  92;  Meerut  9 1 P.  Pu»w«‘a,y 

Sol.  Given  that 

< fs/d^k  ..(0  and  v2/p  = k. 

where  A and  2 are  constants. 

Integrating  (1),  we  get  ds/di  = Ar  +•  c, 
where  c is  constant  of  integration. 

From  (11).  we  get  — = a.  « where  v=f 


„{1 
. O' 


or  ^^=2 

(ds/dy) 

or  (kt  + c)  ^ = K from  (in)  or  rfy  « dt 

Integrating.  \i  = (2/i)  log(tr’+  c)  + log  p. 
were  log  p is  a constant  of  integration. 

Let  V ® 0 when  1 = 0.  then  0 = (2/A)  Jog  <-  + lo£  p. 
v = ylof<Ji  + r)-£loEr  = £t11Efei! 

or  v = ()y«log|l  +(»j/r»  ' C ^ 

or  ywAlogO  + BO.  where  A = > 

*Kv.  10.  A particle  mo\es  in  a p.  , <\- 
tangential  and  nonnal  accelerations  air 
sarievasc\p(tan  s/c),  .length  , 

from  a fired  point  on  * *.  the 

Mi  *>pur  97, 


ds  dy  _ . 
dt  ’ dt 


th3il1' 

its 
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Sol.  Given  = — (j) 

dr  P 


= k etan~  (s/c> 


(ii) 


From  (i),  we  get 


d i* 


dv  d~s 

• v ~T  ~ — 7 and  p = — , 
ds  rfr2  K dy 


ds 


ds  (ds/dy)' 

0r  . , {l/v)dv*dy. 

Integrating,  we  get  Iogvs=y+A, 
v>bere  A is  constant  of  integration  from  (ii),  we  get 

Jog((etan  s/c)  = y + A or  log  k + tan"  1 (s/c)  = y + A 
°f  . , ‘an-1  (s/c)  = y+B,  where  B=A  -log/. 

Leu  * 0 when  y * 0,  then  B = 0. 

iU^a,n  aV  or  s » c tan  y is  the  required  path  Ans. 

acce]p  ^ Point  moves  in  ' a plane  curve  so  that  its  tangential 

and  nn  '0t!  * cons*ant»  nt,d  magnitudes  of  the  tangential  velocity 
wiaiiMf  acceleration  are  in  a constant  ratio;  find  the  intrinsic 
ion  of  the  curse.  ■ . . (Bundelkh and  94,  Garhwal  95,93,90) 

0 • . Given  that  v (dv/ds)'=k  ...(i)  and  v = X (vVp)  . . (ii) 

"om  (i),  uc  get  vdv^kds. 

Integrating  we  get,-  v2  = 2 ks  + c,  where  c is  constant  of  integration 


From  (ii),  p sfvX 


= V(2 'Jts  + c)  " . (iii) 

‘ or  ds/dy  = X >J(2ks  + c),  from  ( 1 1 i ) 

”!  rnl.  \2ks+crl/2ds  = Xdy. 

where  m8,  Wc  get  ^2ks  + OJ/2A  = Xy  + a, 

0r  a ls  c°n$tant  of  integration 

0r  : . • , + c)  = kXy  + p,  where  p = ak 

or  - 2 2ks  + c = + P)2,  = *?*V  + 2-UPy  + P2 

s -Ay  + By  + D,  where  A = | k X2,  B - X p,  D = (P2  - c)/2Jt. 
is  J^e  squired  equation  of  the  curve.*  Ans. 

form  aneiil  ' Part'cIe  **  moving  in  a parabola  (p2  = ar ) with  uni- 
tion  at  an  ^ a^ou*  Ibe  focus,  prove  that  its  normal  accelera- 

at  that  Tin"  , ’s  ProP°rtional  to  the  radius  of  curvature  of  its  path 
P Int*  - ( Agra  9 1 ; Gorakhpur  96,  Kanpur  93,  90, 

s ‘ Meerut  96, 93, 92, 91) 

[Stud  ^ eqU.at,on  of  the  Parabola  is  p2  = ar  ..  (i) 

not  commit  this  equation  to  memory,  as  it  is  sometimes 

8 vcn  in  the  problem.] 

dp  a 
dr  2 p 


Differentiating  (i).  we  get  2 p&  = a 

dr 

" Radius  or  curvature  p = r— = — - — = 
Angular  velocity  = d$/dt  = co^stan^  w (say/ 


...00 

...(iii) 


Also 


£§ 'JL- 

dt~  p- 


or  w = -£,  from  (iii) 

r 


or  v = tar/p 

Also  normal  acceleration  ~\'/p. 

■>  14.1 

normal  acceleration^  v~  _ to  r /p_ ^ from  (Ti>  nnrf(iv) 

P p2  4p2r/a2 

= ArV/tV)  ==  A>V/4  (aV).  ftom  (■) 

= or/4  = constant  = A (say). 

or  normal  acceleration  » k x p.  . ^cnCC  pr0\{J 

i.e.  normal  acceleration  «*  p.  . «reje  nitfi 

Ex.  13.  One  point  describes  the  distance  AB  0 9 ^Qm 
constant  velocity,  and  another  the  scml-cireumfcrencc  j-^ni  A *nJ 
with  constant  tangential  acceleration.  They  start  toge 
arrive  together  at  B.  Show  that  the  velocities  at  B are  * ' j; 

Sof.  Let  V be  the  constant  velocity  with 
which  the  point  describes  the  diameter 
AB=2a,  where  a is  the  radius  of  the  circle 
with  centre  C. 

Then  if  f|  be  the  time  taken  by  this  poini 
in  moving  from  A to  B.  then 

V/j  = 2a  or  rt  = 2n/V  ...(i) 

The  second  point  describes  the  semi-cir- 
cumference ABD  of  this  circle  with  centre  C 
and  radius  a 

Let  P be  the  position  of  this  particle  after 
time  t.  Let  v be  its  velocity  at  P. 

Given  tangential  acc.  of  this  particle  = constant.  , - . 

dv/dt  = constant  = X.  (say)  or  dv  = X dt.  / 

Integrating,  we  have  v = X/+  C|,  where  Cj  is  constant. 

Initially  at  A,  v = 0.  / = 0,  so  we  get  C\~0  .■  ‘ 

v = Xr 

or  ds/dt  = Xr  ^ or  ds  = >J  dt. 

Integrating,  we  have  s = | XT'  + Cz*  where  Cz  i*  consent. 

Initially  at  A.  s = 0.  / = 0.  so  wc  get  Cz  - 0 =>  s =5 

= arc  ADB  = W and  /*'»■  * 


id* 


When  the  particle  arrives  at  4 
particles  start  from  A together  and  reach  B at  the  same  time. 

.\  From  (tti).  we  get  no  = i Xrj  =i  X {2a, 'Vf,  from  (i> 
m na  = 2(rX/\/1  or  X = (jiV4/2<0 

From  (it),  wc  get  » » {itlP/Za)  /.  pfr* 

If  be  ihe  velocity  of  the  second  particle  when  u r«chtf>  .^td 
from  (i v ).  w c get  t'(  = (it V~/2a)  U . 
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.Vj  =nV. 


V,  = ^T-f,on’(i) 


, »«  Velocities  at  B are  V| ; V*ic:  1.  Hence  proved. 

**Ex.  14.  A particle  moves  in  a catenary  s = c tan  \|r,  the  direction 
oi  its  acceleration  at  any  point  makes  equal  angles  with  the  tangent 
and  the  normal  to  the  path  at  the  point.  If  the  speed  at  the  vertex 
(where  \j/  = 0)  be  u,  show  that  the  velocity  and  acceleration  at  any  point 
V arc  ue ▼ and  (V2/c)  ire~v  cos2  V-  ( Meerut  97;  Rohilkhand  92) 

■ Sol.  Since  the  direction  of  the  resultant  acceleration  makes  equal 
angles  with  the  tangent  and  the  normal,  so  the  tangential  and  normal 
accelerations  are  equal 

ie.  = 

ds  ~ p , ..(!) 

0r  ,~-  — ds  = ^ds  = d\if. 

v p ds 

Integrating  we  have.  logv^w+’logJt,  where  loeL  is  constant  of 
integration.  . < 

■ ■ When  vy  = 0,  r = m,  so  we  have  log /i  = 0 + log  A or  u = k 


which 


^ log  v = \}/  + i0g  u or  jog  (y/u)  = V or  v = u 
L gives  velocity  at  any  point. 


. -(H) 

. On) 


Now  the  equation  of  the  catenary  is  s = c tan  y - 
The  radius  of  curvature  p = ds/dy  - c sec2  tj/ 

Nov/  resultant  acceleration  • 

= V[(v  dr/ds)-  + (vVp)!|  = V[(i-2/p)3  + (i!/p)!l.  from  0) . 
ir  , 

“ o ? — ■ ^2,  from  (n)  and  (iii) 

v c scc“  v 

•=(V2/c)  n2  e2VCOS)2  ^ Hence  proved 

fEx.  IS.  A particle  projected  with  a velocity  it  is  acted  on  by  a 
°fce  which  produces  a constant  acceleration  / in  the  plane  of  the 
lotion  inclined  at  a constant  angle  a with  the  direction  of  motion. 

tain  the  intrinsic  equation  of  the  curve  described,  and  show  that  the 
particle  will  be  moving  in  the  opposite  direction  to  that  of  projection 

at  time  rPn  cot  a , 

• ■ / cos  a ' • • 

d Since  the  acceleration  / is  inclined  at  an  angle  re  with  the 

Action  of  motion  i e.  the  tangential  sense.  . 

•’*  ’The  equation  of  motion  along  tangential  and  normal  directions  are 


men  by 


..(1)  and  — =/sin  a. 
integrating  (i),  we  get  i v 2 cos  re  + C. 

Let  -4  = 0 initially  * e.  w hen  v = u.  ■ . 


Then  i 1^  = 0 + C or  C 


Dynamics 

-if. 


v2  = 2 fs  cos  ri  + «'• 

Substituting  this  value  of  v2  in  (ii),  we  get 


p=dr/dV 


(Nott) 
of  IMP1* 


2fs  cos  a + n2  =/p  sin  a ~f.  (dsA rfy)  sm  a, 

fds  dy  0I  . 2LS2t  g 2 col  g iM 
2/s  cos  a + 1?  _ SIn  a 2/«““m+4|yingbolhs,d^,^ 

Integrating,  log  (2/r  cos  a + w2)  - 2y  cot  a + log  A. 

Let  y = 0 when  s « 0,  then  log  u‘  = log  A, 
log  (2/s  cos  a + n2)  = 2 v cot  a + log  « 
ir  4-  2/s  cos  CK  Sycct  a 
0r  n2 

or  (P/cos  a)/u2),  = t2'*'“,‘!-< 

or  r = {(M2/cosO)](r2',“"'-0.  . . ion 

is  the  required  intrinsic  cqu 
Again  from  (i),  we  get  &■$/ dr  ~fc os  <X. 

Integrating,  ds/dt  =/r  cos  a + K. 

When  t = 0,  ds/dt  = ii,  u » 0 + K -l*1 

Hence  ds/dt  =/f  cos  a+  »• 

Also  from  (m),  we  have  v = V(2>i  cos  a + «') 
or  rfj/rf/  = V(ir  e2vc0(  a).  from  (iv) 
or  ds/dt  - it  *v  CDt  Q 

•.  From  (v),  wc  get  i<rvcor<x=/rcosa  + « ..fid 

or  i = u (ev  cot  “ - 1 )/(fcos  a).  vhit  ef  & 

When  the  particle  is  moving  in  a direction  opPosl  j^innf 

projection  (if.  to  opposite  to  v=0).  wc  have  y = tr  an 


V =»  n in  (vi),  we  have  the  required  time 

»(<*  “•“-!)  (/cos  a). 

**Ev.  16.  The  tangential  acceleration  of  n 
a circle  of  radius  a is  X,  times  the  normal  acceleration, 
a certain  time  h h,  prove  that  it  will  return  to  the  »me  P0,‘  f $;j 


9n«* 


time  (1  - e 


Sol.  Civ 
dr 
V dr 


i «iu  muni  iu 

sO.fnunMl**'"" 


— 

that  tangential  acceleration 

\ d> ?.t- 

ds  * 


p «/r  (dj/rfy)' 

«/»a).idv*  or  (1  /»•)</»•»  A.  dy 
log  v - log  c » Xv  or  v/c  a or  » » rcXv  f{Ctf  W 

AKn  the  equation  of  the  path  of  the  particle  is  given  to  be  a , » 
ui  « «tt  in  equation  « i « «V. 
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Now  let  velocity  v be  « when  y = 0,  then  from  (i),  we  jret 
u = ce°  or  c~  u. 

From  (i)  we  get,  v » = ue^s/a 

or  ds/dt  *5  n«*ut  where  jt  = \/a 

or  di=Q/U)e-^ds 

Required  times  time  taken  in  moving  from  j = 0 to  s — 2na,  the  cir- 
cumference of  the  circle.  . , (Note) 


Oh) 


"t.  0 L “4  Jo  ">*L  J 


~(a/X\. i)  (I  — e~ 2*^),  from  (iii).  Hence  proved 

. **Ex.  17.  The  direction  of  the  acceleration  of  a particle  moving 

in  a cycloid  makes  with  the  normal  an  angle  equal  to  that  which  the 
«ngent  to  the  cycloid  at  the  point  makes  with  tangent  at  the  vertex 
and  is  in  the  same  sense.  Prove  that  the  tangent  at  the  point  turns 
uniformly,  and  that  the  magnitude  of  the  acceleration  is  constant. 

. kd  the  tangent  at  any  point  P on  the  cycloid  make  an  angle  y 
'y.  ,*1e  tangent  at  th?  vertex  (measured  in  anti-clockwjse  direction)  Then 
nis  tangent  makes  an  rr  — itr  with  r>thpr  cidi»  of  the  tnnpent.  Hence 


...  ...c  mngem  at  in£  vertex  (measured  in  anti-clockwjse  direction;  men 
jus  tangent  makes  an  angle  k - y with  other  side  of  the  tangent.  Hence 
t e direction  of  acceleration  makes  an  angle  n - y with  the  normal  at  P 
(measured  in  clockwise’  direction) 


Hence  lan  (K  -¥)  = , &/'-  = 

ds'  p d<‘  'I* 


- tan  v = 


dv 


•dy 


ds 

= - tan  y r/y 


= A cos  y. 


Integrating,  log  v = log  cos  y + log  A 
V~A  cos  v,  where  A is  constant 

ds  . ds  dy 

, -4  cosy  or  ~r~.j  = 
at  Y -dy  dt 

Also  the  equation  of  the  cycloid  is  s = 4a  sin  V 
ds/dy  = 4a  cos  y = p 

From  (i).  we  get  4a  cos  V (dy/dt)  =4  cos  V 

dy/dt -A/4a,  which  is  constant  , , 

“ence  the  tangent  at  the  point  turns  uniformly. 

From  (i),  v = cfr/<//=4  cosy. 

*•  Normal  acceleration  - ^ cos~^,  from  (ii)  and  (mi 
p 4a  cos  V 

• = (4“/4a)  cos  y. 

And  tangential  acceleration  ='^^  = 4 (A  cos  y),  from  (iii) 

* dt  dt  ^ 

= - 4 sin  y {dy/dt)  = -(4  s,n  y)  (4 /4a)  * - {A' /4a)  sin  y 


’ **%.*■ 

‘-SS3'  ^ 

i„/.|j  = 1 COS“  . 

V v‘7v  = (^'«a'“‘ 

,„.es««"e-*eh“" 

12  = («cos“>J+  1 (Vip.  I" 

,s  coniia"1  °r  ""CEn’"°  ( v)  »<"' 

r „*** 

»hcn:..>W"’";nc‘,cX).  0„56  rJ-t 

2-  Itl)  * 


^Fltf  v!  riik 

WX'.  ^ V>:  -:Fiv  A?30hIQ  tia'il'W  j 
— — -pitfjFcfiles 


§1.  In  the  present  chapter  we  shall  consider  the  motion  of  a 
> Particle  in  a plane  curve  which describes' when  projected  in  any 
h »t,<m  ’n  a Ver^*ca^  P^ne  through  the  point  of  projection.  We 
,1  snail  suppose  that  the  resistance  due  to  air  and  the  slight  variation 
is*  *.n  forces  of  gravity  to  be  negligible.  The  particle  which  is  pro- 
J m , !s  projectile  and  the  path  (curve)  traced  out  by  it  is 
jt  ca'led  its  trajectory. 

1‘  ‘ **§  2.  A particle  of  mass  m is  projected  frorii  a fixed. point 

**  l?°i!he.air  Velocity' u,  in  a direction  making  an  angle  a.  with 
tte  horizontal.  To  find  its  motion  and  path  described.  i 

( Allahabad  80  ; Bcrahampur  81 ; Bhopal  83  ; Calcutta  81 ; 
• , ’ Garhwal  79  ; Gorakhpur  84\  83  ; Indore  79; 

Lucknow  84,  80  ; Meerut  86,  83,  81) 


.'.Take  0,  the  point  of  pro* 
£ct'0n!  as  the  origin.  Take  the  , 
vertical  v line  through  'O  as 
>'axis  and  the  horizontal  line 
•X0®*  0 and  lying  -in  the . 
Plane  in  which  the  particle  is 

Projected  as  x-axis. 

Hence  x and  j’-axes  lie  in 
a Plane  in  which  the  particle 
moves  and  this  plane  is  known  '1 
as  plane  of  flight”. 


. Let  tl,e  particle  be  at  P 'Fig.  1 . (a) 

!,  • >’>  time  I.  Then  iPx/ill*  and  i'-yldl • will  be  the  accelera-  . 
i?"S  thli  Pfftide  in  the  directions  in  which  X and  y increase: 

, ° the.  onl).  lorie  acting  on-tbe  particle  at  P is  its  weight  mg, 

Ming  vertically' downwards.  . ■ . 

Then  the  equations  of  motion-in  the  horizontal  and  vertical 
directions  are  - , or  X=Q-  . ' (j) 


and  . 


ncntonf"iS?  ® we  Lavc  i=constant  l. 
nent  of  vc  ocity  of  the  particle  is  constant 


or  >*-g.  „.(ii) 

i.e.  the  horizontal  compo- 


. . . »'*«ucie  is  constant, 

initially  j.c.  at  O,  horizontal  * component  -of  velocity cos  « 
■ • - . •••  -*-««««.  . - ••  - •••(«') 
and  ,te  h°r'z°nlal  component  of  velocity  Kill  remain  const  ant 

a “I'to/  'o  u CO,  a them, shoal  the  motion.  (Remember)  39/P/l 


Dynamic 

Integrating  Ofc 

At  ti>=  ho,m^r>  ***  * 

, rivi  give  any  'itnc  . » *wre 1 

*XS&S2~^~* 


is'ant  of  >ntc£  0_ 

Initially’  i-e- 


x=°>  1 q°Lb  or  ®"0' 
=iic°s«“+c 


r»S*- 1 


Jt 

, . 0 =M  COS  * t • 

Henee-  ^ injegrating-  *here  C fe  c°n 

,nUy  -f-Vo+c  nt  c ,«*>“ 

Hence  (vt  and* (v«  8'vef  p\n  terms  'he  PJ,"C'  1 

^SS^SsbssV  , 

by  eliminating  tire™  JO 

3 I5®  u OOS  “ 

Ft0m(v),-^  . .na^. 

.Substituting  in^.'"66"^; 


By  sector 

Tube  O.thc  pojh(; 
Of  Ptot'^Ve  vcrti- 

origin.TaVe  ' Q a, 

cut  line  "J“he  boriron- 
,-aiis  and  tM”  a 

ta"tnf"Y,°UEp'an=  «> 

tym\'",he  particle  .s 

. SS-Srbs ' 


( . 1 (W  f£**  ■ 

PS-  ,be 

peered  ns  x-n—  . a(lcr  time  '-^tW 

Ut  the  pa't'o  o^nd  e the  velocity lectio? ^ rf 

vector  oftne^^unit  «2»“Ae 
t-c'*  °Y?  p the  only  f< 


'"'of  tbe'point  P and 
ic.?f„YdTb?  the  unit 


r and  v the  vcl?f  ^ire^o  , „t  rf 

ssgsffi^. 


particle  ,s  <*!£*— m*l  otHT> 

W T/rl 
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Also  we  knowv^  so  from  (i),  — gj.  — ^ 

r ■ Integrating  (ii),  we  get  v—  -gt  J+Ci,  (ni) 

^'here  C,  is  a constant  \ector. 

' Let  u be  the  initial  velocity  vectoj  of  the  particle  and  its  mag- 
nitude be  u. 


Then  from  figure  we  find  u— (u  cos  a)  5 -{-(//  sin-«)j.  ...(iv) 
Initially  i.c.  at  O,  we  "have  ii=y  and  /=0 
From(iii),  we  get  u=0+Ci  or  Q=u. 

From  (iii),  we  get  r=—gt  j-f  u 
or  v=— g/  j-H(«  cos  a)  I-f  (w  sin  a j],  from  (iv) 

or  » r=  _(fj  cos  ec)  i+(«  sin  a -gt)  j.  .,.(v) 

From  this  result  we  conclude  that  the  components  of  velocity 
v at  P in  the  directions  of.v  and  y axes  are  u cos  ce  and  u sin  a—  gt 
respectively,  i.e. 

x±u  cos  a and  S>—u  sin  x-gt,  ...(vi) 

where  P is  (x,  ;•)  and  x,  y have  their  usual  meanings. 

• Again  from  (v),  we  get  7 

> ■;/;=(“  cos“'  i+f^sin  *-*<)!.  v=  jt 

Integrating,  we  have 

r— [(n  cos  a)  r]  !+[(«  sift  a)  t—}gt* ] J+C,. 

Initially,  \ * r=0,  t= 0,  C*=0. 

We  have  r=»[(u  cos  a)./]  sin  a)  /— igt*]  j 

°r-  *'+jj-[(;/’cos  ce)  /]  i+[(tr  sin  ee)  t — g/s]  j.  since  k-=xi-H’j. 
Equating  the  coefficients  of  i and  j on  both  sides,  we  get 
' . XfO*  cos  «)  t and  y^=(u  sin  «)  t—’igt*.  ...(vii) 

Eliminating  t between  the  two  results  given  by  (vii),  sve  get 

J =(rr  sin  «)’  f — — l-lp  f — 1*,  v t—  — -~ 

|»  cos  OS  J _ I U COS  * ] " COS  * 


or  • •*  y-x  tanK-^#^  '.  : 1 '•  fB) 

• • • _ 2«*  cos-  a ••■W 

which  is  the  required. equation  or  the  path  of  the  projectile.  , 
fr>  Since  the  second  degree  term  in  equation  (A)  or  (B) 

■jorms  a perfect  square  [after  multiplying  each  term  by  (2u2cos2«)/gj, 
ence  each  of  these  equations  represents  a parabola. 

- (Burdwan  79) 

*§  ?•  Jo  find  the  latus  rectum, ' the  vertex,  the  focus  and  the 

irectrix  of  the  parabola  traced  out  by  the  projectile. 

{Gorakhpur.  83  ; Indore  79;  Meerut  86) 
tile  F-  § ^ equation  (A),  the  equation  of  the  path  of  the  projec- 


>’*=*  tan  < 


* W*  cos*  «' 


'2m2  cos2  cc‘  " 2m2  cos2a 

r * — - — y=  — - — • 


x tan  ec— ** 


g 


-pynaniics 


*•- 


or. 


• ■.„coS,'0lS"'tO 
adding  0'**‘n'  co,«y 

or  l*-'  g ■*), 

of  the.. 

an  Then  the  eSjt°bccotn« 
_4o>.  new'orio»n 

Therefore"  e arabola.. 

SSS3?S’r~ 


iifj&t?-  y 

„*sinL . 

. 2i^gU 

both^f- 
2irC2i — 1 
S 

VI 


,Q^r=(U*  S**»  * j £0^*  &*'  * * ' 

* , r,_vN“(“’  s'1"1  “'inbc  parahole^^iocltyi*  _3r:>'>0'J;  ct>‘ 


Let 

Then  VS-VL 


’pjZSS^Y^Jv' 

e J.i  (to; 

:jxlatus .recto  - ^4  \ ^ «)  - * ^ 

r^»r'‘.iCSrnr;>,£.f 

...  tW-«^fi5s?!s&SS'*‘ 

Fronrhere  wUh  the  snm-  ' tion  o'  , ,t 

Again  the  in<  <1 

„„W2K)e«3*cn.S.rc 


•••  .r-^: 

' 't7&v'.on'orbe,oW.he  . 

The  focu*  S h«  „ or  < 0 
thc  ordinate  of^‘ 


; * * * ' Projectiles  . 5 

ie,  (~u"/2g)  cos  2«  > , =or  <•  0 

».e.  4 cos  2«<,  =or  > 0 

i.e,  - - ' 2«>,  —or  < (Notie) 

i i e.  • a>,  =or  < i7t 

j Polar  coordinate  of  the  focus. 

Referred  to  O as  pole  and  OX  as  initial  line,  the  polar  coot* 

: dinates  of  5 are  (OS,  L SOX)  i.e.  (r,  &). 

. , Now  we  now  for  a parabola  the  focal  distance  (distance  from 
. the  focus)  of  any  point  on  it  is  equal  to  its  distance  from  directrix. 
/.  OS=  OE~  LN=  ut/2g,  from  (iv) 

Also  for  a,  parabola,  the  tangent  at  any  point  bisects  the  angle 
between  the  line  joining  that  point- to  the  focuS  and  perpendicular 
from  the  point  on  the  directrix. 

If  the'  tangent  at  O to  the  parabola,  meets  the  directrix 
in  A/,  then  /LEOM=/LMOS. 

But  Z.50A/=irc-a  * 

Z.A/0S=i*-K.  Also  ZA/0.v=a 
‘ LSOx^LMOx-  ZA/05=a-(^-a)=2«-i:c. 

Hence  the  polar  coordinate  of  the  focus  S arc 
’ ‘ [u*/2g,  (2ec-fTC)]  - .*  v(vii) 

§ 4.  Velocity  at  any  point.  The  velocity  at  any*  point  of  the 
Patrick:  is  the  resultant  of  the  horizontal  and  vertical  components 
of  velocity  at  that  point.  - 

We  have  found  in  § 2 page  1 that  at  time  l the  horizontal  and’ 
- vertical  components  of  velocity  are  given  by 

*=  if  Cos  cc  and  X=u  sin  * -gt  (see  results  (iii),  (iv)] 

The  magnitude  v of  the  resultant  velocity  at  time  t 
=V(*2+>‘)  •- 

. ‘ =V{(tt  cos  «)*+(»/  sin  « — gt)2}~y/{u~~~^8t  sin  «4 -g5/2)  and 
its  direction  is  inclined  to  horizontal  at  an ‘angle 

■ " -tan-T  j-Utan-i  jiL^-gl  ' ' ’ 

v X ) I U cos  a J 

% **§  5.'  To  prove  that  the  velocity  of  projectile  at  any  point 
of  its  path  is  that  due  to  a fall  from  the  level  of  the  directrix. 

(Agra  82,  81;  Allahabad  SO;  Kanpur  82) 

• Let  the  particle., 
projected  tYom  O 
with  velocity  u mak- 
<r>8  an  angle  ac  with 
the  horizonal.  Let 
the  paiticle  come  at  • 

• £ -v»  P)  after  time  r. 

Now  if  x ‘and  j>  be 
the  horizontal  and 
vertical  components 
of  velocity  at  P.  then 
we  know  that 

cos  * and  p= 


u sin  « - ' Fig.  3-* 


6 Dynamics 

If  v be  the  magnitude  of  the  velocity  v at  P>  l^en ' 'f  5 
Y*^(x*+F)^u*~2ugt  sin  cs-fg2/*  ; ; *"Sct§  * 

=u!—2gy,  V >•=«  sm  a.i -}{'(*•  ...S«3  - ^ 

=2g  )=2g  (QL-PL),  V directrix  is  P««  b)7':( 

or  v==2y  (PQ)*=2g  [the  depth  of  P below  the  ditatrill 
Now  suppose  a particle  falls  freely  from  Q to  f3. 

Then  from  "v?=«3-f  2gx”  we  have  * # . atnf  2$ 

(velocity  at  P?~0+2g  (fQ)r2S  (T0..wWch  iS 
proved  above. 

Hence  the  square  of  velocity  at  any  point  on 1 rrcdff,a^ 
as  the  square  of  velocity  acquired  by  a par  nek  1)  JLii}e!9ii>rt‘ 
rest  from  the  level  of  the  directrix  to  the  point  \ inner  |#sfr 

*§  6.  A particle  is  projected  with  velocity  u W"®*!! 
« with  the  horizontal,  to  find  (a)  the  time  ofnUoM  i for,  pi<* 
range  (cj  the  greatest  height  attained  and  (a)  tnc 
height. 

fa)  Time  of  flight. 

The  time  taken  by  the 
particle  in  movingfrom  the 
point  of  projection  O to  A , 
the  point  where  the  hori- 
zontal *ine  through  O (in 
the  plane  xOy)  intersects 
the  path  of  the  flight,  is 
known  as  the  time  of  flight. 

Let  T be  the  time  of 
flight.  Then  in  time  T,  the 
vertical  distance  moved  "by  the  particle  is  zero.  once  *<*•*' 

Ajso  from  § 2 equation  (vi)  Page  2 the  vertical  dn 
by  the  particle  in  time  t is  given  by  y~U  sin  «.t"7&  ' 

At  A,  y=0  and  t=T. 

0 -»  sin  a T ■ JeT*  or  7*=(2«  sin  <x)/g 


(AjtrfM 


Time  of  flights 


2u  sin  a 


(b)  1 1«rl7fln(al  Range. 


(initial 


rtrtlMl 


(M’J 


, B..  'n^jvd(? 

OA  is  called  the  horizontal  range  and  is  general))* 
ft-  Hence  horizontal  range  is  the  horizontal  dbtafl*®  \^rl 
by  the  particle  in  time  T—  {(2«  sin  *)/gJ  with3ConstafJ,,fi< 

\el  icily  u cos  <t: 
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Horizontal  range— R— (u  cos  k)  T=u  cos  a {(2t/  sin  a)/g} 

2us  since  cos « 2 % . . 

. = n - (u  COS  KXU3U1  a) 

«(2'g)  (horizontal  icrocityjx  (initial  vertical  velocity) 

, - *=  (u*/E)  sin  2a  ...(H) 

= 2 (abscissa  of  the  vertex)  (See  § 3 Page  3) 

Maximum  Horizontal  Range. 

If  u rem  ains  same,  « only  varying,  then  the  maximum  \alue  of 
le  range  Rt=  i?jg,  since  maximum  value  of  sin  2«=  1 . 

, Also  sin  2«=1,  when  2a=Jn  or  rsJ^, 

Hence  the  horizontal  range  is  maximum  when  the  particle  is 
‘rejected  at  an  angle  t?/4  to  the  horizontal  and  maximum  value  of 
orirontal  rangc^i^/g.  . ,(jji) 

Also  for  we  have  proved  in  § 3 Page  3 that  focus  lies 

Dn  the  horizontal  line  Ox. 

Directions  for  Range.  (Gorakhpur  79) 

'Ve  know  horizontal  range  R~(uVg)  sin  2x—(ttt/g)  sin  (n— 2«) 
sin  2 (iri- a)  =(tA/g)  sin  20,  where  0=  (£:;—«). 

Hence  the  range  remains  the  same,  when  the  particle  is  pro- 
Iir  ♦ at  aa  anBlc  * or  (i~—  *)  with  the  x-axis.  Thus  there  are  two 
rcctions  in  which  a particle  may  be  projected  with  a given  veio- 
' y u 50  as  to  have  a given  horizontal  range.  These  two  directions 
i,TiC^Ua  y inclIncd'to  the  horizontal  and  vertical  dtrectigns  Ox 
W respectively  and  hence  equally  inclined  to  the  diroc’ion  of 
aximum  range  jvhich  is  the  bisector  cf  Ox  and  Oy  (V  «=$*)'. 

(c)  Greatest  Height  attained. 

. r * (Agra  86;  Maharishi  Dayanand  79;  Meerut  81) 

WV  havc  proved  in  § 2 Page  l that  if  x and  y be  the  horizontal 
u vertical  components  of  the  velocity  i*  of  the  particle  at  time  tf 
cn>  ' * - a’=swcos«  and^==»w  sin*— gt', 

• noc  NVC  conclude  that  the  horizontal  component  of  velocity 
ctonj,,ar>t  throughout  the  motion  whereas  the  vertical  com- 
ponent  of  velocity  changes  with  the  tmie. 

i,-v».r‘o'!le  h'Ehes‘  vomi  the  venicat  velocity ' should  be  zero  bc- 

stilt  further’  n0*  S°  ll'cn  tbcr=  is  11  lcndency  °r  tlie  Parlldo  t0  rlse 

cst  poi^bThcS  !&“-  by  in-reaching  the  high- 

v r • men  trom  y=u  Sm  we  have 

or  ' 'T°=uVa<‘Sl\  ' ■ 

- r-  . 7>7<us,"«)/S=i  (time  of  ilight) 

Greatest  height  attaiuetl=CB=“u  sin  «.<— ig<*” 


““  ™.  * [(“  sil>  “Vsl—ig  [(«  sin  «)feP 

= .<-  •|1’._>=s„f.  „=SW« 


— M 


s 


Dynamics 


coordinate  or  the  vertex.  • *,*^ec  $ ^ 

(b)  Time  for  a given  height.  * 

Let  h be  the  given  height.  Then  during  the  motion  ci  w P “ 
jeetile  the  particle  will 
be  at  n height  h above  ■ J 
the  horizontal  level  thr-'  * 
ough  the  point  of  pro- 
jection O at  two  diffe- 
rent positions  Px  and  Pt 
as  shown  in  the  adjoin- 
ing Fig.  5. 

Then  from 
“.>’<=*/ sm  «./— $g/*M 
we  have 
/»=«  sin  «c  .1 


-iSt* 


. Fig  5 

gt’—2u  sin  «.f+2fi=0, 


which  being  a quadratic  equation  in  t,  gives  two  va  ^ siat 
Ponding  to  two  posHions’Pj  and  Ps  of  the  projectile 
height  h. 

§7.  Properties  of  Parabola.  - ' . mind 

The  following  properties  of  parabola  should  be  ^ 
vs  they  facilitate  in  working  out  problems  on  project;  cs  • 

,k  (a)  The  distance  of  any  point  on  the  parabola  r0 
always  equal  to  its  distance  from  the  directrix.  f0t  at 

•(b)  Tangents  at  the  extremities  of  any  fecal  c 
>ght  angles.  , w»eentS{ 

(c)  The  tangent  at  any  point*  bisects  the  a ng 
perpendicular  from  the  point  on  the  directrix  and  the 

f the  point.  • • . d to  d* 

(d)  The  line  joining  the  middle  point  of  any  ^ 
parabola  And  the  point  of  intersection  of  the  tangent a 
•mities  of  the  chord  is  parallel  to  the  axis  of  the  para 

Solved  Examples  on  § 2 to  § 7. 

Ex.  i (a).  A cricket  ball  is  thrown  with  a velocity  « 
find  the  greatest  range  on  the  horizontal  plane  and  the  t«°  ^ flJ_ 
in  which  the  ball  may  be  thrown  so  as  to  give  a range  of* 

Solution.  Given  that  t/=49m/sec.  1 ' * 


Greatest  range=  — *=  49x49  _245  m. 
’ • g ,9.8 

Now  it  is  given  that  ranges  122-5  metres 
“'sin  2k  a 49x49  smjg  , 

g or  9- y 

* . sm2«=i  or’  2«*=30°  or  «=*  15°. 


A* 


122-5 
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„ The  required  two  directions  which  will  give  the  range  of 
122*5  metres ‘are  15°  and  90  —15’  i.e.  15°  and  75°.  Ans. 

Ex.  I (b).  If  a particle  is  projected  inside  a horizontal  tunnel 
which  is  4 metcrs’high  with  a velocity  of  5D  meters  per  second,  find 
the  greatest  possible  range. 

Solution.  Let  u metres/scc  be  the  velocity  and  a.  be  the  angle 
°f  projection  respectively. 

Then  we  are  given  u=50  m/sec. 

^nd  max.  height =(«*  sin*  a)f2g=4  meters. 

i.e'.  (50)*  sin*  «=8£=8x 9*8=78*4 
or  sin*ee~(78*4)/(50  x 50)=0*03 

, °t  Sin*  oc— 0*  17  nearly  and  cos  «=0’9  nearly  - 

• Vi  . . 2h*  sin « cos  v.  2x  (50)s  n>1-  n.q 

..  .The  greatest  range  — — • — = — x0  17xU  9 

= 78  m.  nearly.  Ans. 


Ex.  1 (c).  , What- is  the  least  velocity  with  which  a cricket  ball 
■ caf>  be  thrown  80  meters-?  (Note) 

Solution.  With  the  least  velocity  u (say),  the  maximum  range 
",Il>  80  metres.  ' ' 

, >t/*/g=80  or  «*=80x9*8  or  u=x/(784)--=2?m/sec.  Ans. 

*Ex.  2 (a).  A particle  is  projected  with  a velocity  v so  that  its 
^ange  on  a horizontal  plane  is  twice  the  greatest  height  attained. 
Show  that  the  range  is  4i’*/5g.  , 

Solution.  ’Let  « be  the  angle  of  projection. 

. Given  range  on  horizontal  plane=2  (greatest  height  attained) 
.i.e.  s»n  * cos  « _ y*  sin2  os 

~2'  v 2g  ’ ..  See  §-6  (b)  and  (c)  Pages  6-7 
sin  «t=2/\/5  and  cos  «=1/V5 
Hence  the- required  range=  = ~- 

=4v*/5 g.  ‘ Hence,  proved. 

Ex.  2 (b).  prove  that  if  the  time  of  flight  of  a‘  bullet  o>er  a 
"»nzontaI  range  R h T seconds,  the  inclination  of  the  direction  of 
• proje«<on  to  the  horizontal  is  tan"1  fg T*/2RJ.  ( Berahampur  81) 

of  thfbS!?- Jf“and«  be  the  velocity  and  angle  of  projection 
me  uuuei,  then  we  have  • ' 

\R=(2n*  sin  a cos  *Vg  and*T»(2«  sin  tc)fg  \ 

•••  Sn  = yrffe sm-«)/gF  r . =tan  OH  simpl.rymp. 

A z IaA-  sin  cos  «)  5] 


' * g 

tan  «=2, 


_2 

V5 


1 

V5 


=tan-i.[?ppR] 


Hence  proved.  - 


(>) 


. Projectile* 

; • Solution.  Let  ux  and  ut  be  the  velocities  of  projection  of  the 
/Jodies.  Since  the  horizontal  ranges  of  the  bodies  are  the  same,  so 
' ' * (2 i/j*  sin  «,  cos  ect)  £^(2i/.*  sin  r,  cos  aj}g 

Whence  . f/1*/wJ*.a.sin  a4  cos  a.fsin  k,  cos  Kj 
’ Atso  their  times  of  flight  arc  given  by 

, /i=»(2i/l  sin  «j),g  and  /s=(2t/j  sin  a:)lg. 

} . tf-tf  _ (41s*)  ft/.*  sin*  sin1  «2) 

“ (4 u*)  (Wj*  sm!  a,-  tff*  sm*  a4) 

(tif/u,*)  sin8  gt— sin*  k, 

. ’ Wfitf)  sm*  Kj+sin*  a. 

(sin«,cps«,\sin,  Mtt,^ 

ysm  ot  cos  gt/ 


t-  j sin5  a,+sin*  o 


sin  g.  cos  ttj 
sin  eex  cos  «t  . 
sin  r.  cos  gj  sin  g|~  sin*  a,  cos  Rt 


, from  (i) 


. “ sinai  cos  «4  sin  K.+  sin*  «,  cos  ax 

sin  g.  (sin  gt  cos  «>— sin  aa  cos  Rt)  _ sin^R^  Rj 
“ sin  r,  (sin  cos  a.-i-sin  a3  cos  ax)  sin(Ri-f«s) 

**Cx  6 (a).  A projectile  aimed  at  a mark  which  is  in  a hori- 
Zontal  plane  through  the  point  of  projection,  falls  a m.  short  of  it 
"ben  the  elevation!*  r and  goes  6m.  too  far  when  the  elevation  is  p. 
Show  that  if  the  velocity  of  projection  be  the  same  in  all  eases,  the 
proper  elevation  is  i sin'1  [(«  <**  2p  +6  sin  2r )J(a+b)]. 

( Bhopal  83;  Gorakhpur  82;  hulorc  79;  Meerut  S6,  85,  82)  u 

. Solution.  Let  O be  the  - 
Point  of  projection  of  the 
Projectile  which  is  aimed  at 
V’  such  that  OC=c‘(say). 

- Let  0 be  the  required 
proper  elevation  and  u the 
Velocity  of  projection  which 
ls  llle  same  In  all  cases. 


(Fig.  7) 

^/hen  angle  of  projection  is  r,  the  range  is  OJ=c 
c—a—W/g)  sin  2r 

• When  angle  of  projection  is  p,  the  range  is  OB=c+b, 
c-\-b— (M*.g)  sin  2p 

■ When  angle  of  projection  is  0,  the  range  is  OC=c 
c=(u2/g)  sin  2Q  • ',< 


AC= 


CB—b 

•■•(h) 


...(in) 


...  bv  [>  and  (.<»>  J asin'Zf)  . 

SubSliuitinB  ”'"' ; \b + ^^"2p)|((.+rt  ,,  «t»«  i 
, S'"  -e  .„-,  ifb  sm  ‘ ,„icctcd  ft01”  the  «•*»* 

V«Sfcg£S> 


rang"  g dy  the  shouW  **  (i" 

2„  cos.* « - . * «(!»  ' 


X • g I “ tie 

•••  *“"**  * 


atw'so“£fo”  £ M . 

pa  ’ £»£-*•,  ft’"  " **  . lC0S«)/«  ... 

'■“  2shtWo^u^^s"  **s&)  &* 

****-*%£!  *%•  -\?^r  [ .y 


?^s^ar‘  ■ ■ 
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Solution.  Iff/  be  the  velocity  of  projection  and  a the  angle  of 
projection,  then  /?—(«*  sin  2n)jg  and  /»=(«*  sin2  «),'2^r 
sin2  2a  2? 


•«,.  Rz  2u-  sih*  a 

-ir  ■ 


.r 


- »*  sin*  g » f/2  4 sin2  a cos2  a 
g 4g,sin2  a 

s|/s/g=inax.  horizontal  range. 


‘ Sir  sin* ! 
_ «*  sin2  c 


+ fr 

Hence  proved. 

Ex,  7 (b).  A particle  is  projected  with  initial  velocity  u.  If  h 
k the  maximum  height,  r is  the  horizontal  range  from  the  point  of 
projection  and  tis  the  time  of  flight,  show  that 

. ’ ‘ A=*i  £/8  and  (trj2g)=*h+l  ( r2/4/i ). 


Solution.  We  arc  given  that 


• /j—  sin" « 

. 2S 
and  r=-(2ii  sin  <t)!g 


2«2  sin  a cos  a 


Oi) 

•On) 


Prom  (iii)  we  get  sin  cc*=£//(2m) 
From  (i)  we  get  /i=  = 

2y 


Si.!  . 

8 Hence  proved. 

8 m*  cos2  a 


’ u-  sin8  a 


’•  f/2  sin2  a , «*  cos2  a 

- ,,+*^=  — — + — 2—  = 2*  Hence 


proved. 


i particle  is  projected  from  a point  on  the  level  of  the 
height  is  h when  it  is  at  horizontal  distances  a and  2a 


Ex.  8.  A { 
ground  and  its  height  is  /. 
from  its  point  of  projection.  , Prove  that  the  velocity  of  projection  u 

is  given  by  j^T  +9/i  j . 

Solution.  Let  a be  the 
angle  of  projection  and  O the 
point  of  projection.  Take, the. 
upward*  drawn  vertical  line 
tnrough'O  as  y-axis  and  .the 
norirontal  line  through1-  O ' 

(lying  in  the  plane  of  flight) 

,as  x-axis.  Then  ’the  coordi- 
nates of  the  points  P and  Q 
which  are  at  height  A above  O 
jtre  (a,  h)  and  (2a,  h)  respec- 
tively (correct  the  figure).  - 


(Fig.  8) 


f,‘  Also  the  equation  of  the  path  of  the  particle  is 


-g#-  ' 
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Dynamics 

As  P (a,  h ) and  Q (2a,  h),  lie  °n  50  "C  h Jjo’_ 
ga-  __  , .(i)  and  /t=2a  t“n  *"  hf  cos' « 
/i_dtan«—  2u-  cos3 « ■ , 3gal.  _ 

Subtracting  (i)  from  (ii)  wc  Set  lana  5i?a^s* 

atan«=3ga'/2n'cos'n 

3ga'  ~ — hScos’ k 

From  (i).  I‘=  -$?  c55nr  2“’  cos  “ - ' 

see-*  fit-  l/Vl'ga*  , . „ t,"  CC — 

Substituting  this  value  fa  0)  » E l,a-  tan! 
a tan  a=,  /t  or  tan  «=•  (A/a) 

9/d  *h 


...w 


(iiil 


scc2«-l=^-. 
id  a*  1 9/d 


/l  from (iii) 

or  JJi  -1--4a>- 


! 1 9/d  , ,1=L  f9/d+4o'l  or*=5(9',+  ’'‘J  0<ci 

°r  g=/t  L«?+1]  4/tl  J 

»*Ex.  9-  Hot  any  instant  the  H>l(  il 

Its  direction  of  motion  i to  the  homo  ■ . ’e  (aW  “*■ 1 S3) 

moving  n.  right  angles  to  •* 

Solution.  Let  at 
the  velocity  of  the  par- 
ticle be  »,  making  an 
angle  9 with  the  hori- 
zontal. Let  r be  the 
velocity  of  the  paiticlc 
at  Q,  when  it  is  moving 
at  right  angles  to  its  di- 
rection at  P.  .*.  At  Q 
its  .direction  of  motion 
ms  inclined  to  the  hori- 
zontal . at  an  angle  

(90-_6)  ns  shown  m (Fig .9)  W 

the  diagram.  , . ..  rcmains  c‘ 

* Hbrizontal  component  of  velocity  ,(!. 

"*rr. i^cosi.O’-a,  or 

■ - 

vs  here  , is  the  time  taken  in  moving  from  P to  (?• 

— v cos  </=«  sin  0 —gt,  , . cosJI.  fr0 
sin  #+>  cos  tl  = u sin  B+[u  cos  fcstn  1 , 

.(u;sin  #)  (sin’  0 4-cos>  s)-u  cosec  tl  j|cn«  r" 

>Uiig)  coscc  0. 
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10.  If  a be  the  angle  between  the  tangents  at  the  extre- 
mities of  any  arc  of  a parabolic  path,  v and  v'  the  velocities  at  these 
extremities  and  u the  velocity  at  the  vertex  of  the  pith,  show  that 
the  time  of  describing  the  arc  is  (ve'  sin  a )l(ttg).  (Bhopal  81) 

Solution,  Let  PQ  be 
the  arc  of  the  parabolic 
path  under  consideration. 

Let  0 be  the  angle  which 
direction  of  motidn  of  the 
particle  at  P makes  with 
*the  horizontal,  then  the 
direction  of  motion  at  Q 
makes  an  angle  (tt — 0 — fit) 
with  the  horizontal,  as 
shown  In  the  diagram. 

V Horizontal  component  of  velocity  remains  constant  thr- 
oughout the  motion.  .. 

•**  V cos  0— u=v'  cos  fa  -0— a) 

v cos‘0=«=  — v' cos  (0+a) 

r ,£k°'f°r  the  vertical  component  of  velocity  from  “i*=u+//” 

,or  the  motion  from  P to  Q,  we  have 


-v'  sin  fa*-0 
°r  sin  o+v'  sin  (0+a) 


K)=r -sin  0-gt 


) 


-v*  cos  (0+ec)1  . - ..  . Ji- cos0] 

• ~L~  -fv'sm(0+cc)  "J7“l  ’ 


°[  (0-j-o:)  cos  0 - cos  (0+«)  sin  0J  ’ 


(Note) 

from  (i) 
(Note) 


, Hence  proved 


—(yfjtig) sin  [(ff+«)-0j=(»i>7ng)  sin  «.  • **** — r _ 

*E*.  U,  If  r„  v2  be  the  velocities  at  the  ends  of  a focal  chord 
• a Projectile's  path  and  u the  velocity  at  the  vertex  of  the  path. 

* thC"  Sh°'V  <ha*  • + h = (Gorakhpur  81  ; Kanpur  82) 

. Solution.  Let  PQ 

»c  iue  gjven  foca,  ,;hord 

S2#.lhe  direction  of 
at  P°n  °f the  projectile 

with  *?IauC  an  angIe  6 
J2hJhe  horizontal,  then 
th-  direction  of  motion 
™ ,tlie  Projectile  at  Q ». 

.makes  an  angle  (90°  • 0) 

'Vth  th?  horizontal  (as  ; 

shown  m the  diagram).-  * ' 'Fig.lt.  * 

Sd  that  the  tangents  at  the  ends  of  a focal 

a of  a^  parabola  intersect  each  other  at  right  angles. 
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IC,  Dynamic; 

..  Horizontal  component  of  the  velocity  remain;  constant 
ihouchouMlirinotion.^  ' K**=r,«n«-»  . 

or  - 

Squaring  and  adding,  "c  f“  >,>  • t,'  '*  ^Qon  > 

piraboUc  trajettory.  and. I \M  ?QT  lhcn  jffu 

pro'sl“'io«.  ir*- «■*- ‘ 

parallel  to  the- axis  of  a para  . respectively  t0 

\crtica1  line.  . , . ancic*  P and  K r ^ 

Let  PT  and  (Jr  be  inclined  at  angle  p ^ 

the  vertical.'  f v,.t0.  ity  remains  const 

V Horizontal  component  of  s cio  liy 

out  the  motion, 

V v,  sinfl«*v,  sin  * * /\ 

v,  sin  a ■ /$  rt\ 

or  V, = sin  fl  —to  » ftrp. 

Also  from  A (?AT.  B \ . 

BL-M.  * — N? 

sin  0 sin  a / * \ 

where  /_QKT=0  (say)  ' / -V  .V, 

• or  Orsm  «=A'(?  sin'O.  ff  ..  , 

Similarly  from  &PTK,  / — 

° Fig- 12’ 

• sin  (»;— 0)  sin  fi  •• 1 

or  PT  sin  p~PK  sin  0.  pK^KQ. 

. Also  K-  being  the  mid-point  of  pT sin  p 

■ Prom  fill  and  full.  we  get  QJ  sin  R 


,o  /v-oemg  uk  <in  0 

From  (ii)  and  (m),  we  get  Qi  sin 
,sin  x/sin  p — PTtQT. 


HsKSSff 


or  .sm  K/>m  p — a ' - • DV‘"  ■ pSnCUJ 

. .fFrom  (i)  we  get  \\h-.-PTIQT.  ■ a’,ity  n'th  a,h,t  tl" 
Ex.  13.  (a)  A particle  is  projected 1 "“f'^orlaon.  Sh0",icl:  * 
u in  a directioa  making  an  angle  a vyitli  . of  the  Pa” 
amount  of  deviation  D in  the  direction  »f 
given  by  ’ tan  D-fer  cos  «)/(il-St<.»"  *>  , 

Solution.  .After  time  /"let'  , J/* 

the  particle-  be  at  P.  Let  the  - . j y'  _ 

direction  of  motion  of  the  par-  ci 

tide  at  P be  inclined  at  an  I ‘ J \ 

angle  fi  to -the  horizontal  and  v ' L£yy  \ 

' be  the  velocity  thereat.  - A--—  r (>  \ 

Then  deviation  D in  the.  . / / ’*  r*  \ 

direction  of  motion  of  the  parti- ' 1/  ’ 

~ cle  during  this  time  f=angle  ‘ 1 

between  the  tangents  at  O and  u - - ‘ 

- p=«— S.  , -0)  Fig-1*.. 


39/P  J2' 


Projectiles 


f(l  *•*.  Horizontal  component  of  a velocity  remains  constant 
throughout  the  motion,  so 

-00 


• V COS  /?— W COS  K. 

Also  for  the  vertical  motion  from  0 to  P,  wc  have 
r sin  £=w  sin  *—gt. 

u sin  k — gt 
u cos  R 

tan/J  = tnn« &L nr  hn» — tnnO & 


Dividing  (iii)  by  (ii),  we  get  tan  />= 


or  tan  r— tan/?= 


-tan  « •• 

1 u cqs  K 

Now  tan  /)— tan  (et— fl),  from  (i) 
i,  tan  et— tan  ft 


...(iii) 

(iv) 


1 4-tan  k tan  £ ' 


St 


gt/(tl  COS  «) 


‘ 1+tan  a [(«  sin  a- gt)/u  cos  a]’ 
from  (iv)  and  (v) 
gt  cos  « 


~ u cos  et-fu  sin  r tan  r -gt  tan  a • u—  gt  sin  « 

Ev.  13.  (b)  If  a particle  be  projected  from  the  point  O at 
an  deration  k and  after  time  t it  be  at  P,  then  pro>c  that 
tan  0c=$  (tan  a 4-tan  p), 

where  o and  arc  the  angles  which  OP  and  the  direction  of  the 
particle  at  P make  with  the  horizontal.  ( Bhopal  82) 

Solution.  Refer  Fig.  13  Page'!*. 

If  i7 . be  velocity  of  the  particle  at  P,  then  as  the  honzonal 
component  of  velocity  remains  constant  throughout  the  motion, 
so  Wc  have  v cos  fl—u  cos  a (i) 

And  for  the  vertical  motion  from  O to  P,  we  have  from 

v sin  0=n  sin  %-gt  - -(h) 

and  from  •«J=uf+jjr/8»»> 

PN=op  sin  0=(»  sin «)  t~igt*  ■••(*») 

l indents  are  requested  to  join  OP  and  from  P draw  P/V  perpendi- 
cular to  Ox.) 

Afro  ON^OP  cos  0— horizontal  distance  moved  by  the 
particle  in  time  t 
~(u  cos  «)  t 


...(iv) 


Dividing  (ii)  by  (i) 


we  get  tan  0= 


u sin  «— gt 


u cos  a 

' , * tan  p=tan  r— [g//(M  cos  «)] 

[gf/(it  cos  «)]s=tan  r— tan  0 
Dividing  (iii)  by  (iv)  get 

tan  0=  ' Si 


— (v) 


IS 


Dynamics 


Hence  pra«J 


tan  9=tan  ee-i  (fan  u- lan  P).  ffom  W 

tan  0=i  (tan  a+tan  P)  . rfocitT  U&1? 


that  it  just  clears  two  walls  of  equal  » & rectumof  . 


uV 


Solutinn.  Let  the  angie  &****'1 

QM  be  two  walls  of  equal  height 

NM  He°re  the  velocity  of  projection^V’^V^,  projt&" 
e directrix  above  tne 


Now  the  height  of  the 
,luv,_4ag=la 
= 2 g — 2g 
Hence  the  height  of  the 
directrix  above  PQ 
s=2<7— fl=o. 

Also  we  know  that  in  the 
case  of  a parabola,  the  dis- 
tances of  any  point  on  the  para- 
bola from  the  directrices  and 
the  focus  must  be  equal 


n cos  then 


..P 


The  distance  or  P from  ,he  PoSf!Lcfrix2a  (ProVeJ]l.,/e,> 
=the  distance  of  P from  the  4"**™  . to*” 

,*,  5 must  be  ,the  mid  point  of  PQ  w ' ^ equal  to 

PQ  is  the  latus  rectum  of  the  para 
Also  latus  rectum =“(2m*  cos*  a)ls  ■ 

(5m5  cos*  a,g)=*2a  or  u cos  o 

Iff  h=  'h'  «»"'  l“»sIn*  fr„m  (') 

(n  cos  «).("2o  or  '=,7f5Ti“  VfST’ 

—1Q(alg)-  |e  ‘fI0rn  °" 

•Ex.  15.  A particle  is  thrown  over  a tn 
of  a horizontal  base  2/ 


HenC!.p.!?i» 


and  grazing  over  the 
vertex  falls  on  the 
other  end  of  the  base. 

If  A.  B be  the  base 
angles  of  the  triangle 
and  a the  angle  of 
projection,  prove  that 
tan  a — tan  A+tan  B 
{A^ra  85  ; Gorakhpur  85) 


(Fig. 
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V Solution.  Let  u be  the  velocity  of  projection  and  A the  point 
of  projection.  Take  AB  as  x-aXis  and  upward  drawn  vertical  line 
through  A as  )’-axis  Then  coordinates  of  the  vertex  C and  the 
point  B are  (b  cos  A,  b sin  A)  and  (c,  0),  where  AC=b  and  AB—c. 
The  equation  of  the  path  of  the-  particle  is 

^ x , where  ec  is  the  angle  of  projection. 


y=x tan  ; — , 

2 u*  cos*  a 

As  C\b  cos  A,  b sin  A)  and  B (c,0)  lie  on  it, 
gb*  cos*  A 
2 «’  cos*  a 


b sin  A~b  cos  A t«n  «- 


pc* 

0=c  tan  a — — 
2i/2  cos* « 


-0) 


From  (ii)  we  get  - 


2h*  cos*  x 


tan  a 


From  (i),  b sin  A=bc os  A tan  a— 

c sin  A—(c  cos  A—b  cos*  A)  tan  c 
.'t  - _ c sin  A 

c cos  A~b  cos*  A 
sin  C sin  A 


b-  cos*  A tan  a 


~ sin  C cos  /I— sin  B cos*  A' 
sin  Q4+-B)  sin  A 


sin  A 


b_ 
sin  B 

C=«- 


~ sin  C 
( A+B ) 


sin  (^i^5)  cos^-sin  B cos*  A 
~ &*m  (A+B)  sin'/t  _ sin  A cos  i?+cos  A sin  B 
sin  A cos  B cos  A cos  A cos  B 

Hence  proved 


Y/t /?£*»*> 


—tan  A+ tanB. 

Ex.  16.  A.  shot 
urcd  at  an  elevation  * 
t* observed  to  strike 
tne  foot  or  a tower 
which  rises  above  a 

P’ane  «»-  y 
, «?  the  point  of  pro- 
HD  be  the 

angle  subtended  by  the  /v  . 
totToi-  at  ,v,s  p'int  , // 

show  that  the  elevation  : 

required  to  make  the 

shot  strike  the  top  of  Fi„  16 

e o»er  is  i [e+sin-t  (sin  dj-sin  2a  cos  9)J. 

or  the  Shot  7 be  the  lower  and  O the  point  of  projection 

o.  ineshot.  Let  OAj=Rt  then  AB=R  tan  0. 


lW-fl  I 


Xjiflcrcntial  Calculus 
horizontal  line  X “ri'”SlB 

-*ggS  .“£—"51 

tion  it «. « «•»«  . . an„te  or.pi0jcct 

Let  p be  the  required  • - . tan?"  2?^ 

P ■ r the  trajectory  15  a 

then  the  equation  Of.  w lies  on  d- 5 A 

Sincc.he  point  ^ 

Rtnnd-KtanP-  2?55T_ 


i,P  sin 2«\,  from  (') 
sin  0 „ s!l_P_—  n,r-  cos’  P \ g_  2«  cos  8 


sin  0 „ s!2-b 2„s  cos’  P V * 2*  eos 

or  — „ eosp  peosS-'  pl 

or  2 tin  0 cos’  P^P  p cos  »^L * 


= 2COSpt- 

„2cosPs'n<^  i 

,,._W-sin  2u  uos  eh,  ^ cos  fl  ^ H(nct^ 


(jp _«)=sin-  2«  cos  «!• r.om  the  «„,»<• 

[D-v-sinZ1  (sm  5 . uitoncOUs’y  cepccti',',JittJ»" 

object  sinnJ‘aneo«sly-  |hc  he>^ 

ubice.  bom  the  ^ , f!S^\ 


....obiect  front ./the  cliff 

Solution-  OU  j,  the  object 

of  height  ft  (sort-  velocities  of 

Let  it,  andG’ edfrorn  the  top  and 

the  shots  fir  ^ respectively  - 

bottom  of  the  fired 

Since  2Z  and  strikes  the 

- - ; 


or 
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Also  referred  to  horizon* al  and  vertical  lines  through  the 
points  of  projection  ns  coordinate  axes,  the  equations  of  the  paths 
traced  out  by  the  shots  projected  from  O’  and  O are 


9* 


yasX  tan  K-  2 and  tan-^“  5 

.(Hi) 

Let  the  height  of  P above  O be  ylt  then  as  'shown  in  the  dia* 
gram  the  depth  of  P below  O’  is 

»"•  The  coordinates  of  P referred  to  axes  through  O arc  (a,  j’j) 
and  through  O'  are  (a,  —h  — yt).  , 

Hence  from  (ii)  and  (iii)  \vc  have 


go1 


ga* 


tan  « - -—j-and^^n  tan/!-  55;,—^ 

■Subtracting,  A-a  (tan^-tan  «)-  ^ " „7^f) 

<=0  (tan  0— tan  *),  from  <i).  Hence  proved. 
*Ex.  13.  A gun  is  firing  from  the  sea  level  out  to  ata.  It  is 

" ‘ •*  * r , » - . . j flrwj  at  tjlc  same 


■ ■ . »f  iisctr, 

, . tv  .«■  i»tii  « / J 

° hong  the  velocity  of  projection. 

( Avaifh  SO 5 Gorakhpur  79;  Meerut  81) 
Solution.  Let  Rt  be  the  range  when  the  gun  is  firing  from  the 
-0) 


J?i=(2ua  sin  c cos  «)/g. 


Sea  level.  Then  we  have 
Now  let  the  gun  be 
mounted  0n  the  battery 
m a height  h feet  above 
me  sea  level. 

, Then  referred  to  0, 
me  point  of  projection,  as 
origin  and  Ox  and  Oy  (as 
shown  in  the  fig.}  as  coor- 
axes,  the  coordma- 
^ .of  where  the  shot  ■ 
water  are 
Mn’„rft)*.'yhere  is  the 
“nSe  *«  this  case  i>., 

,7~  ,*•  ,'vherc  O’  is  ver- 
tically below  0 at  a depth  It.  r, 

• The  equation  of  the  path  of  this  shot  is 
. y**x  tan  «— 

2m*  cos3 

V A(R. 


Fig. 


-AMfra  on  it,  so  ~h=R,  Ian  «-  J-JlkiU 
“u*  sJn  « COS  at  Rt—2nVt  cos1  s— 0 
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rR,5-irR|R.-2^>  «*'  “’=°-  f'°m  w 

/ *Ri_V=0,fnH"  ® 

gRf— gR,Rj—~ti>h  ^ 2;j‘  sin  a } 

hg  ft*  „0  , 

“ 2u- sm’ » . r . li| 

U,«  , teft~  --  &- 1 1+Psb1’] 

' ''  ■211*  sin' 1 4 L 


ft’-ftft- 


(«»-#)’  , - 
ft-  ,+  l?lfer»l 

J?,—  7?!=  "2  [ 


2ph  fp-S.*  (Nf 
J75  srn^a  J * o 

subtracting  1 

Hence  P^; 

heigh*  of  3 P*^ 


SUUVi**—-  - - 

«,-«>=%[{"  ay -'I 

z L\.  . < ■ _ m«’n  from  a he: 


Ex.  19.  A cirkcct  ball  is  throvru . fJ«»  • ££  35 
n„an;lc  of  30” to  <he_bon»>«tol,  “.J,  „f  1 m«l 


a or'-  -.  ' tre  from 

niianglc  of  JIT  to  ’P*  „ height  of  * IW' 

Ills  canclit  by  another  ncIOsmt”  mtn  ^ . (cl  (ail. 

ground.  How  far  apart  were  .''  . ejection  of  fc*LtO* 

Solution.  LctObathepotntolTproj^,,^ , tWj*^  ,w 

Take  the  horizonal  and  upward  d ‘ ,he  figure).  TI 
nd  y-axes  repccttvcly  (as  show  n tn  *..30  . __ 


X a*nd'y-o.vesf  repectivcly  (as  showat  in^^wj'Qi' 

^^r«SS.<T,S  pad1  of  the  baU-«fe^«  10 
as  axes  is 

jr.<*  „ .V  J 

“f.jtana-  WcSr,  • 

. see§2  Page  1 of  this  chapter 
or  y=x  tan  30”. 

_[(9.  8)  x’/{2(35)’  cos’  30”)] 

=(x/V  3) 

-[(9-8)  *’/{ 2(35)’  (3/4))]  5n 

=(x/V  3)-2**/MS 
or  225y-75V3a-2a’...(i) 

Let  iJ-the  point  at  which 

the  other  fieldsman  catches  a)  3 ri 

the  ball.  Then  from  figure  it  is  „/ r such  that.?  B ref=r 

evident  that  the  twj  fieldsmen  are  at  /f  L’  rdinatcsof  " .#1 

and  dC=lm  (given).  .-.  If  4C-x„  then  the. o (h)0, 

red  to  Ox  and  £)>’ are  [arlt  — (3  — 1)]  or  (.r„  — > as  It  15 

Hence  the  y-coordinate  of  B will  be  negan  .. 

x-axis,  (see  fig.  19  above).  , of  the  ha'1, 

- • u (.\y,  —2)  he  on  the  parabocic  path  01 
coordinates  must  satisfy  (i)  and  we  have  sr.-4-'0" 

225  (-2}i75v/3  ar,-2x,’  or  2,r1’-75V 
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-4  75  a/3+  15i/(91)],  V *,  is  positive 
•••  R^“ired 

■ '=68*246  metres.  Ans; 

Ek  20  An  aeroplane  moving  horizontally  at  396  kilometres  per 
our  drops  a bomb  from  a height  OH960  metres.  How  Tar  should 

t be  horizontally  from  the  object  to  he  nit  / ohiect 

Solution.  Let  O be  the  point  of  projection  and  B the  object 

o be  hit.' 

Initially  horizontal  velocity 
=396  km./hour 
_ 396x1000  . 

3600-^SCC- 

- =110  m./sec. 

Initially  vertical  velocity— 0 
Ect  t be  the  time  taken  by  the 
bomb  in  moving  from  O to  B and 
the  height  of  B above  O 

='"1960  m.  (Note)  . 

Consider  the  ' vertical  motion 
from  O to  B.  From  “s-^uf-h  ift"  we  get 


• 1960x2  _ 39200 


F«g.  20, 

IS>60=0.-i-i  (-•?)<* 


=400  or  r=>20sec. 


9-8  98 

.*.  Required  distance  .= .111= (horizontal  velocity)  X4 

= 110  x 20=2200  m.-=2'2  kms.  Am. 

, Ex.  21.  A ball  is  thrown  from  the  top  of  a tower  2 00  feet 
high  with  a Telocity  of  80  feet  per  second  at  an  elevation  - o I j 
above  the  horizon.  Find  the  horizontal  distance  from  the  root  oi 
the  totver  to  the  point' where  it  hits  the  ground. 

Solution.  Refer  Fi*  18  Page  21.  ‘ 

Here  w=80  ft./seo  > *=30°  ; /t=200  feet  and  g*»M  Wsecr 
Referred  to  O as  origin  and  Ox  and  Oy  as  shown  in  th  g 
as  axes,  the  equation  of  the  path  of  the  ball  is 

— (Note) 

V3“  .2  x 6400  x3  ■r~  V3  300  •••(’) 

Also  the  co-ordinates  of  the  point  where  the  ball  hits  t 
ground  is  (/?,  —200),  it  here  R is  the  required  distance. 

From  (i)  as  this  point  lies  on  the  path,  so  we  have 


2 (80)*  cos4  30v 
31c2  x 4 

— or  y— 


-20-£- 


P—300H  - 6000  vy3— 0- 


R~ 200  \/ 3 ft.  (solving  the  quadratic  equation) 
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**Ex.  22,  Two  particles  arc  projcclfd  simultaneously  h ^ 
same  vertical  plane  from  the  .same  point  with  velocities  U 
angles  a and  p with  the  horizontal.  Show  that  the  interw  6 
their  transits  through  the  othcr’point  common  to  their  paw 
2rrrsin  (x~ B)  , 

cW«ii+r&-fi  • . ' <^2 

Solution.  Let  the  point  of  projection  be  taken  as  ous  • . 
horizontal  line  (lying  in  the  plane  of  flight)  and  the  upwa*  ^ 
cjl  line  through  the  point  of  projection  as  x and  ^''a*c.s 
Then  the  equations  of  the  paths  of  the  two  particles 

,=x  tan  «-  2?/^~  ...0)  **  J-«*  tan  !-&&1  J 
- Let  ( h,  ft)  be  the  other  common  point  of  their  pat  > 

(ft,  k)  lies  on  both  (i)  and  (ii),  wc  get 

' n 

*“*  tan  et  - 2|<4OS!  tt  and  k=°h  lan  0"  r;  cos5?  { v 


Subtracting,  0=ft  (tan  «— tan  (jpco?*’'  ,,*coS^1 i 

or  (tan —tin  (~  ~ \f 

iin(«-g)  = gh  I _J • L V|  !^ilrST)  ^ 

os  a cos  fi  2 \r/  cos  a v cos  p)  \ vV  cos  * . 

, ( I_ I_  \ _2  wv  sin  («jL  . ^ (oil 

1 \»  cos  « r cos  0/  g g (tf  cos  « +»'  °?s  r)  ^inf 

Also  if  jj  and  be  times  taken  by  the  Particles  ,,,0!** 


sin 

cos 


Required  time±=f,- 


(ft,  ft)  from  the  point  of  projection,  then  considering  tpc“  w (id 
in  the  horizontal  sense,  we  get  ft=w  cos  a.  c?s  p‘  *'  .. 

h _ /L-  , from  («) 

~u  cos  a v'cosP.  ‘ 

==h  ( l _ , 1 \ ^ 2wsinj«r^  , from  (1«) 

\U  COS  « V COS  P ) g(u  COS « -f  V-COS  P)  • (ys) 

-Ex.  23.  In  the  above  example,  prove  that  the  T^ 

moves  parallel  to  itself  and  the  time  that  elapses  wwb 

.tics  are  parallel  is  -—.HJ!**?  t 

£ (v  cos  fi  ii  cos  k)  . <?n5  * 

• Solution.  -Let  P , (,r„  y,)  and  P,  (,v„  X,)  W tbe  P® 
the  particles  after  time  t then  we  have 

xt~(u  cos  «)  t and  sin  a)  Sl\ 
and  *s=(v  cos  p)  t and  j*3t=(v  sin  p)  t-i£l 

••  s.0pc or v,- “age. 

" f5S|~3|fcnsn-  'vWch'  bcinE  ftcC  '* 


Similarly  tan  0,= 
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Hence  the  line  joining  them  (/.<\,  P,PS)  moves  parallel  to  itself. 
Let  Qi  and  0,  be  the  angles  which  the  directions  of  motion  of 
the  particles  at  Pt  and  P,  make  with  the  horizontal,  then 
tan  0 = vertical  component  of  velocity  _ u sin  « -g/ 

1 horizontal  component  of  velocity  — u cos  a ~ 
v sin  p—gt 
i*  cos  p • 

When  the  velocities  of  the  particles  are  parallel, 

U,  u sin  ot— gf  v sin  P-gt  ' 

u cos  a **  v cos  p 

or  gt  (w  cos  ec— v cos  0)=t/v  fsin  p cos  a - sin  a cos  p) 
or , tm  uv  sin  (g-fl) 

g(v  cos  p~u  cos  a)  4 Hence  proved. 

_ ■ h\.  24.  From  a tower  an  object  was  observed  on  the  ground  at 
hUf^V 0 *1^  lkc  horizon.  A gun  was  fired  at  an  election 

j’  5*  . s"ot  m'ss>ng  the  object  struck  the  ground  at  a point  whose 
P cssion  was  Prove  that  the  correct  elevation  0 of  the  guti  is 
given  bv  ~ t sin  jgj^)  cos*  <j>  sin  $ 
cos  a sin  (a+^)  a cos*  ip  sin  A 4 
Solution  Let  P and  Q be  the  points  whose  angles  of  depre- 
sion  are  4 and  4,  as  observed  from  the  top  of  the  tower.  Let  h be 
ie.  eight  of  the  tower.  Take  top  of  the  tower  as  origin  and  the 
lorizonta  line  (lying  in  the  plane  of  flight)  and  the  vertical  line 
rough  the  top  or  the  tower  as  .v  and  y axes  respectively.  Then 
'erred  to  these  axes,  the  coordinates  of  P and  Q arc  (h  cot  A,  -~h) 
and  (h  cot  0,  - h)  respectively.  -* 

.^.e  cQuation  of  the  path  of  the  s'hot,  which  is  projected  with 
vc  ocity  u making  an  angle  a with  the  horizon,  is 

y^x  tan  o - x-~ 

..  2 ifl  cos*  cc 

* « passes  through  Q ( h cot  0,  — h), 

*•  ’ ~h^h  cot  0 tan  S^cot*  0 
, 2u*  cos*  a 

or  !+cot  4,  tan  o—  c.£l?  4*  sin  («+0)  gft  cot*  if> 

iro  ho  .1,  2“*  c°l*  * °r  s,n  ^ cos  ® ~ 2u*  co!,z  * - 0) 

then  the  eq!mi^rrCA.eleVation  the  2un  to  str,ke  P cot  ~ /z)» 

H anon  of  the  path  of  the  shot  is 


->’*=*■  tan  o~ 


«*• 


2,fi  cos-5  0 
■ « eha vi c0;#tan's 


and  P ( h cot  0,  —h)  lies  on  it. 


g/i*  cot*  0 
' 2u*  cos*  0 
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• „ \vc 

■ in  .t.c 

s,«ipMSmS i,.  ghoul-* 

5in^cos  -get  ...  ico?i 

cos**®1-*.  Wo»ccf' 

. r;‘$ 

(be  ^irccU  Let  a 6e  the  „ « articles-  ^ , po^1  • ,auiU°° 

ssSSsS^^X 

(and  ly.06 'n  * <hc  Pot«'os  or  „ p-  j„*  c<* J . 

of  the  P*.hs  °f  g*  - ond  , 0f  ,W»  P3'"' 

y-x  .on  « ' W “ *n.on  P®,nt  gji., 

then  '£=h“n‘  n^)^(gW2“,'(Sfa!,nn>P) 

»*'w' ■ h,^*0 

01  ,.nl+“"P  ..„  in  tench .nc 


hfton«'wn"j;gW2..-)('od,<‘'  wsn.» 

ot  ' „ehiEb'5<p0  , 

tan  nd-tod  ^ tlInc  to  reach  .l1*  .M 

M Msotvo^^'  T-»~$+«‘V,t* 

bS  y,r  rr"  (loos  p"  . ,0»1 


" Wso.veKno«- 

ft 

Oiteotton. we  ^ sn(j  r=l(CosP  ii^sin.., 

vfhenoe  ■ -ncosy. 

. ir+l-:r’""  uoos*  g . .. 

,,[2j£Y«on.(" 

M tan  P r-S  V'‘ '„t  of  * 3”  P' 

:A£,.U,chnn,dcpenden 
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j *Hx.  26.  A body  is  projected  at  an  angle  jx,  to  the  horiion,  so 
’ 85  cI“r  two  walk  or  equal  height  a at  a distance  2a  from  each 
| other.  Show  that  the  range  is  equal  to  2 a cot  $k. 
t . Solntion.  Let  u be  the  velocity  of  projection  and  R the  requ- 
| ned  range  of  the  particle. 

f Then  - • ^=(21^ since  cosaV.C.  -(t) 

• Also  referred  to  horizontal  and  upward  drawn  vertical  lines 
though  the  point  of  projection  (and  lying  in  the  plane  of  flight)  as 
coordinate  axes,  the  equation  of  the  path  is 


,y=X  tan  a - 


2«s  COS5  K ’ - 
As  the  top  of  the  walls  of  height  a lie  on  it. 

The  distance  of  the  walls  from  the  point  of  projection  are 

- ,|i>en  by 


gx* 

hi-  c 


gx*—  2Max  sin  a cos  a4-2o»s  cos*  a=0. 


...(ii) 


*u  **et  the  distances  of  the  walls  from  the  point  of  projection  of 
^ an^  *V*‘  **  an(*  V?  arC  l^c  r00ts  !*lc  cfluu* 


(in) 

(iv) 


••  •Yi+x,=(2na  sin  « cos  «)/£=/?,  from  (i) 
and  *i  **=»(2<w*  cos5  «)/£ 

. ^ow  distance  between  the  walls=2a=.v,— a,. 

, squaring  4a5«(.v#-x1)5=(x,+.Y1)*-4.\l.v8 

or  4a2=i?» from  (iii)  and  (iv) 
or  4o5=ij*_4n  cos5  a [/?/( sin  a cos  a)] , from  (i) 

or  —Rl-4aR  cot  or 

0 _ R‘~4aR  cot  a— 4a5—0 

i?=;J  [4fl  cot  a-}-v/{l6n3  cot*  K-bl6rts)] 

• 0 (negative  sign  is  inadmissible  ns  R is  positive) 

. r R—2a  cot  a +2a  coscc  a=2nt(cos  a+  l)/sin  «| 

' -J- ~ il- 1 2a  cot  i«. 

L2  sm  jctcosjxj-  7 . 

from  n’o.  A shell  bursts  on  contact  with  the  ground  and  pieces 
Shoiv  «,»?  m directions  with, velocities  upto  49  metres  per  second, 
t a man  122*5  metres  away  is  In  danger  for  Sy/2  seconds. 
®°iution.  Given  that  R =122* 5 metres  and  0^495  m/scc. 

. • . ’ «=(«*  sin  2a )/g 

or  ••  122*5=[(49)*  sin  2k)/9,8  or  sin  2«~ 4 

a 2a=30*  or  a=3l5*. 

for  a civ^rC  arc  alwa>’s  tw<>  directions  of  projections  cc  ami  (j«  «) 
■«?ce  to  the  range  of  122-5 »«««  thctc «#IJ* 

. olrcct“>ns  of  projection  U.  I5"  and  %”-IS  11  "ni1  75  ' 
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Let  tt  and  it  be  the  times  of  flight  in  the  two  cases,  then 

. 2u  sin  I59  , 2u  sin  75° 

,J=__a„d.r,=  ,g  . , 

The  man  is  in  danger  for  a time=r3— r,  T 

=*  — (.in  75*— sin  [5‘)~  j (2  cos  45*  sin  30") 

= x2  x4*J  =5^2  seconds. Hence  prod 

9*5  V2  2 

Ex,  28.  A gun  is  fired  from  the  top  of  a cliff  of  height  h 
the  shot  attains  a maximum  heigh!  of  (h+b)  above  sc3 
strikes  the  sea  at  a distance  a from  the  foot  of  the  cliff.  10 
angle  of  elevation  of  the  gun  is  given  by  the  equation 
oa  tan2  n—4ab  tan  «—  bh—0, 


Solution.  O and  O'  arc  the 
top  and  foot  of  the  cliff  respec- 
tively. BiV**(h+b)  >s  the -max. 
height  above  the  sea  level  atta- 
ined by  the  shot.  The  shot  strikes 
the  sea  at  A,  such  lhalO'A~a. 

Let  u and  « be  the  velocity 
and  angle  of  projection  of  the 
shot  from  O.  The  coordinates  of 
A referred  to  the  axes  through 
O (as  shown  in  the  figure)  are 
(a,  - h ). 

Then  equation  of  the  path  of  the  shot  is 

ex* 

y~x  tan  <x  - ~~rr~  . 

- ' 2u-  cos1  o • 

V A (n,  ~k)  lies  on  it,  so  — /i=a  tan 

of  this  »!■<«• 


r;  ,.<■> 


Also  BIT- 


2 g 


i § 6 (c)  Page  7 c 


«Jsin4« 

or  BN—M N=  — — 


'is 


«J/2g-«A/sins «. 

Eliminating  (u-fs)  from  (i)  and  (ii),  wc  get 
psifiz*1 

«U  b J 


..O’) 


Hence  P'0’'' 


,tS. 
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Exercises  § 1 to  § 7 

Ex.  1.  If  R be  the  horizontal  range  and  h the  greatest  height 
of  a piojcctile,  prove  that  the  initial  velocity  is  [2g{/H  (R*l  16/i)}lu"* 

Ex.  2.  A stone  thrown  at  an  elevation  of  45'  from  the  top  of 
a tower  reaches  the  ground  m4  seconds  at  a distance  of  60  metres 
from  the  base  of  the  tower.  How  long  would  .the  stone  take  to 
reach  the  ground,  if  it  were  projected  with  the  same  velocity  in  a 
horizontal  direction  ? ' ' (Burthan  «0) 

Ex.  3.  If  a particle  is  projected  from  O with  a given  velocity 
s°  as  to  pass  through ‘a  given  point  ( h , k)\  show  that  there  are  two 
angles  of  projection  possible.  • (Gorakhpur  SO) 

' • Ex.  4.  If  the  maximum  horizontal  range  of  a given  gun  is  R, 
determine  the  firing  angle  which  should  be  used  to  hit  a target 
located  at  a distance  $K  on  the  same  level. 

Ex\  5.  A particle  is  projected  from  a point  at  a height  3h 
above  a horizontal  plane,  the  direction  of  projection  making  an 
angle  # with  the  horizon.  Show  that  if  the  greatest  height  above 
‘he  point  of  projection  is  h,  the  horizontal  distance  travelled 
before  striking  the  plane  is  6 h cot  o. 

Ex.  6.  A particle  is  to  be  projected  with  a given  speed  u so 
lhat  its  horizontal  range  Is  R « tfllg).  Prove  that  there  are  two 
possible  values  for  the  angle  of  projection.  Further  show  that  it 
{.  t’  arc  the  times  of  flight  corresponding  to  the  two  angles  of  pro- 
jection, then  t /'s=2J *i/g. 


[Hint : . Sec  § 6 (b)  Pages  6-7,  Ex  6 (b)  Page  12]. 

•F.x.  7.  If  vt  and  t,  be  the  velocities  at  the  ends  or  a focal 
chord  of  projectile’s  path  and  u be  the  horizontal  componen 
. the  velocity,  thenshoy  that  l/V+l/r/^l/n1* 

[Hint : See  Ex.  11  Page  15], 

Ex . 8.  Two  particles  are  projected  from  the  same  point  at  the 
same  instant  with  equal  velocities  Fat  elevations  a and  « . » r ov c 

that  the  time  that  elapses  between  their  transit  through  the  point 

where  the  paths  intersect,  is  ^ 

g cosi(et+«J 

[Hint : Put  V and  in  fi-tt'  in  Ex.  22  Page  24],  ^ 

, Ex-».  a shell  bursts  on  contact  with  the  ground  . and  pieces 

5,®?  In  a,i  directions  with  velocities  upto  24*  rn.  per  ^co  . 
show  that  a man  305  metres  away  ism  danger  for  W*  seconds. 
(Here  ^=9*8  m./sec*).  [Hint:  See  Ex.  27  Page  27]. 

**§  8.  locus  of  the  vertices  and  the  focii  of  the  trajectory. 

' n^h7^?ermm?,thc  ,ocus  of  the  'vertices  and  the  focii  ot  the 
Paths  of  the  particles  projected  in  the  same  vertical  plane  trom 
the  same  point  with  same  velocity  but  in  different  directions. 
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Locus  of  the  vertices. 

rf  (x3>  jj)  be  the  coordinates  of  the  vertex  for  any  trajectory 
where  u and  a are  the  velocity  and  angle  of  projection  respective/ 
then  x t— (k*  sin  * cos  <x)[g  and  sin*  «)/2g 

...See  § 3 Page  3 of  this  chapter. 

From  these  eliminating  * we  have 

« s _ 1/1  sin*  « cos* « _ us  |2gy,  j _ 2gj' ijt 

V coss«= 


g 


or 'V+W=(2«  JV  V((B, 

Generalising  {xu  y,)  we  have  the  required  locus  ot  ' 


x*+4y2! 

Locus  of  the  focii  : 


=(2 


If  (Xj,  y.)  be  the  coordinates  of  the  focus  of  any 
where  u and  « are  velocity  and  angle  of  projection 

then 


»/-  sm  * cos  a 


n-M-’t.,. 

..  See  § 3 Page  3 of  l*>'s  tWlt 


Squaring  and  adding, « is  eliminated  and  we  get 
***+;'**= («V4g3). 


Generalising  (Xj,  ys)  the  required  locus  of  the  ^ocU  «• 

=*t /l/4gs,  which  is  a circle  of  radius  u'j2g  and  the  point  0 
tion  as  its  centre.  - 

Soiled  Examples  on  § 8.  . jn  » 

Ex.  1 (a).  Particles  are  projected  from  the  san*0  ^ ot  ^ 
vertical  plane  with  velocity  y/(2 kg)  ; prove  that  the  '°c 
vertices  of  their  paths  is  the  ellipse  x*+4y  (y— A.')=0-  , ^ the 

Solution.  If  a be  the  angle  of  projection  and  (Xi*  -V| 
coordinates  of  the  vertex  of  one  of  the  trajectories,  then 
T •'»-  sin  « cos  a”  2 gk  sin  gcosjt  •/ 

g ' 


= 2k  sin  a cos  « 

I v _ “*?.  *tn*  «"  _ 2#A  sin * * 

. ' 2s  2g  * 

Eliminating  a from  these  we  have, 
Xj*— 4k*  sin3  a co$s 


>k  sin1  a 


■V+4Li  o»-*)=o. 

Generalising,  the  required  locus  is  x*J-4y  (y-  *)*'*'• 
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Ex.  I (b).  Prove  that  if  particles  be  projected  from  the  same 
point  in  the  same  plane  so  as  to  describe  equal  parabolas,  the  verti- 
ces of  their  paths  lie  on  a parabola.  Find  the  vertex  and  latus  rec- 
tum of  this  porabola.  (Kanpur  83) 

Solution.  Let  u be  the  velocity  of  projection  and  a the  angle 
of  projection. 

Since  the  parabolas  described  for  different  values  of  u and  a 
are  equal  therefore  their  latera  recta  will  be  equal,  so  we  have 
(2h2  cos2  a.){g=  constant, or  it  cos  a = constant —A:  (say)  (0 

Let  (ItjL,  j’,)  be  the  coordinates  of  the  vertex  of  one  of  the  tra- 
jectories, then 


_ tfl  sin  a cos  tt. 


ku  sin  a 
S 


“X-1  =w  sin  a 
k 


Also  (tfi  sin*  a)/2g 

From  (ii)  and  (lii)  we  get  >■,=  . £g  = jit5 


• O') 
, (n'O 


•*.  Locus  of  to,  j'j)  i.e.  of  vertex  is 
y=  S.T,  or  .x*=  v,  which  is  a'parabola,  whose  vertex  is 

g 

(0, 0)  and  latus  rectum  is  2 k*fg.  Hence  the  result. 

* *Ex.'2  Particles  arc  projected  simultaneously  in  the  same 
vertical  plane  from  the  same  point.  ' Show  that  the  locus  of  the  foci 
of  all  the  trajectories  is  a parabola  when  for  each  trajectory  there 
is  the  same  (a)  horizontal  velocity,  (b)  initial  vertical  velocity  and 

(c)  time  or  flight. 

, Solution.  Let  u be  the  velocity  of  projection  and  a the  angle 
of  projection  of  one  of  the  trajectories.  Then  if  (*„  j‘i)  be  the  co 
ordinates  of  the  focus/  we  have  * > - 

v if-  sin  2a  . if  cos  2a 

l7=~ f~  an.d  Tg  — 0> 

(a)  If  the  horizontal  velocity  is  the  same  for  each  trajectory 
lhen  *«cos«=Jt  (say)  , 00 

Now  .T  c=  sm  g c°s  a _ 


hi  sin  q j'rom  (ji) 
S 


3 a)- 


. (iv> 


* ,_**»*  sin2 « A*,;  . 

■ “ jrS-  = “»  («*—!<*  COS* 

S5.V i*«A*  (u-~ A*). 

AJso  ■>!“-  %g  cos  2a=s — "!  (2  cos2  a-l)=-  fg(2kS'~u')' 

from  (ii) 

tf— 2A*  - 
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Eliminating  w*  from  (iv)  and  (v)  nc  get 

r'^-asn=A’  °r  (>1+5)  . 

The  locus  of  (he  fociis  }\)  is 

.vs «=  ^ 2^)’  wb*cb  *s  a PaTabo,3‘ 


(b)  If  the  initial  velocity  is  constant,  then 
Ksina— k 

«)(“'  <*»’  ?>  _ ■ from  M 

• • from  (i),  - — . . ..  £,i  ^ ; ^ 


..(vi) 

fiooW 

. m 


Also  y, — 


u*  cos  2a 


=_  ’!*  (I  —2  sin* «) 


2?  . ■« 

= -(1/2.?)  (ii’-2f>),  from  (vi) 
or  2?.r,=  — n»-i-2A* 

■ Adding  (vii)  and  (viii)  we  get  +2?))^* 

is  ■>;:/  i*\ 

or  .v,*~‘  (**-2W',)=- 

The  locus  of  the  vertex  (X[ 
which  is  a parabola. 

(c)  If  the  time  of  flight  is  constant,  then  (ss£  (»>) 
(2ii  sin  a)  £= constant  or  u sin  «==consta 


, .(™‘) 


7lr‘  2s/.  2 VI M 

rt.  J i)  is.r*--  -7 


Ex.  3.  Particles  arc  projected  from  the  same  angle  ** 


Proceed  further  as  in  case  (b)  above. 


plane  with  velocities  which  vary  as  l/y/(sin  0),  0 kehjR  drscd^jL 
projection,  find  the  locus  of  the  vertices  of  the  paraB  togrtit  ° 

'P^Msin*).-"1 

Solution.  Here  the  velocity  of  projection fw  , '^ion. 
where  k is  some  constant  and  0 is  the  angle  of  pf°Jc  ^ pajtf' 
Let  (.Yu  yj  be  the  coordinates  of  vertex  of  one-  o 

. “«3  sirt  e cos  0"  (A*/sm  ^)sinj_£51t?,  frO* 1 
tones,  then  Xx~ — ^j,} 

or  xt=(k*  cos  0)(g 

* , “u-  sin2  0"  a*  sin  0)  sin5  0 _ from  (i) 

Also  v,=  5J—  = 2FT7^  ..<■’? 

or  j‘t=(L2  sin  0)j2g  or  2yi=(£*  sin  S)fS 

Eliminating  0 between  (ii)  and  (in)  we  get 

V+(2yt)*-(A2/^2  or  IS  a 

.*«  The  required  locus  of  the  vertex  (-Yt,  J'j)  ,s  * 
&+4y*-Vfg* 


39/P/3 
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Exercise  on  § 8 * 

Ex.  Show  that  the  locus  of  the  foci  of  all  trajectories  whicn 
Pass  through  two  given  point- 
*§  9.  'Two  directions  of 

■ 79) 

From  § 2 Page  1 we  know  that  the  equation  of  the  path  of  a 

projectile  is  y—x  tan  g—  *X  - 

2tfl  cos2 « 

If  the  projectile  has  to  hit  a given  point  (Ju  k),  them 

k==h  tan  a—  s=h  tan  k—  sec*  ec 

2tr  cos*  a - 2m* 

or  2m8&®=2m*/i  tan  ec  - gha  ( 1 4-  tan2  ec) 

or  ' gh*  tan*  k-2m*/»  tan  «-f-(gh!-i-2uak)^0,  ...0) 

^hich  being  a quadratic  equation  in  tan  r,  shows  that  in  general 
fcre  are  two  value r of  tan  « or  k,  i.e,  two  directions  in  which  a 
Particle  can  be  projected  with  a given  velocity  so  as  to  hit  a given 
point, . 7 

These  two  values  of  tan  oc  given  by  equation  (i)  will  be  real 
, Provided  (2ii!/i)9  > 4 gh'  (gl,‘+2u<k)  'or  h*  > g (gh'+ltfik) 
>'g,h,+2ip  gk  or  u‘~2u’ gk+fk*  ^gW+g’-k* 
gkY  ^ s>  (l,*+k‘)  or  p g[k+Vlt+k')}.„ 

Hence  the  least  value  of  u,  the  velocity  of  projection  is  given  by 
‘ «*=£  [k+VW+k*)). 

' ( Kanpur  86;  Lucknow  80;  Meerut  85,  79) 

§ 10.  - Two  times  of  flight  to  a given  point. 
i \V  bc  the  l'me  tn^n  hy  the  particle  fn  reaching  a point  P 
f , k)  irom  the  point  of  projection  O (0,  0),  then  we  get  * 

1 > "“(»  cos  ec)  t and  k—(u  sin  ec).r  ~igt*. 

litninating  « between  these  equations,  we  get 1 
ol+(*44£/*J’a.|j>/a  or  h*+k*+kgtz+ig1t2^u'-fi  ’ 

Zzt*+fi(kg-u*)  /*+4  (/c2+As)=0 


’ . ' : r*+4  (4 

rfli‘and(,»arethe 


S) 


/*- (/z*4A*)=0. 


s3 . 

: roots  of  this  equation,  then 
riM-r,«=>-/ Ji.  ) 

[+£,«'  v.-w*> wo  w- 

5S“>i 


projected  with  >elocity  u from  « {“Wj 
>n  (hcloel  at  a horizontal  distance  R from  the  point 
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of  projection.  Show  that  the  angle  of  projection  is  give"  W 
ftfl  ' ■ " „ 2/nc.  • 

R2  tan2 « R tan  «+ R ; * 

Hence  dednee  that  the  maximum  range  on  this  leul  fa 

f R is  this  max.  raIlge  a 
than'  tan 


Hence  dednee  mat  me 

^isV(^+T!)a"dtha,irR‘S",iS“,i 


Telocity 

the  angle  of  projection  to  give  the  max.  range 
and  tan  2a.=R'lh. 

Solution.  Let  O,  the  point 
of  projection  be  taken  as  origin, 
the  horizontal  and  vertical  lines  ^ 
through  O (as  shown  in  the  ligurej 
be  taken  as  coordinate  axes.  • Q 

Then  the  equation  of  pat  ft  ot 
the  stone  is 

gx2  ■ ' Q] 

^=xtau  «— 255-^55^  ...(i)  22 

Let  id(R.-A)  be  the  point  . . 'so 

which  is  to  be  hit  by  the  stone.  Then  as  A ! 

gR2  - 

— /i— Rtan«  .2,/»cos2« 

or  -2if>/i=2u!Rtanit-£Ri(l+’!m’,‘)  '•  ,, 

. 2 *»•„.  . fi.1  SSJl-0.  ..I® 

or  R*  tan2  a - -R  tan  « h I £ J . 

' *>  e..a  IttC 


Since  the  path  traced  out  by  the  ston 
roots  of  equation  (ii)  are  also  real. 

“R1— 4/f0>0”, 


is  real,'  thereto1* 


■ . 2,m, 

2l+?^<jr  vr.R<(^  + :r) 

gl  S ‘ 


£ 


(M 

S‘  * _ 2us/i\l"  ' . (,») 

/.  Maximum  value  of  R<=R'—  ^g,  • ^ 

Also  if  R’  be  the  max.  range  and  a the  correspond'"! 
projection,  then  from  (ii)  - 

2u*A_jo 

R'  tan2  *—  — R*  tan  a.-\-R  g 

2,,.  , fn*  . 2..VA  =0.  fro®  °" 

or  tan! «_  -f-  If  tan  *+  (*>  + T‘J  £ 


or 
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' • ' ■ • '!•  _•  " i 

g-R’-  tan?  B~2u’.gR-  tan  tc+»<=0 


, Also  tan  2®  = 
or  . tan-2o:= 


(">~gR'  tan  «)s=i0  or  tana— — 

1 „ ■ gR' 

■±J2n_“_  = 2 (ii-fe/T)  2, ,s  f.R 


-Civ)  ■ 


l-tan!«  X— («»/g«R-*J  gsR's-n* 

MgR 

, from  (in) 


- tc* 


h 


^■u'gR' 

, • hFgti  h Hence  proved. 

. ahrigiit 'a  10  a particle 

cction  is  a t Imii  V,,  ’e  Point  of 


r,„  . ■ *•  W snoiv  : 

irom  a height  k to  fail  - 
Projection  Is  at.loatf  cq 
• Solution.  . Refer  F 

A?h.#n“S  Ti  ar'' 10  tad  thc  ,cast  ra’”e  °r  «> 

. Ex.  2(a)  \v«oan,find-[See- Result.  (A)  Page  34)  that 


of  R Ave 


..  F,+  ^ >*'  ■ or  1 ■£-+  2'^‘-  +/r>  > n>+)r 


' ° ‘ ‘ 1 O • , g~  > g 

(7^' ) .?  n'+,,t  oV  'i+h  > y(f-i-it) 

or  - ,,!2: S W(.<e+1c-)-k]  '■ 

■ : • ">  vis  fV(<f+/i*)-h}]. 

Ex  2 m Ca  a ValU'  °r  !,  is  Vfe  { V(oS+/, >)-/,)]. 

a gun  at  the  top  ofa  clifT  of 
from  the  foot  nr  ViJ . ,Mrc*  Prove  that  if  the  range  measured 
Bfrcn  by  cos  2S  Possible,  tin:  elevation  mis 

hl  in  example  2 (a)  above,  prove  that 
max.  value  of  R=  {£.  1 MV*  ''' 

cr  , W g~) 

■ ■ ' 


...(i) 

..(ii) 


■*•  fos  2«’xa  _J I - (nVgR-)>  . 

i+r=.  r4iw’from(i,)  . 

■ » ^+2Td|)+,?  - frora 

Ex  2 ,.2"’+z"!*T  ifl+gk  Hence  proved. 

Iscf  a p,rtlcic-j  (hat  the  min:mum  rciocity  required  to  rro- 
,,r  Pmisetian  h ?«,  ,5^%* t0  fsl1  »>  » distance  </  from  the  point 
VUti/-/,)]  (rtinrf/iSd) 
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Solution.  Refer  Fig.  22  Page  34  of  this  Chapter. 
Proceeding  as  in  Ex.  2 (a)  Pages  33 — 34  we  get 

s'  e 


...See 


Here  R*+h*—(F  (given),  since  the 


given  as  d. 


■result  (A)  or  Ex.  2 fa)  W? 
distance  of  A (tom 


(Note) 


_ „ m*  . 2/P/i 

Then  from  above  wc  get^j-  + -j- 

~ + — +/A  Jr  rf* 


> rf»-/l? 


r('^+//)! 

- (ifilg)+k>d  or  Of 

/.  The  minimum  value  of  v *«««{.•  d»® 

Ex.  3 A shot  is  fired  with  velocity  u from  the  top  fJf 

of  height  h and  strikes  the  sea  at  a distance  n from  tn  0{t&e 

clifT.  Show  that  the  possible  times  of  flight  Jre  ,hc 
equation  }sV<-fe/t+.A)  f*f<**+*  -0.  rf  ,„)«■ 

Solution.  If  a be  the  angle  of  projection,  the  p jmcs 

tion  be  origin  and  the  horizonal  and  upward  drawn  he 

through  the  point  of  projection  (lying  in  the  P^ne  n0)nt%hete 
taken  as  coordinates  axes,  then  the  coordinates  °rth. eV3!Tip!f) 
the  shot  strikes  the  sea,  arc  (d,  —ft).  (See  figure  of  ^ 

Also  d=u  cos  K.t  ..  (i)  and  — h~ti  sin  «./— i £ 
where  t is  the  time  of  flight  of  the  parti  1c 

- Eliminating  a between  (i)  and  (ii),  "c  get  . ,,»<* 

of  isV-fe/,+>A) ,<+rf'+/.’=n.  _ ™"uF,rm{ 


**Ev.  4.  Show  that  the  product  of  two  times 


of  flight  fr«»  * 


to  Q with  8 given  velocity  of  projection  is  (2/g)  PQ-  -oortJirt3fe4 
Solution.  Let  P be  the  point  of  projection  and  tne  vcftitfl 
of  Q be  (A,  k)  referred  to  horizontal  and  upward  afld« 

lines  through  P (lying  in  the  plane  of  flight)  as  axes, 
be  the  velocity  and  angle  of  projection  respectively. 

Then  h=u  cos  p.t  and  k*=u  sin  a.t—}gt* » 

Where  t is  the  time  of  flight  from  P to  Q. 

Eliminating  a between  these  two  equations,  we  g« 

/I’-HA+fe/y-iAl’  or  /A+*’+fc''+»"  (i) 

or  ?V+ 4 (A'/r-rfl  r*+4  (/i*+**)=P  fro,o 

.*.  If  rt  and  /,  be  two  times  of  flight  from  P t0 
(i)  we  get,  product  of  the  roots=r1*/,,=4  (/?-f-A*)'g* 
or  /f  2vTA»+*»)_2Pg  pQ=^(h>+W 


**EX.  5 Two  points  Pand  Q are  at  a distance  a .^[^VtocW 
heights  above  the  ground  being  A,  and  ht.  Prove  thatthe 


thflt 
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with  which  a particle  can  be  thrown  from  the  ground  leTel  so  as  to 
pass  through  both  the  points  is  \/[g  (a -f /!*+//,)]. 

Solution.  L6t  O be  the  point  of  projection  of  tile  particle  on 
ine  ground  and  u be  its  velocity  of  projection. 

Also  we  are  given  that  the  distance  between  P and  Q=a  and 
the  height  of  Q above  (A*-//,). 

Ip§9  Page  33,  we  have  proved  that  the  least  value  of  the 
ejocity  of  projection=-v",g  [k+V{lr+kt)]ll2—y/g[k+a]1<,t  where 
the  height  .of  P above  O and  a is  the  distance  VX/P+A2)  /.e.» 
toe  distance  OP. 

’•  In  this  problem,  the  least  value  of  v,  the  velocity  at  P to 
strike  Q^g  ...(«) 

Also  for  the  motion  from  O.  to  P, 

v*=«s_2 ghx  or  us=v7+2ghl. . ...(i) 

,l  From  (ii)  u is  least  when  v is  least  hence  least  value  of  u, 
velocity  of  projection,  is  given  by. 


u3=£  [lii-hl+a]+2gh1  from  (ii)  and  (i) 

. ui=g  (!‘i+h>+a)  or  u=Vlg  (*I+A»+«M 

tho »»  v ® M h and  be  the  times  of  flight  from  A to  B and  a 
sin  nation  of  AB  to  the  horizontal ; prove  that  /1s+2/t/i 
yfr  is  independent  o Fa.  (Gar final  SI;  Meerut  79) 

arrt  S,?5ution-  Let  A be  taken  as  origin 
- teftrrlrt  Coordinatcs  of  B be  (/»,  k), 
venial honzonal  and  upward  drawn 

throS  i (,yin2  in  the  Platie  cf  fl,£ht) 

A as  aares. 

of  11,5?! !5  as  in  5 10  Page  33,  the  times 
l*+4  fi-i  om  A to  B are  given  by 
whence fcW  '*+<4/*«)-0M-*aJ=O 

*ve  V+,i*=lSum  of  the  roQts 


CeA'A 


= -4  (k/g-u-fg2)  ...(i) 


Fig.  23. 


A|  /i5=Prcduct  of  the  roots=(4/g®)  '••(») 

nita,i,°  as  A is  the  origin  and  AB  is  inclined  to  the  horizontal  at 

SO  fn n <• l.ll.  i 


*•  so  tan  K—k/h. 


“ V{/r+k*y  ' ' 

• 2r,fs  sin  +2(^*1  sin  * 


...(.ii) 


+**) 


]?(**+*)•  ’ 
from  (i),  (ii)  anti  (iii) 
•*P  ^^Vg3,  which  is  independent  of  h or  k,  hence  *. 

Fa*  thJSI  A Par,lc,c  »s  projected  under  gra»ity  fro®  4 J**® 

B;  show  that  for  a given  velocity  of  projection  there 
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arc  two  paths.  Show  that  if  B has  horizontal  and  vertical  cd0i* 
nates  referred  to  A,  and' the  velocity  of  projection  is  y(  i‘> 
the  angle  between  the  two  paths  at  B is  a right,  angle  if  B ies  cs  j 
the  ellipse  ‘ '■  x:-}-2y2~2hy  * * j 

Solution.  Tmke  A as  origin  and  a the  angle  of  Pr0JeC  10  j 
then  the  equation  of  the'path  of  the  particle  is  0 • j 

y x ; 

»»  * . 2tt*  cos1,  k . * . 


or  ■ ■ • 

, ; v B (X,  y),hes  on  it,  .V  -y~x  tan  at—  sv?* , , ^ 
or  x*  sec1  a —4 Ax  tan  a+4ky*=0.  , 

Also  differentiating  (i)  with  respect'  to  x,  we  get 

2x  sec*  a-4fj  tan  *J~4b  {dy/dx)=*0,  ‘ . ... 

or  . • *.  - x sec!  a—2h  tan  ay-2hnt~0, 

where  m—dy/tfx. 

Solving  (i)  and  (ii)  for  sec2  a and  tan  ®,  we  have 

sec5  ec  tan « 1 - 

Ahxy-UmX*  ~2/ix2+'4/»< 

, 4 (y—'rnx)  ‘ (2y  —nix) 

or  sec2  «=  — and  tan  a=  — ~ 


Eliminating  a between  these  two  results,  we  get  , 

I , j~ 2y~mx  j-  _ it,  ( y-mx ) ..  , +tan! 

or  x‘2+4ysy-in1x2~4nixy=^Ahy—4iHhx 

or  »i‘x,-4mxO'--/i)+(x‘+4y‘-4liy)2=0.  ■ f„. 

This  being  a quadratic  equation  in  in,  gives  two  vai 
i e.  tlxfdy  or  the  slopes  of  tangents  of  the  two  paths  n»'c 
through  B.  If  mt  and  m9  arc  the  roots  of  this  equation,  t <-n 
wpjij^products  of  the  roots =(jci+4^’3—^ A)h)]X.s 
If  the  angle  between  the  two  parts  at  2?.is  a right  anew* 
then  inyit,—  — J or  (x2+4v*— 4ftj)/.v2=— 1 ' ^ g. 

or  2x2+4>2— 4 hy—O  or  Thy, which _is  the  k>cttt  v 

Exercises  on  § 9- § 10 

Ex.  1.  Show  that  there  arc  in  general  two'  directions  in  ^ 
a particle  projected  under  gravity,  with  n given  velocity 
given  point  O may  pass  through  another  given  pcint  »■  ; 
that  the  product  of  the  two  times  of  flight  from  O K>  " *" 
different  paths  is  independent  of  the  initial  velocity.  rcn 

..  Ex.  2.  A particle  is  projected  from  a* point  !P, 
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'docity  so  as  to  pass  through  another  point  Q,  Show  that  there 
are  two  times  of  transit  tti  tt  such  that  (2/g)  PQ. 

[Hint : See  Ex.  4 Page  36.] 


The  equation  of  the  path  of  the  projectile  is 


..  . 

•*.  A (R  cos  p,  R sin  /J)  lies  on  it 

gR  cos1 8 

..R  sin  p=R  cos’ (3  tan  «- 


or 


. ,gRcos2p 

—siu  0+cos  0 tan  *—  2^rCOS3  a 


s g R cos2  p 


or  R= 


•CO 


2u2  sin  (g_r ft)  cos. 

Tu±cos*a ,ul  1V  . ■ . 8cos’^  ‘ k, 

V'-h  gives  the  range  on  an  inclined  plane  (tip  the p anc>' 
^Maximum  range  up  the  inclined  plane. 

1 ..>c  have  proved  above  • 

‘ ,5,  2m3  sin  («— ft)  cos  k_.  ^«2  [2:strt  («  ~P) 

g COS^  P gc OSa0 


■ ' '■  (2«-P)-sin^. 

. If  II  and  P arc  constant,  it  is  maximum'  when  sin  , (2«  -© 

ls  maximum  he,  when  2k— p=$n  , > «■ 

t^hich  give  the  angle  of  projection  for  {uaximtim  range. 
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-pynatnics 


. ^2?.— 

' ,ehave«--M;£S*ite  °"*fc  6f"1' 

Kr,‘ Mso^|« ‘«’at  o » P«^”d'C"  lh£  ^ 

igsSSrtt 

%"*  p°'°b°"cr° 


s;SS»”"®s--'“I,  


The  0X  '5t“cS=ra*  orn/aS  r 

the  in024  thcPeompon?“'i;„efa  plane  »re  g cnns'“)cn' 

SSSk^m^', 

**  n==ji  sin  (*  P'‘  2u  sin 

‘ tfcosP,.  . ... 


A') 


lit  O be  the  WjVUtes  «■*  0»  iI00.  ft 

ao4  . the  angle f »“h  ^ 

“v,„edP-anec-^r„crSpOr  . 


. FiE'15, 
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pUne  is  due  t0  ljlc  fQCl  that  jts  direction  is  opposite  to 
: s!?  fc+flji  the  component  of  initial  velocity  perpendicular  to  the 
helmed  plane). 

Let  Tbe  the  time  of  flight  from  O to  A,  the  point  where  the 
u s*r‘kes  the  inclined  plane.  In  this  time  the  distance  tra- 
iled by  the  panicle  perpendicular  to  the  inclined  plane  is  zero. 

, Considering  motion  perpendicular  to  the  inclined  plane, 

trom  “j=u/  +$//*'’,  we  have 

, 0=i/ sin  (a+/5).r— iff  cos  0.T*  ' 

or  : 2i / sin  («-■-/?) . 

ffcos  p 

Time  of  flight  down  the  inclined  plane 
_ 2u  sin  (a-j-p) 

~~  C cos  p ■■  (0 

, Again  considering  the  motion  along  and  down  the  inclined 
P me,  wc  have  OA=u  cos  («-f  P)  T+  iff  sin  p T*. 
r Range  down  the  inclined  planc=OA 

2»  sin  («+0)  . ff  sin0  4«*  sms  («_+0) 
““  “s  <«+«  ■ ycosg  + 2 "I®? 


2i<-sia(«j-£)  ^cos  eos  p+siitp  sin  («+P) 


ff  cos*  P 

^ 2u*  sin  («+/?)  cos  tt 
“ g cos * a 

l«oie  : W:  • ••  

pa  ‘ 

Maximum  range  down -the  inclined  plane* 


*' — -p  for 
•ten  the 

( Agra  SO) 


(putting  -P  for  p in  result 
(iv)  of  § 1 1 Page  40) 


g (l— sin  P) 

S°5v^ Samples  on  § II  -§  12 

‘ Show  that  for  a given  velocity  of  projection  the 
Plano  uU.tan8c  down  a plane  of  inclination  a is  greater  than  up  the 
* the  ratio  (l+sln  «)/(l-sin  «). 

. Solution  ran*,  range  down  the  plane 
max.  range  up  the  plane  , 

"wgfl+sg  ' 1 “!? 12  ?a£CS  3941 

=(lH-sin*)/(l  — since).  ' J Hence  proved.  ' 

ranofjft1^  For  a given  velocity  of  projection  ,he  n,^“nr" 
Plane  tP"  inLlined  Plane  is  three  times  the  range  up  the  inclined 
> saow  the  inclination  of  the  plane  to  the  horizontal  is  30  . . - 


1 he  tfie  vc'oC,15i  °GWcnltol  nthirp'®' 

■ SOW'”"' 

,alw"otlb^do«n‘WP'a  JJ£--JV  , •■'  ..Vf 

*“■ t E jtv-jj, ~3*  5^?Vot  Sin 


£tS^#Si?gS5^"’ 

•sstna*1 1 . — rr^sifl*) 


na^  ■ . t — rr^i^ 

gJV+silJ-i'  -t-  ^ ■■’  •■■■'  Hsn"  ^tVoti 

idcnt  ofn-  SUo,v  # direction  ccn  ,t>s » 

lionet  replan  g0+sinP  (*7> 

Mi  maX'  fr^o  o'  *>  !; 

. tfaitnon*  . ^ -s-TTvXsmP"  1 ; .(>c  W1 

- !c;, 
~iff==toarr-  _ •directron  , ■ 1 . prol*1 

""Jiope.;  1 1fl>sW0‘f5?#etioj”,(,t» 
ot  8"=%*  d«r.«S  «*  point o||b  an  «* 

tx.  3 iW.  /"’’.  line  «"«“W  *•"»*■.*  p„,nr  <>  ' 

Fixation  ot  C»r»^  fto*  »*'!’„«  atr ' 


° p,o«  tw  .«», rrw»«f  „«* 

ng"1'  !'  'cl  li'c  i,J  Ixticr  li<“'  ', ''.h.">”ch,lLl  011J  r£  P 


sett  « £cl  UlC  ra' Vf,cr  titoo  ' ",'h  .*l>icl1' n'Jl  on'5  r£<1’" 

%0S0£^ 

"n  r 'ttc'origi"jl 
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and 


v cos  9-u- 
-v  sin  0=0- 


. Dividing  (i)by(ii), 


-cot  0 = 


-g  sin  K.t 
-geos  «./ 

-g  sin  K.t 


‘■U) 

•00 


cot  Q—  - 


.1 

, ircos«  r 

But  the  time  oflligJu  /=  s*n  ^ 


g cos  K.t 
-tan  a 


gt  coset 


-P) 


n ' g COS  P 

uttlng  the  value;  of  / from  (i’v)  in  (iii),  we  have 
cot  0=  - u v g cos  g, 

1 


.(in) 

■M 


g coset  x 2it  sin  <<x  - ft) 

' ' Ex  4 ^ ®0S  P sei  * coscc  («-  P)  - tun  «.  Hence  proved, 

lifougb  tijc  nofnf  greatest  range  up  an  inclined  plane 

nu„L:48!cV.o%K^nrjeC,,0n-  L"  ,he 
• Wanc-  'hca0n’^S:r%5r'!eSt4^39,  for  "«•  »p <»? 

r,mc  °i  difefu  up  the  inclined  plane 

* - 2SJ6U1- W 

*■  /cos  i>;  sin  ip]  __  2u  [cos  j/S  -sin  }0] 

u^2Scosp  ' " vis'd/, 

= r (»« 

The  distance  fallen  by  a particle  in  this  time  T 

•)  i,i 

<e 


O') 


s=iAr.  ...  ip  i-sin  lp)>]  g (cos  i/STsin  ip,3 

, ’Ex  J.  *S,n  P^=max*  range  up  the  plane. 
of  *•»  path  <Ilai  the  time  of  a particle  describing  an  arc 

tmll.  . by  a focal  ChflrH  iv  nni.o!  >n  «h»  fimnJsrc.li: 


path  cut  ; , U Iie  OI  a parncie  describing  an  arc 

eit'CalJy  froL  c?y  a focal  chord  ,5>  «*n»l  to  the  time  Of  falling 
S0jD..  rCSt  * irough  a height  -equal  to  the  chord.1 
ran8c  on  a„n'  /n  5 11  Page  39,  wc  have  proved  that- when  the 
Pathhes  ^Imed  plane  is  maximum,  the  focus  of  the  parabolic 
, cal  chord  »i,rC  imcjined  plane  or  max.  range  i is  the  length  of  ‘ the 
u°der  consid-rM*®”  lBc. point  - of  projection.  * Let  the  focal  chord 
Proceed  r.^L>n  mQ*c  an  angles  with  the  horizontal/  i 1 "*1' 

*E* .6  f rthcr  “ in  Ex-  4 above.  , . . ,,  -4  _ 

s<rikin«  t he  null  *he  velocity  of  projection  and  the  velocity  of 
r aEd  7.  inojcctrd  so  tliat  range  up  the  plane  is 
so  fhat  the  ra  's  *hc  velocity  of  striking  the  plane  when  projected 


rtnir*  J VI  MllMUi;  UIC  piuue  mien  j 

5c  down  the  plane  is  maximum.- Prove  that  t 
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Solution.  Let  the  plane  be  inclined  to  the  horizontal  at  an 
angle  p,  , 

Max.  range  up  the  inclined  plane =/i2/[£  (l+sin/?)] 
Height  /ix  of  the  point  of  striking  above  the  point  < f prfr 
jection  [«’/{*,' (l+sin  0)}1. sin  £.  ' (Note) 

If  Vj  be  the  striking  velocity  at'height  h,  then  we  have 

' ■« 

Similarly  max.  range  down  the  inclined  plane  ‘ „ 

.=«7te  (1  — sin  £))  • ’• 

Depth  ^ of  the  point  of  striking  below  the  point  < f pt°" 
jection  =r«*te{(l—  sin£»  sin  p.  , ^otc’ 

If  v,  be  the  striking  velocity  at  depth  hs,'  then  we  have 
1 * /i+sin  p\ 

\~U  (l—sm  p) 


=n,+2g/ij=«»+2g 


r «a  sin  /? 
U(  \-smp) 


...oo  • 


Multiplying  (i)  and  (ii),  we  get  v^vy^w*  or.,  vft-u1. 


**Ex.  7 (a).  The  angular  elevation  of  an  enemy's .go*' 

" igh  is  p.  Show  that , in  order  to  shell  it  the  1 


a hill  h feet  high  is  p.  anow  mar  .in  oraer  io  such  «»  — * . , 
velocity  of  the  projectile  must  not  be  less  than  V[/»g  (l+cos'-cr/J- 
_ ( Meerut  Si I 

i is  the 


Solution.  O is  the  point  of  projection  of  the  shell  and  a $ 
:my  at  a height  h above  the  level  of  0.  *'«*  D 


position  of  enemy 
minimum  initial  velocity  of 
the  projectile,  to  shell  the 
enemy,  then  OA  is  the  max. 
range  up  the  inclined  plane  of 
angle  p for  this  velocity. 


OA= 


' g (l+sin  $)  • (») 
Also  from  &OAB 

OA=h  cosec  p — (ii) 


; (Fife-26)  ■ 

from  (i)  and  (ii)  we  get  «*/[£  (1 4-sin  /?)]=/*  cosec  P 
or  u-=spgh  cosec  p (l+sin  P)=gh  (cosec  /?+!) 1 j 

or  u=\/[gh  (costc  p-j-]))  i * ' > HenCCrr,irta 

Ex.  7 (b).  Determine  the  least  velocity  with  which  a b- 
be  thrown  to  reach  to  top  of  a cliff  40  rti.  high  and  40v/3  m- 
from  the  point  of  projection: 

Solution.  Refer  Fig.  26  above.  . 

; . Here  A is  the  top  of  the  cliff  anil  the  ball  is  thrown  ff  111 1 
point  O.  ■ x 

,*,  *h'*=AB=*A0  m.  and  OB*=± 40\/3m. 
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tan  /?=>  di?  — , 40  1 

, - J P 00-40^3  = ^3  Gr  P--W° 

I ■ fftfi*  tit.  i coscc  30°=40  (2)=80  m. 

; ■Ef*  ‘toS^is’Ttei^.lSS m'Vhich  M"  «"  be  thro™  to 
a»Sl  for  th;s  vctodty  ran£C  ‘l,e  mclmed  P,anc  of 

w . " SlTSsl  nlw11,  where ^=30’’  f=9's  m'sec' 

or  ~80  f(9'8)  (1)1=  120  (9-8)^1176 

Er,  g y(H76)=14V6m ./sec.  Ans. 

i!«td  in  the  Jrt,”  ? r.'"'  0n  *!“*"!'  of  a hin  <"»  bodies  art  pro- 
^ ame  velocity  h * .P  anC  ,hrou2h  *hc  line  of  greatest  slope  with 
S «wf  di(TerP°  !n*bcctions  at  right  angles  to  each  other, 
pr°J  ction,  0f  thc,r  ran2es  « independent  of  their  angles  or 

Solution.  A«  trip.  r . J 

anS'fs  to  each  bot!ies  are  projected  in  directions  at.  right 

anfiJcs  <g  an(j  g{.0  r’  f®  iet  tbei,‘  directions  of  projections  make 
raniMbe  ^a  a * W|t“  tbc  horizontal.  Let  the  corresponding 
a! a > angle  p n,  the'horizcjntal^  the  s'cJe  °r  ,he  hill  be  inclined 
Thcn  J?=.  2,,a  sin  («-£)  cos  a 

* £CO$*0 

1 *£>  {(90 COS  (9(T-ha) 

• _ gcos2p  . (Note) 

1 ! **  tZjjcos  <ee— g)  sin  a 

ind  Ja.  g“cos2  fi ' numerically,  the  negative  sign  • 

that  this  range  is  downwards. 

• “ R’—Jt=  gjd.c°s  (« -ft)  sin  a -2«*  sin  (a  ft)  cos  & 
s cos*  p g cos*  p 


*S\.  9. 


= gcos*J3  [®os  sin  o— sin  (a— 0)  cos  a 

3ssp[  siM*~(*-0)}  ] = 


2tt*  sin  p 
g cos*  £ * 


z°  -1*1  from  th  r Partic,e  *s  Projected  at  an  angle  a with  the  hori- 
ta^  's  p.  §jj  ° .*  the  plane,  whose  inclination  to  the  horizon* 

cot  & stfike  the  plane  at  right  angles  if 

So)utioQ;  7 2 tan  ~j8)*  * (Lucknow  79;  Meerut  82,  79) 
nc"tt  of  if  gj  et  “ be  the  velocity  of  projection,  then  the  compo* 
U c°s  (*  -8)  an!!5  a.nc*  • perpendicular-  to  .the  inclined  plane  arc 
u s,n  («— P)  respectively. 
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Also  the  accleration  along  the  plane  is  g sin  jS  downwards. 
The  time  of  flight  of  the  particle  on  the  inclined  plane 
= 2 u sin  (a  -fi) 


Al«o  as  the  particle  stri- 
kes the  inclined  plane  at  A at, 
right  angles,  so  its  velocity 
along  the  plane  vanishes 
when  it  reaches  A. 

.*.  Considering  the 
motion  along  the  inclined  , 
plane  from  0 to  A from 
“v—K-h/f”,  we  have 
0=ii  cos  («  - P)—  g sin  p 1, 
where  r is  the  time  taken  fron 


or  . ..(ii) 

g Sin  P 

As  the  times  given  by  (i)  and  (ii)  are  equal,  so 

a c°s  (a-P)  _ 2t(  sin  («-J>  or  Mt  £=2  tan 

JT  sin  p ' ' g cos  p ' ' ' ..  . ,1.11 

' **Ex.  10.  A particle  projected  with  a velocity  11  Strides  a 
angles  a plane  through  the  point  of  projection  inclined  at  an  a , 

. . 2»  j au;e 

to  the  horizon.  Show  that  time  of  flight  -1-3  0)’ 

the  plane  is  — . and  the  vertical  hcipM  'of  <h<'  P°’' 

1 g (1  1.3  sin’  0) 

struct,  is  — • ;in.  ? , above  (be  point  of  projection- 

g (1+3  sm3  0)  ..s<  SI) 

(Agra  82  ,80;  Aradh  83;  Garlmal  79;  Indore  79;  Merrill  e - 
Solution.  Let  the  angle  of  projection  be  a.  (t.; 

When  the  particle, strikes  the  incliped  plane  at  right  an? 
velocity  parallel  to  the  plane  vanishes  and  considering  ^ 
parallel  to  the  inclined  plane  from  "r-  it  \fl"  "C  get  , 
fl«?- 1/  cos  («  0)-  x sin  p.t,  where  t h the  time  of  flight 

u cos  (t  fh  , Jji 

oT  ’ g sin/t  (Also  see  last  compK)  *• 

Als«  wc  know  that  the  time  of  flight^  ^ . . (ii) 

. u c<n  (a  <-  B)  2us'>flJ*zjO 
rqmtmp  (0  and  (u>.  "c  get  ~~njJ  ~ 

cos  fl  ( 2 tin  («  — p) 
or  Vihp  1 tos  (c  pi 
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°r  S^^c~2^f  - 

* 2 5n.P  , V(cosa  0+4  sin-  0) 

. t . ;'  '= 2 

" . „ ' V(t+3  sin*/?)  * 

"hcresin(*_fl)_  cos0  , 

•“"vo+sln vjy™<—D- — ~l 


(Note) 


V(l  + 3sma  fi) 


Time  of  ifli’ght' 


Also 


(HO 


range  .on  the  inclined  piane= 


cos  («-g4-g) 


3 2 u*  sin  (os—  fi)_cos  a 
g cos2/?  ' 


„ , S’  cos4.fl 
W2l,'sm  («  -ft 


e C' 

*cosW?T 


J^cosflt.-s)cos^-.'5in(ct  sin j3 


(Note) 


•Mycosff-  r 2 sin  0 cos  g 


-f-3  sin*  0)  I V(1  +T^p) 


_ cos  jl jin  0 1 
V(H-3sm*0>  1* 
from  (iii) 


or  ^ * + 3 sin*  0)  s ~ ^ (say) 

0r-  . ^ 2n*  sin  (l=Rg  (1+3  sin*  0) 

Arid  the  Jf-7?  f?+3  Sj*  M2  sin  0). 

c?  * „,1Ca  Height  of  the  point  struck=7?  sin  0 
Ex.  joy  . ^ (l+3  sin*  0)].  - Hence  proved. 

I?  Jhe  horizon^’  -iT*1®  !‘nc  j°*n'nj»  C to  D is  inclined  at  an  angle  « 
n a *ah  (i~4,V  T1  l“at  the. velocity  required  to  shoot  from  C to 
to  c,  **  **'  times  the  least  velocity'  required  to  shoot  from 


(Agra  SO) 
(Agra  86) 


an^  on^  Let  the  least  velocities  required  to  shoot  from  C to 

- Oe  U Onrf  ..  1 


lnd  D to  C hi' the  !cau  vclocitres  r 
IV* then  • ?ndv respectively. 
angt . Projection  up  the  plane  (from  C to  D)  the  maximum 
andr°fthCDf.  . .P»*^/Ur(!+  sin*)].  -<•> 

mnge  pr°jection  down  the  plane  (from  D to  C)  the  maximum 


from  n\  V“T£  (1  ~sm  «)]. 

t ) and  (ii)  equating  values  of  CD;  we  get 
rv  = ’j-sin#  ' • • * 

J"  I 


•<») 


(sin  jg+ cos 

. S|n  « (cos  j*— sin 4«)3 
*=*  Hh  jg+cos  1 4-tan  j« 
c°si«— sinia  “1— tanja 
i rt,,e  that  if  a particle  is  projected  from  Q at  an 


(Note) 

tan 
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tyP/4 


or  sin  * cos  0=2  sin  (a—  §)=2  [sin  a cos  jB— cos  «‘sin  fi] 
w 2 cos  #!  sin  p—sin  oc  cos  |5  or  2 tan  0=tan  a. 

’ («Krfthe  shot  strikes  the  hill  normally  i.e.  at  right  angles, 
've  c*0  prove  as  in  Ex.  9 Page  45  that 

c . eot  ^ (1^-tan  a-  tan  P)~2  tan  os— 2 tan  /J 
f ^ c°t/3-f  tan  os=2  tan  os— 2 tan  /?  or  tan  «=cot/J-f2tan  £. 

'(f.  13.  A store  rs  thrown  at  an  angle  z with  the  horizon 

® P°htf_in  a' plane  whose  inclination. to  the  horizon  is  j?,  the 
a*  l01T'  tying  in  the  vertical  plane  containing  the  line  of  greatest 
"Vkh  * _ow  that  'f  y.bc  the' elevation  of  that  point  of  the  path 


,s  most'distant  from  inclined  plane,  then 


2 tan  y=tan  a-f-  tan  p. 
*~et  to  l^at  point 
Ironi  iu  - is  most  distant 

tail  ?n£Iined  plane,  then  the 
be  to t0  tIie  trajectory  must 
■ e Parallel  to  the  inclined  plane. 

a i*1® ' coordinates  of  B be 
Mil'WrtSSl'lSJ?. ,hc  .horizontal 
”fpt. 

Plane 

T/ie  equation  of  the 
trajectory  is  i'x' 


(Allahabad  79;  Meerut  SI  S) 


' 2a-  cos* « 

' 8 (It,  k)  lie,  on  jt.  so  k h tan  K- 

) we  get ' 


2u’  oos*  « 


...(«) 

-(iii) 


■ • r rfx  .■»  cos*  « 

w;w„8tiy.'s 'he  inclination  .of  the  tangent  to  horizontal I at  an) 
^OT'nomal ' tanfCIlt  to  (*)  '*  inclined  at  an  angle  fl 

From  (iii)  at  B, 

tel>J»wiwi«-  ~SL  0[  ?£-_-« tan«-tanp.  -Civ) 

it  ' " U*  COS1  CC  - «*  cos2 « , - 

. 50  y h the  elevation  of  B (It,  k),  so  tan  |»» */*  or  *”,l  nn  r 
ot  rr‘>'"(ii).Atany»/.tan«-feW'',cot’*>1 

Or  tan  p^tan  a -J  [,an  «-<anffl.  fr°m  <") 

...  , 2«any=tana+J.np.  Hence  proved, 

"ith  , *4'  Froie  that  the  greatest  range  of  a P?r,'5,5; 

r"licaUi,a’;  oci,yi  <"l  an  inclined  plane,  is  font l!n1cs  ,l1'  C 
mninde  abort  the  inclined  plane. 


js&grss?-  .//• 

lontai  and  t vel°- 

have  ,„i  cotnP°"c 

C^TcCPone^v- 


vertical--.  “ WX*"* 

_tt  sin  «"£*’  , .vw,ch  „vcs  nv'^  1 , p 


cW^/^sbatWeans-  lc 

^*^*\*£kgjkS' 

tan  Q^'fiovto^  , 
then  „ sin  «_^*  =*tan«'. 


- M,icle  in  fn'v^,ttr 

TrcatmS  «n  anptc  p p> 

OP  incline® & a 2j*sml«  -£  . 

" Sc®P(it  we  have  „ 

,his  value  in  (•)•  . 2,,svn_(?  P' 

Substituting  ‘his  * — - —fZ*  f* 

tan8=w"  *'  UCOSa  - 


^ 'g’cO^  P 

=tan*'ucos«*  'rosp' 

2__  tsin  « C0S  p 
CO?*  C°S?  „n  8- 


-CO^  * 


MttPV- 


or 
°r 

*E%. 

I11U  of  ‘ 


^taa  ct-  cos  * ct££  xan 

- tan  ll.nrtI0n''>L»  V‘U 

tan  0 = tal'  o s=2  tan  P • ic  tt  to  l'lC . AuiVte* 1 

P^cctiott  andT  - 


tm  h°rro”J,„b=>h' 

,mc«i.  r ^ * 5«3&  * 

T"C"  lW5hots«nV«f'veht£al  -I 

• A's°  so  in  >im'  J,  „n-v/'"-  "c  Er„(asin',}'*(I-P> 
its  start.  *»  . from  ' OI  1 2u  «S-‘  V 

vanished*  ••,,s,n«'t*T  « «!>*  v — ^ « 

. w.tand  lii).  *ehl  * 
r.qnatine  1 ' 


..W 

T (t<* 

««  w 
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or  sin  « cos  0=2  sin  (cc-0)=2  [sin  « cos  0-cos  a'sin  0] 
or  - 2 co$  a sin  0=sin  a cos  0 or  2tan0=tana 

(>0  • If  the  shot  strikes  the  hill  normally  i.e.  at  right  angles, 
wn  we  can  prove  as  in  Ex.  9 Page  45  that 
• _ f tana— tan  0*| 

cot  p=  2 tan  («  - fl=2  [ , +tan  0 J 

CT  cot  0 (1-ftan  «~tan  0)=2  tan  at— 2 tan  0 

or  cot 0-t-tan  x—2  tan  x-2  tan  0 or  tan  n=cot  0+2  tan 0. 

, "Ex.  13.  A stone  is  thrown  at  an  angle  * with  the  horizon 
°m  a point  in  a‘  plane  whose  inclination  to  the  horizon  is  0> 
“■Jtctory  lying  j„  thc  vertical  plane  containing  the  line  of  greatest 
'!PC-.  Show  that  itv.be  the  elevation  ol  that  point  or  the  path 
lc*1  *s  most  distant  from  inclined  plane,  then 

2tany=tan«+tan0.  (Allahabad  79;  Meerut  81  S) 
...Solution.  Let  B be  that' point 
r hc  Path  which  is  most  distant 
• tan  the  'ncHned  plane,  then  thc 
be  Pnt„at  B to  the  trajectory  must 
parallel  to  the  inclined  plane. 

(/.  fACt  ’he  ■ coordinates  of  B be 
’•7  referred  to  the  horizontal 
of  r%VC-r*IC-al  hnes  through  the  point 
rli!r»°JfCn°n  0 and  lying  in  the 
p ne  of  flight  as  coordinate  axes. 
v **•  The  equation  of  the 

Rectory  is  j.=x  ,a'„ 


g/r 


\ B (ft,  k)  lies  on  it,  so  k=h  tan  a—  5«s  cos^ 


...0*0 

..-.(tii) 


gx  _ 

talt  “ H*  COS1  «’ 

tangent  to  h»riz“n1^' 
inclined  at  an  ancle  0 to  me 


«so  fr0m  p)we  get 

Pehuoriv*  t'le  inclination,. of  the  t 
tSSiSfil-  At  tangent  to  (i)  is  i 

••  From  (iii)  MB,  ' 

,anP=tan.-— £*_  or  =tan  a-tan — <‘v> 

. *>!•  y i,  ,he  cilvaUon'of  B !-*/»“  *“»  ? 

or  ' ’ r'°m  (il>’  * ton  ,an  (hr) 

or  - tan  y— tan  « ~i  tta  Hence  pro>cd. 

*Fx  ,,  „ 2 tan  y=tan  a+tan  0.  |ide§  projected 

whiit2*  J4*  .Pr7c  ,hat  the  g rca t cs t r a n? c of  a pa  ^ 

» crtiMt !!•*«, T^°cl ty*" on  *n  inclined  plane,  is  >ot5r 
nltade  abort  the  Inclined  plane. 
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elevation  a and  after  time  t the  particle  Is  at  P,  thon  2 tan  /J=fan  a 
+tan  0 where  P and  0 are  the  inclinations  to  the  horizontal  of  OP 
and  the  direction  Of  motion  of  the  particle  when  ^t  P. 

Solution.  Let  u be  the  velocity  of  projection.’  After  time  t, 
considering  the  motion  in  the  hori- 
zontal and  vertical  directions,  we 
have 

Horizontal  component  of  velo- 
city at  pssu  cos  a. 

And  vertical  component  of  velo- 
city at  P=w  sin  *~gt. 

If  0 be  the  angle  which  the  (Fig.  28) 

direction  of  motion  of  the  particle  at  P makes  with  the  horizontal, 

, t a—  vertical  component  of  velocity  at  P , 

n '“Horizontal  component  of  velocity  at  P 
*'  • 

u cos  a u cos  B •••y 

Also  / is  the  time  taken  by  the  particle  in  moving  from  0 to  . 
Treating  this  motion  as  if  it  is  taking  place  on'  the  inclined  P,anc 
OP  inclined  at  an  angle  ft  to  the  horizon,  we  have  time  of  flight  / 

> — 2»  sin  («  J3) 

~ S cos  p • 

Substituting  this  value  in  (i),  we  have 


tan  a s — 


* 2m  sm  (*~0) 


S 


cosp 


U COSO 

«tan  « - [sin  cr  cos  /3-cos  « s»r»  £}*. 

cos  o cos  p 

or  tan  0=tan  a— 2 tan  R-j-2  tan  £. 

or  o + tan  0—2  tan  jS.  , _ Hence  prove  . 

*Ex.  12.  A shot  is  fired  at  an  angle  « to  thc^  horizontal  up  a 
hill  of  inclination  to  the  horizontal  Show  that  it  strikes  the 
(i)  horizontally  if  tan  a— 2 tan 
' (|i)  normally  if  tan  a— 2 tan  /j+cot  ft.  (^Sra  ' 

Solution.  Let  u be  the  veloctiy  of  projection  and  T be  e 
time  of  flight. 

„.  T,  2u  sin  (g-ff)  . 

Then  = g cos  $ ‘ •••() 

- Also  as  the  shot  strikes  the  hill  horizontally  after  time  T from- 
its  start,  so  in  time  T the  vertical  component  of  velocity  nas 
vanished.  from  “v«u+/i’\  we  get 

0=w  sin «— g.T  or-  T=(u  sin «)/g  —("l 

„ . ~ u sm  cc  2m  sin  (a-/l)  . 

Equatiftg  (•)  and  (h),  we  have  — ~ — g-  ~ 
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or  .sin  « cos  £=2  sin  (cc— /?)=2  [sin  k cos  £—cos  ce'sin  j3J 
or  2 cos  k sin  /J=*sin  * cos  [3  or  2tan£==tanK 

(H)  • If  the  shot  strikes  the  hill  normally  i.e.  at  right  angks, 
then  we  can  prove  as  in  Ex.  9 Page  45  that 

' \ , a.  „f  tan  k— tan  3 j 

cot  £—2  tan  («  - fl)=2  | , . . - — Q 

[1  -Ban  b tan  p J 

or  , cot  /i  (14-tan  te  tan  ?)—2  tan  «— 2 tan  j? 

or  cot  /3-r-tan  «=2  tan  *~2  tan  0 or  tan  «=cot  jB-2  tan 

**Ex.  13.  A stone  is  thrown  at  an  angle  x with  the  horizon 
from  a point  in  a plane  whose  inclination.to  the  horizon  5s  j3,  the 
trajectory  lying  in  the  vertical  plane  containing  the  line  ol  greatest 
slope.  Show  that  iF  y.  be  the  elevation  of  that  point  of  the  path 
which  is  most  distant  from  inclined  plane,  then 


2 fan  y=fan  ce-Man  j?. 

Solution.  Let  B be  that' point 
of  the  path  which  is  most  distant 
from  the  inclined  plane,  then  the 
tangent  ’at  B to  the  trajectory  must 
be  parallel  to  the  inclined  plane. 

Let  the  coordinates  of  B be 
(h,  k)  referred  to  the  horizontal 
and  vertical  lines  through  the  point 
of  projection  O and  lying  in  the 
plane  of  flight  as  coordinate  axes. 

A The  equation  of  the 
' . • . * ex2 

trajectory  js  y—x  tan  b—  


[Allahabad  79;  Meerut  81  S) 


2UA  COS'4  K 

V B (h,  k)  lies  on  it,  so  k—h  tan  «— 
Also  from  (i)  we  get  ~ =tsm«- 


g ft* 


••■(0 
-0O 

...(iii) 

which  gives  the  inclination.. of  the  tangent  to  horizontal  at  any 
point  of  (i).'  At  B,  tangent,!?  (i)  is  inclined  at  an  angle  £ to  the 
horizontal.  , ' . ;■  "l 

A From  (iii)  at  B, 

tan  B=tan  - ■ or  ,S~rr~  —tan  a— tan  j?.  .,.(iv) 

r ‘ u*  cos^*  • «*  cos- * . 

Also  y is  ,the,  elevation  of  B (A,  k),  so  tan  y—kjh  or  k—h  tan  y 
• /.  from  (iij’  h tan  y^h  tan  ec—  [gh*/(2u*coi2 «)] 

,or  : <•  tan  y= tan  «~i  [tan  *— tan  0],  , from  (iv) 

or  •'  • . 2 tan  y=tan  a+tan /3.  1 Hence  proved. 

■"*  ’ ‘ **  * ,m  1 ' ~ particle,  projected 

' times  the  greatest 
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Solution,  Let  B be  the  point 
on  the  trajectory,  whose  vertical 
altitude  BC  ( BC  is  the  vertical  line 
through  B meeting  the  inclined  plane 
in  C)  is  the  greatest.  From  B draw 
BN  perpendicular  to  the  inclined 
plane  OA.  Let  BN=z.  Let  the 
plane  OA  be  inclined  at  an  angle  p 
to  the  horizontal.  Then  from  the 


Fig.  30 


figure  it  is  evident  that  £_CBN~p. 

*.  From  ^ BNC,  we  have  BC~z  sec  B. 

,\> , If  BC  is  greatest,  then  z is  greatest  i.c.  B is  the , point  of 
the  path  of  the  particle  which  is  most  distant  from  > the  inclined 
plane;  and  if  B is  most  distant  from  the  inclined  plane  OA,  then 
the  tangent  at  B to  the  trajectory  is  parallel  to  OA  i.e.  the  direc- 
tion to  velocity  of  the  particle  at  B is  parallel  to  OA  and  as  such 
its  component  of  velocity  perpendicular  to  the  inclined  plane  OA, 
vanishes  at  B.  (Note. 

If  u and  a be  the  velocity  and  angle  of  projection  respectively 
of  the  particle,  then  component  of  its  initial  velocity  perpendicula  r 
to  the  inclined  plane*=u  sin  («-  p)  and  acceleration  perpendicular 
to  the  inclined  plane cos  /}  (towards  the  plane). 

From  for  the  motion  perp.  to  the  inclined 

plane  from  O to  B , we  have 

0~»*  sin*  (a  - p)~2g  cos  p z,  where  r~iW 


or 


**  ’<*  MU*  («-p) 

2 g cos  p " >'  ' 

If  the  range  OA  on  the  inclined  plane  is  maximum. 


'•  ...{») 

then  ane  le 


of  projection  *— fct-fifl  or  a p— 


Substituting  in  0)  we  get  z 


sm*  (Ix'lP)  ■ 


. p II- cos  2 (Js-ifl)].’  v • 


= u H —cos (\ — ^ — „(l  — sin  £) 

4g  cos  0 1 1 4g  cos  p v 

. „ «s  0 —sin  P ) _ tfi  (1  -sin  P)  _ 

or  z sec  p-  4g  Cos*  ^ _smj  - 4g (1  +sm  p) 


[max.  range  on  the  Inclined  plane). 

*Ex.  5.  A particle  Is  projected  from  O at  an  cIc'j*I‘or.  ct. 
Prove  that  there  are  two  positions  P on  Us  path  at  which  the 
direction  or  velocity  is  perpendicular  to  OP.  Prove  that  for  real 
positions  to  exist,  a is  not  less  than  cos'*  (|);  also  if  in  the  two 
positions  OP  makes  angles  Qlt  Q.  with  the  horirontal.  prove  that 
Sj+e,-*.  ■ ■ ^ 
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Solution.  - Let  u be  u 
the  velocity  of  projection. 

Let  the  inclination  of  OP 
to  the  horizontal  be  0. 

Then  time  taken  by  the 
particle  in  moving  from 
O to  V 

~ 2 [ u sin  (x  - 9)V(S  cos  6 ) 

••;(«) 

Considering  the  motion  Q ^ 

parallel  to  OP  we  find  that  A ~ 

velocity  of  the  particle  • • (Fig-  31)  v 

parallel  to  OP  vanishes  at  P,  since  the  direction  of  ntotion  at  P is 
perpendicular  to  OP. 

from  '4<r=«+/f’\  we  find  that 

0=«  cos  (k  -0)—  g sin  8.t,  where  t is  the  time  taken  from  0 to 
P. 

or  r=fw  cos  (*—6))!(S  sin  6)  * ■■■(*') 

V (i)'and  (ii)  give  the  time  from  O to  P. 
s.  2 u sin  (k  - 0)  _ » cos  (a-0) 

**  g cos  9 g sin  0 , 

or  2 sin  0 sin  (a  -0)=  cos  0 cos  («-0)  „ . i . > < 

or  2 sin  0 [sin  * cos  0 -cos  « sin  0]=scos  0 [cos  a cos  0-fsin  « sin  0] 
or  2 sin « sin  0 cos  0-2  cos  esin20-cos*0  cbs«— sin#  sin  0cos0«*O 
L or  2 sin*  0 cos  * -sin  * sin  0 cos  0-f*cos3  $ cos  a— 0, 
or  2 tan*  0 cos  oc—  sin  a tan  0 4-cos  *-0.  ‘ ‘ . , •■■O'O 

This  is  a quadratic  equation  <in  tan  0,  hence  gives  two  values 
of  tan  0 and  corresponding  to  each  vjxluc  of  tan0  i.e.  9 there  will 
be  pne  position  of  P.  . v 

Let  the  two  roots  of  (ii)  be  tan  0,  and  tan  0f. 

Then  tan  0I+tan  0*=sum  of  the  roots—  ^'cosa  “ 


and  tan  tan  0,= product  of  the  roots- 


cos  a . 
2 cos a 


or 

or 

or 

or 


.\  .tan  (0x+0*)=, 


tan  01+tan  0,1  _iH?£=tana 
1 — tan  0!  tan  0,  > - 1—  i ' 


0,-f **==«•"  1 * - ’ Hence  proved. 

Also  from  (iii),  if  tan  0 is  real,  then  4 AC"  ^ 0 
sin*  a— 4 (2  cos  a)  (cos  *)  ^ 0 or  sin*  a— 8 cos*  a > 0 
1— cos*  *— 8 cos*  a ^ 0 or  l— 9 cos* « ^ 0 , ' . -■ 

9 cos*  a < 1 or  cos  a or  a ^ cos-1  (J)  (Note) 

Hence  a can  not  be  less  than  cos~r  (|). 
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**Ex.  16.  Two  inclined  planes  inttiscct  In  a horizontal  line, 


their  inclinations  to  the  horizon  being  a and  p ; If  a particle  is  pro- 
jected at  right  angles  to  the  former  from  a point  in  it  so  « to  strike 
the  other  at  right  angles,  the  velocity  of  projection  is 


ii'  JSL 
jsm  a -sin  p cos 


P cos  (a 


u being  thr  distance  of  the  point  of  projection  from  the  intersection 


of  the  planes. 

Solution.  Let  O be.  the  point  of  projection  and  u he  the  velo- 
city* of  projection.  Let  the  particle  strike  the  other  plane  at  A at 
right  angles.  From  O drasv  OC  perpendicular  to  the  inclined  plane 
BA.  21 01?C=s  angle  between  the  planes*®??—  /?  - a. 

direction  of  u is  at  right  angles  to  OB  and  OC  is  at  right 
angles  to  BA,  therefore  angle  between  directions  of  u and  OC  is 
also  n— «— p. 


/,  The  components  of  u 
along  and  perpendicular  to 
OC  are  1/  cos  (re-a-p)  and 
u sm  (i7~a—p).  Also  the  com- 
ponents of  acceleration  along  and 
perpendicular  to  OC  are  g cos  ft 
and  ~g  sin 
shown  in 
OB=a  (given). 

From  A OBC, 

OC~a  sin  (it- a -j))=rrsin  («'-)-/?) 

Considering  the  motion 
parallel  Co  OC  from  O to  A from 

we  have  (Fig.  32) 

OC—u  cos  (n-«- p)  /+igcos  p.t*, 
where  / is  the  time  taken  in  moving  from  O to  A ... 

or  a sin  (ct-F/l)—  MCos  (ec4-j3)./+$lT  cos  p t7-  ' * 

Also  as  the'  particle  strikes 'the  plane  BA  at  right  angles  at 
so  the  component  of  velocity  perpendicular  to  OC  vanishes  at  <4. 
Hence  from  we  have  for  motion  perp.  to  OC  . 

0=u  sin  (re— «— £)— g-  sin  p.t 

or  ‘ ‘ ' t=  usJ*(«-rP)  * - ' 

- gsin  p 


Substituting  this  value  in  (i),  we  get 
_ ' «a  cos  («  +\P)  sin  (et+0)  . g cos  0 h®  smU*+f ) 

osm  (a-j~p)=  — --g  + 


or  2ag  sin8  £=  —2k*  sin  p cos  (*+/?) +1/*  cos  P sin  (&+Pb 
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= «2  [{cos  P sin  (k-F#)— sin  p cos  («+£)}— sin  p cos  (k+P)] 

' (Note) 

=«*  [{sin  (#+j5— £)}— sin  p cos  (ec+0)] 

_ j 2 ag  sin*  P 11/a  __  . f 2 ag 

°r  M~  | sin  a -sin  p cos  (*-f-/f)J  „ ~"SI  . [sin  «— sin/3  cos  («-f-0)J 
*Ex.  17.  Two  inclined  planes  of  equal  altitudes  h,  and  inclined 
68 1 the  same  angle  « to  the  horizon,  are  placed  back  to  back  upon  a 
horizontal  plane.  A hall  is  projected  from  (be  Foot  of  one  plane 
along  its  surface  and  in  a direction  making  an  angle  p with  its  line 
of  intersection  with  the  horizontal  plane.  After  flying  over  the  ridge 
It  Tails  at  the  foot  of  other  plane,  show  that  the  velocity  of  pro- 
jection Is  cosec  P (8+ cosec2  *). 

Solution.  ' OAB  is  the  normal  cross-section  of  the  given  planes 
by  a plane  perpendicular  to  their  common  ridge..  Let  O be  the 
point  of  projection  and  u be  the  velocity  of  , a» 
projection. 

Since  the  ball  is  projected  from  O 
along  the  surface  of- the  inclined,  plane 
containing  O arid  in  a’  direction  njaking 
an  angle  p with  its  line  of  intersection  with 
the  horizontal  plane,  therefore  the  compo- 
nents of  u along  OA  and  - horizontally 
are  u sm  p and  u cos  p respectively.  The 
• omponent  u cos  P (horizontal),  remains 
constant  throughout 1 the  motion  and  it  (Fig.  33) 

would  cause  the  particle  to  fall  at  some  point  D instead  of  By 
which  is  exactly  opposite  to  O,  such  that  BD~u  cos  B.  Ts  where' T , , 
is  the  time  of  flight.  Here  D lies  on  the  line  of  intersection  of  the 
second  inclined  plane  with  the  horizontal  plane. 

, Due  to  velocity  component  u sm "p  the  ball  will  move  first 
along  the  line  O/f  then  leave  the  plane  at  A and  Anally  describe  the 
parabolic  path  AB.  - 

Hence  wc  have  two  displacements  of  the  ball,  one  due  to  velo- 
city component  u cos  p and  the  other  due  to  velocity  component 
k sin  p.  Wc  shall  consider  them  separately  and  at  the  end  their 
results  will  be  combined. 

From  &AOC,  wc  get  OA=*h  coscc  « and  OC=h  cot  x—CB, 

Let  u'  be  the  velocity  of  the  ball  when  it  reaches  A.  Then  from 
4,»4-=u:-f  2/s”  for  the  velocity  component  ir  sin  P,  wc  have 

sin2  £—2 g sin  x.OA*=u*  sin*  P—2g  sin  xJi  cosec  * 
or  sin*  * 

At  A,  the  horizontal  and  vertical  coriiponcnis  of  velocity 
r C are  ti*  cos  a and  \t  sin  * respectively.  Let  t he  the  time  taken  in 
moving  from  A to  B,  then  considering  the  motion  in  horizontal  and 
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vertical  directions  we  get  (n‘  cos  a)  t*=BC=*h  cot  a ...(ti) 

and  sin  o)  i-Jg/5  (Note)  ..,(lti) 

From  (ii)  we  get  sin  a) 

from  (iii)  we  get 

~/i=/i~ig  I Jt  ) or 

* \«'*  sin2  a/  A ...fjv) 

Substituting  this  value  of  u*t  in  (i)  we  get  . 

Igh  cosec2  (t~u-  sin*  fi—2gh  or  ua  sin*  P=lgh,  (8^  cosec2  «) 
or  u~iV(.£h)  cosec  0 v'(^4-cosec*  a).  Hence  proved. 

As  for  the  component  of  velocity  'u  cos  it  being  horizontal 
Will  have  no  effect  on  the  vertical  motion  7of  the  ball. 

*§  13.  Envelope  of  the  trajectories  with  the  same  velocity  and 
point  of  projection.  ’ {Gorakhpur  84, 82) 

Let  u be  the  velocity  of  projection  and  ct  the  angle  of  projection. 
Then  the  equation  of  the  trajectory  is 

;an“-S&a 

Differentiating  both’  sides  of  (i)  with  respect  to  the  parameter 
• gx3 

V,  we  have  0*=.<  sec1  tt—  ^ 2 sec*  a tan  a (Note) 

or  sec2  a (u3  — gx  tan  «)e=0  • 

*■  or  tan,  a «=  u*/gx,  since  Sec*  ayiO 

Substituting  this" value  of  tan  « in  (i),  we  get  the  equation  of 
, , /«*  \ gx* /,  , u3  \ tfi  gx3  u* 

the  envelope  as  y-x  S?  ( 1 + j = ? 7 2?  ~ 5 , 

u»  gx’  , '2tP(  w<>\ 

OT  *-2e  — & X^-TV'2g)  ■ ..(H) 

Also  if  h be  the  height  of  the  directrix  above  the  point  of 


projection,  then  tr~2glt. 

from  (ii)  we  have*2=  — Ah  [y-h)  ,..(iii) 

as  the  equation  of  the  envelope.  1 

• This  equation  represents  a parabola,  whose  axis  is  vertical  and 
vertex  is  the  point  (0,  h)  i e.  the  vertex  lies  on  the  common  directrix 
of  the  trajectories  and  whose  focus  is  the  point  of  projection. 

Note.  This  enveloping  parabola  touches  all  the  trajectories 
externally  and  hence  no  projectile  can  go  beyond  this  parabola  i.e. 

— * — : — *—*  r — •-*  - the  same  velo- 

df  the  parabolic 

■ bola.  To  find 

we  should  find 
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Sohcd  Examples  on  § 13. 

*Ex.  1.  ' In  vacuum  particles  are  projected  in  all  directions 
from  a point  O with  a velocity  w,  g being  assumed  constant.  Show 
that  all  their  paths  lie  within  an  cm  eloping  paraboloid.  If  their  be 
n ceiling  at  a height  k above  O,  show  that  its  portion  within  reach 

of  such  particles  is  a circle. of  area 


■i 


Solution.  We  know  (proved  in  § 13  Page  54)  that  for  different 
angles  of  projection  all  the  trajectories  in  a plane  will  lie  within  the 
2r<*  / 


enveloping  parabola  given  by  - 


«) 


-(f) 


' [See  result  (uj  of  § 13  Page  54] 

If  the  velocity  of  projection . remains  u,  then  the  envelope  in 
> very  other  plane  through  the  point  of  projection  'will  .be  an  equal 
i arabola.  Hence  all  the  paths  lie  within . an  enveloping  paraboloid 
which  envelopes  all  the  enveloping  . parabolas  in  ^different  planes 
through  O,  the  point  of  projection  and  is  generated  by  revolving 
/ i)  about  j -axis..  - , 

The  ceiling’ is  given  by  y— k,  . (ii) 

Let  (ii)  meet  (i)  at  .v~.vl(  then  we  get 

-f (?-**) 

* The  portion  .of  the  ceiling  within  reach  of  the  particles  is 

;■  circle  of  radius. .vt  and  hence  its  arca^jrAy- r.  (u'Jg)  (u*/g—2k). 

*Ex.  2,  A rocket  fired  vertically  upwards  bursts  at  its  highest 
j oint  h feet  above  tile  ground.  If  each  fragment  starts  with  the 
■ ime  velocity  «,  prove  that  ell  fragmenfs^on  reaching  the  ground  lie 
within  a circle  of  radius  u (tiz~h2gli)l,2;g.  1 ' ' . 

Solution.  Taking  the  point  where  the  rocket  bursts  as  origin, 

1 he  cquatidnvof  the  enveloping  parabola  is  > 

’ “Vj>  -2n»/v-  '■ 

1 , f.r  '&/■  . . ■■(’) 

"T*  p '■  * f~  ■**  **“*W  this  point,  so  it  is  y=~ 7i...(il) 

‘ ■■  ‘ , 

‘V  . ■ ’ Wb  ■■ 

■ Max.  range  on  the  ground =.y=(k/£)  («2+2g/;),/r  -1 
• '•  ...See  Note  at  the  end  of  § 13  Page  54 

All  fragments  on  reaching  the  ground  ,lie'  within  a circle 
- radius  (t//g)  (uS+2gh)V*. ' .5.  • • 

• ' **Es.  3.  >A  shot  is  fired  wi  ' *w  r **r 

' mountain  which  is  in  the  form 
t hat  the  farthest  points  which  ca 

tfinee  (measured  in  a straight  lincj  c—viu  im™ 

■ * * * ■’  **  * in  order  that  n particle  may  clear  a 

of  projection  from  the  highest  point 
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Solution.  Tate  O,  the  top  of  the  mountain  as  origin  and  axis 
as  shown  in  the  figure.  * 

Then  the  equation  of  the  enveloping  parabola  is 

2 iflJ 

' x*=>-  — ^ j,  where  u is  the  velocity  of  projection. 

Here  i£«2jrft  (given). 

The  equation  of  the  enve- 
loping parabola  is 

x3“  — 4/a  O'-  ft)  ..  (i) 

Let  P be  the  farthest  point 
reached  by  the  shot  on  the  hemis- 
pherical mountain.  Circle  AOP  is 
the  cross-section  of  the  mountain 
by  the  vertical  plane  through  0 and 
' p.  Then  if  C be  the  centre  of  this 
'•hemisphere  the  coordinates  of  C 
arc  (0,  — a)  and  consequently  the 
equation  of  the  circle  with  centre 
C is  , 

or  X“+}a+2ay>= »0  ...(ii) 

Let  P be  (xJf  yj),  then  from  (i)  and  (ii)  we  have 
4ft  O’i-A) 

and  * , 

Solving  (iii)  and  (iv)  we  get  j'1*+(2a~4/j)  y,+4/i3=0, 

3 (4/t-2o)q-v/[(2 a-  4ft)»--16ft«) 


...(Hi) 

-(iv) 


-4o/i)l 


-4aft) 


whence  y\* 

= (2/i — fl)  ± V [(a5  - 
Let  OP—R,  then 

- r 

= —2a  [(2ft  - 

-=a*+(n1~4<  . , ..... 

or  R=a±  VO**—  4cft).  ' 

This  gives  two  values  of  R i.e.  OP.  These  two  values  corres- 
' pond  to  two  points  where  (i)  meets  (ij)  vix.  P and  Q in  the  figure 
one  above  and  one  below  the  diameter  AB. 

OP^R—a  - V(a*-4o/i)  (Note) 

If  R is  real,  we  have  from  (v),  a1—  4a/i>0  or' 4 alt^a*  or  h<la. 
‘Maximum  value  of  h^a  and  m this  case  R has  only  one 
value  and  the  velocity  of  projection=V(2^ft)5=V'(2?-ifT)==  V (iga)- 
Hence  in  order  that  a particle  may  clear  a sphere  of  radius  a 
the  velocity  of  projection  from  the  highest  point  should  not  be  {ess 

than  V(ig«).  _ . • „ „ . ' ‘ ’ 

Exercises  on  § 13 

',Ex.  1.  If  any  number  of  particles  are  projected  from  the  same 
. point  with  equal  velocities  in.  different  directions,  prove  that  the 
particles  will  lie  on  a circle,  at  a fixed  timfi.  ( Gorakhpur  84,  e/j 
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Ex  2:  If  a particle  is  projected  with  a velocity  u from  a given 
point's1  so  that  its  path  lies  in  a given  vertical  plane,  prove  that 
all  possible  paths  lie  within  a parabola  of  latus  rectum  2i/*/gand 
focus  S.-  • ) • * ..  * 

,(Hint.  Find  the  envelope  of  the  paths). 

§ 14.  Solved  Examples  on  projection  to  hit  a moving  object. 

% *Ex.  1.  An  aeroplane  is  flying  with  constant  velocity  r and  at 
a constant  height  h.  Show  that  if  a gun  is  fired  point  blank  at  the 
aeroplane  after  it  has  passed  directly  over  the  gun  and  when  the 
angle  of  elevation  as  seen  from  the  gun  is  «,  the  shell  will  hit  the 
aeroplane  provided  2 (V  cos  a— v)  v tan*«—  gh,  where  V is  the  initial 
velocity  of  the  shell,  the  path  being  assumed  to  be  parabolic. 

Solution.  O is  the  point  of  projection  of  the  shell.  Ay  is  the 
position  of  the  aeroplane  when  the  shot  was  fired  at.  . Fired  point 
blank  means  the  intial  velocity  V * — s. 

of  the  shell  has  its  direction-  along  p A,  a tjT  n*. 

OAy  or  the  angle  of  projection  is  ct.  ^ f ^ ‘ 

The  aeroplane  is  flying  at  a ’ jy  / 
height  h along  the  line  BAy  with’  *»;  T/[  -»  ' 
velocity  v in  the  direction  as  shown  I bfa 

in  the  figure.  A.  is  the  point  where  ' — 

the  shell  can  hit  the  aeroplane  if . 

they  reach  Az  at  the  same  time,  the  (Fig.  35) 

shell  starting  from  0 and  the  aeroplane  flying  from  .4.  .Let  the 

shell  hit  the  aeroplane  after  time  7. 

The  distance  moved  by  aeroplane  in  time  t ~AyA2^v.t.  ...0) 
The  horizontal  distance  moved  by  the  shell  in  time  t 
''  ’ ~3A2=*(V cqs  a)  t.  . •••Oj) 

Also  from  & OAyB , we  have  BAy~h  cot  a ...(Jii) 

Now  BA2^BAy—AyA2  ' 

or  * (V cos  «)f=»/i  cot  /,  from  (i),  (ii)  and  (iii) 
or  /(Fcos  <x— v)=/i  cot  a or  t=h  cot  cc/(Kcos  a— v)  . (ivJ 
' ' Considering  the  vertical  motion  of  the  shell  from  O to  A2,  \vc 
get  h=(V  sin  ec)  /—  Jg^fEsin  cc— J gt)t 

• ■ =[^i"'-if(T^r)](^£-»)'from  (iv) 

or  ■ 2/i  {V cos  a-v)a=[2F  bin  a (Fcos  a~v)~gli  cot  «J  h cot  a 
or  2 (V  cos  ec— >*)3=2j'cos  a (V  cos  cot*  a 

or  2 (Fcos  «.-v)*-2Vcos«  (Fcos «c— v)=  — gh  cot *a 
or  2 (^cos  a — v)  ftF  cosec—  »•)—  Vcos«l=^—  gh  cot*  a 
or  2v  ( V cos  k— r)*=gh  col8  «c  or  ' 2»‘  ( V cos  a - v)  tan8  ct~gh. 
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or  „cos*  e—  or  _a±aj;« 

from  (0.  'on  «“  7,  c„s  «-l«  cos STSH+nT  " “ 1 5. 

,.Fa  3 The  «-£*££:  -ss 

«.oc'i iy ‘ "«5ft5  1'  VI*  M *-•)  (o-h“-«'f4  ‘ (Ifteni/  M 

Solution.  Let  - “A 

of  the  highest  point  of  the  hind  tsncci 
*.  The  velocity  of  IM 

the  mud  particle  is  2m 
horizontally. 

But  the  cainagc  is 
moving  horizontally  with 
a velocity  u. 

The  velocity  of  the 
mud-particle  relative  to 
"he  carriage** 2k  «-». 
noting  horizontally. 

Let  O be  the  highest  ul  ,h t , centres  of  hind  and 

point  of  the  hind  wheel.  Let  C,  and  C,  be  d dicu|ar  to  the 

fro„t  wheels  respectively.  Front  C,  draw  C,K  p 

• diam£CJ°di's.anee  between  the  * 

!?r.  ® 

p0: 

par,ic,e 

* • Buthoren=^.^-^-’ 

n,;v  _ Vl)  is  a point  on  this  path,  so  wejw 
•••  0 <?“ 

Ub-*)-&  [e>-(b-n)*].  front  (I)  “”d 
0t  • , tf»  -(>— rt«l , <t  <«+*-«)  (£=*+“) 

« ' — 
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*‘s=ui-r^/f**'  we  have 

~a  cos  ff=-(r  Mn  t>)  f-isr2'  ' ' (Note) 

or  n cos  l=»  si,  e , . fflfl-sin  «)')».  ■ • 

L V cos  0 v cos  e ' J ...from  fi> 

or  a cos  f»- Q - 0 ~*in  ff)* 

. cos  0 2v-  cos*  ff 

or  n [cos2  0 -sin  fl-f-sm*  0]=  £!!*.  11  ~~sin  £1* 

2yu  cos  ff 

' or  (1  -sin  ff)=  or  2r*  cosff«==gc  (1-sin  ff).' 


frc.  5,  A shot  fired  with  velocity  V at  an  elevation  « strikes 
a point  P on  a horizontal  plane  through  the  point  of  projection.  If 
the  point  P is  receding  from  the  gun  with  velocity  r,  show  that  the 
elevation  must  he  changed  to  ff,  where 

sin  2ff =sin  2#  +(2r/ V)  sin  ff 

Solution  We  know  that  the  range  of  a particle  on  an  inclined 
plane  =(2/g)  (Horizontal  comp,  of  vel.)  (initial  vert.  comp,  of  tel.) 

, . ' • <*> 
Let  O be  the  point  of  projection  and  a the  angle  of  project!  jn, 
then  originally  range  OP - (2  _?)  (V  cos  cc)  (V  sin  «).  . (it) 

Now  the  angle  of  projection  is  ff,  when  the  point  P is  receding 
from  the  gun  with  a velocity  v.  Let  us  assume  that  point  P is 
stationary,  then  initial  horizontal  and  vertical  compc  nents  of  velo- 
city of  the  shot  are-(V  cos  9—v)  and  V sin  ff  respectively. 

from  (i),  range  OP~(2fg)  ( V cos  ff  - v)  ( V sin  ff)  , .(iii) 
from  (it)  and  (iii)  we  have 

(2 Ig)  (V cos  ctW  sin  «)~ (2 tg)  (V  cos  o -v)  (P  jin  ff)  . 
or  V sin  2k— V sin  2(T ~2r  sin  ff  or  I' sin  2ff^=  V sin  2g~f-2v  sin  ff 


or  sin  2ff  =sin  2«  j-Uv/P)  sin  ff  s‘  Hence  proved. 

**Ex  6.  A battle  ship  is  streaming  ahead  with  velocity  re.  A 
gun  is  mounted  on  the  ship  so  as  to  point  straight  backwards  and  is 
set  at  an  angle  of  elevation  «.  If  v be  the  velocity  of  projection  rela- 
tive to  the  gun  show  that  the  range  is  (2r/g)  sin  a (v  cos  a — u)  and 
the  angle  for  maximum  range  is  cos"1  {((u+VOF-hSr3)}}. 


Solution.  As  the  ship  is  moving.  ...  . 

horizontally  with  a velocity  u in  a direction  • , / 

opposite  to  that  of  the  projection  from  I y 

the gun'and  the  horizontal  and  vertical ' 1 I //■ 

components  of  velocity  of  projection  t/S 

relative  to  the  gun  are  r cos  * and  v sin  « - — V JfJ - 

respectively,  so  initially  the  actual  lion-  * ° . 1 

■ zohtal  components  of  velocity— v cos  a - u (Fig.  3 ) 

and  the  vertical  component  oF  veloc.ty==r  sin  «. 

‘ Also  we  know  that  horizontal  range  of  a Part'cl«rfJ«> 
(horizontal  comp,  of  velocity)  xtmunt  vertical  comp,  of  velocity).  • 
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If  R be  the  required  range,  then 
' ‘ . *=*(2/g)  (»'  cos  a -u)  (y  sin  a)  ...(1) 

Now  if/?  is  maximum,  then  t/R/ik= 0 and  r/2/?/rfo3*=  — ve. 
From  (i)»  r//?/rf*«( 2/g)  ((»•  cbsa~w)  (>•  cos  et) 

' •'*  ’ ”+fr  sin  «)  (— v sin  «)] 

*=(2 is)  [V*  (cos5  «— sin5  a)-i/r  cos  «] 

, If  <fR/dx=sOt  then  v*  (cos*  cc— sin2  a) — ur  cos*«=0 
°r  v (2  cos*  ee— 1)~ u cos  «=0,-  V cos*  a-sm*  «^2  cos*  a- 1 
o 2v  cos*  a — »/ cos  a ~v*=0  or  cos  v'0F-t-8is)}/4r). 

The  negative  sign  before  the  radical  renders  the  value  of  cos  a 
n native  / c.  a is  obtuse  which  is  against  the  problem.  (Note) 
Hence  cos  *={w-F  V’ («*  F 8v3)/4r  ‘ Hence  proved 


§ t6.  Part'c'es  suffered  to  describe  parabolic  paths. 

**Ex.  t.  Particles  slide  down  the  chord  of  a vertical  circle 
te  mutating  in  the  lowest  point,  Show  that  the  locus  of  the  fopj  of 
the  path  subsequently  described  Is  a enrdioid.  (Gorakhpur  85,  79) 
Solution.  BO  is  the  vertical  diameter 
through  O , the  lowest  point,  of  the  circle. 

js  a chord  of  the  circle  terminating  at  • 
t/.  Let  the  polar  coordinates  of  A be  (r,  0) 
referred  to  O as  pole  and  OB  as  initial  line. 

A particle  slides  from  A and  reaches 
' O along  the.  chord  OA  and  let  i<  be  its  vclo- 
t 'ty  when  it  reaches  O. 

Then  v=v/{2g-  sin  (90V9)  OA), 

-i  from  V»,*=tw*4»2/i”i  »>  . 

. ", , <=V(2g.OA  cas  u)=-v/(2 g.OC),  " (i) 

’ where/fCis  the  horizontal. line 
through  A..  ....  , ..  . . (F,fi.  4p) 

• * After  reaching  O the  particle ‘leaves  the  circle  .and  moves 

trccly  under  gravity  and  thus  traces  out  parabolic  path  bejond  O 

with  velocity  or  projection  as  v.  . • 

r u velocity  at  auy  point  of  the  parabolic  path  is  that  due  to 
tall  front  the  directrix. and  rrom  (i)  velocity  v at  D=-v  (2g  CO). 
Hence  the  directrix  of  the  subsequent  path  is  the  horizontal  Im cAC. 

is  1 “"S??1  >“  the  parabola  at  O and  OC  is  the  per- 
• *r0?  P to  the  directrix  AC.  Also  we  know  that  tangent 
at  any  point  of  the  parabola  bisects  the  angle  between  its  focal 
tbe  perpendicular  from  - the  point  on  the  directrix. 

. iLer50re^LU£Liravy  a lin?  OS  making  /_  AOS^£COA~v  (say) 
and  take  OS—OC,  then'  S is  the  focus  of  the  parabolic  path. 

Let  (rt,  oj'be  the  polar  coordinates  of  S’. 

Then «==£  COS=*29  ‘ 
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V 5rJ,“  cos’  i=a  (|+c.os  2«)=0  (I  +COS  ct),  from  (ii) 

. .**  • . c of  S'  (rx,  oc)  is  r=a  (1  t-cos  0),  which  is  the  stan 

dara  equation  of  a cardtotd. 


Ex.  2.  Particles  slide  down  the  diameters  of  a veriest  circle, 
prove  that  the  locus  of  the  foci  of  their  subxequenent  paths  is  a 
circle. 


Solution.  OCP  is  a diameter  of  the  circle  with  centre  C.  A 
particle  slides  from  O along  the  diameter  OP  and  leaves  the  circle 
at  P , subsequent  motion  being  free  the  particle  traces  out  a para- 
bolic path  beyond  P.  . 

OP  is  the  tangent  to  the  parabolic  path  at  P and  PK  is  the 
perpendicular  from  P on  the  directrix  OZ, 

which  is  a horizontal  line  through  O,  

(See  last  example)  g 

, V L OKP—  90*  „ A&  V7f 

,\  K is  a point  on  the  circle  (angle  { i XI 

in  a seme-circle).  Make  A POS~  /_  KOP  / i ' / j 

and! etKOS=OK.  Then  S is- the  focus  l XC  / 

of  the  parabolic  path.  \Jx  ‘ / 

In  A'  OKP  and  OSP,  OK=OS,  

(by  construction)  ’ X/  — "-'o? 

OP  is  common  and  /.  KOP=*£  POS  ' f 

(by  construction)  / * 

A*  OKP  and  OSP,  are  congruent.  Fig.  41) 

In  particular  /_  OSP  is  a right  3ngle  and  as  such  S will  lie  on 
the  circle.  Hence  the  locus  of  the  focus  S is  the  given  circle. 

*Ex.'3.  A number  of  bodies  slide  from  rest  down  the  chords' 
of  a vertical  circle  starting  from  its  highest  point  and  afterwards 
move  freely.  Prove  that  the  locus  of  the  foci  of  their  subsequent 
paths  is  a circle  whose  radius  is  half  that  of  given  circle. 

Find  the  locus  of  the  vertices  of  the  subsequent  parabolic  paths. 
Solution.  Let  a be  the  radius  X p N ' 


of  the  circle.  Let  0 , the  highest  T 

point  of  the  circle  be  taken  as  xf  f e V \ 
perte  and  the  horizontal  line  ON  jU.N,-,  / \ V 

be  taken  as  the  initial  line.  f */  \ y 

OA  is  any  chord  of  the  circle  / - \ I i 

through  O,  such  that  - l .v  \»  l 

£ JfOA^B  (say)  \ < 

A particle  slides  from  O along  v * . * 

OA  and  leaves  the  circle  at  A and  \ i , 
subsequent  motion  being  free  \s5*x  l ” 

traces  out  a parabolic  path  1 y ) 

beyond  A.  The  horizontal  line  . 

ON  through  <7  is  the  directrix  of  (Fig.  42) 

this  parabola,  since  the  velocity  at  A is  that  due  to  fall  from  the 

level  of  directrix  and  is  also  due  to  the  fall  from  the  horizontal 
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line  ON.  From  A draw  AN  perpendicular  to  the  directrix.  Make 
/'_NAOs=/_OAS  and  cutoff  AS— AN.  Then  S is  the  focus  of  the 
parabolic  path.  Join  OS 

Since  a*  OAN  and  OAS  arc  congruent. 

£SOA*~  £NOA=6: 

IF  S be  (ru  &),  we  have  <z~  /_SON=28  (see  figure)  . (i) 
and  rt^OS=OA  cos  0=(2a  siri  9)  cos  9. 
sinoc  CM=2cr  sin  0,  where  a is  the  radius  oF  the  circle, 
or  rt—u  sin  2 8=a  sin  «,  from  (i) 

Hence  the  locus  of  focus  S (r, «)  is  r=u  sin  Q,  which  is  a 
circle  of  radius  \a.  (This  fact  can  be  seen  very  easily  by  changing 
r—a  sin  $ to  cartesian  form). 

* Let  (Xj,  y,)  be  the  emtesian  coordinates  of  the  vertex  V of  the  » 
parabolic  path,  where  V is  the  middle  point  of  the  perpendicular 
SZ  drawn  from  the  focus  S'  to  the  directrix  OS. 

Now  Xi=±07.*=0S cos  (k— 20)=  — a sin  20  cos  20, 

Y OS~a  sin  29  (proved) 
or  xx—  — a sin  29  co^  29  ...(ii) 

And  yx=VZ~\  SZ=i.  OSsln  (r.-29)=l  a sin  29  sin  29 
or  sin®  29.  ' ...(til) 

Eliminating  9 between  (ii)  and  (iii)  we  have 

xl*=a2  sin*  2 0 cos*  29=a- 1 ^ j 1 1 — j , from  (jii) 

or  .^*=2^  («— 2vj)  - or  .v1*-f-4vl3«2m’1. 

- The  locus  of  f\ >(.vlt  jx)  is  4y*=2fl>»,  which  is  the 
equation  of  an  ellipse. 

Ex.  4.  Particles  are  allowed  to  fall  from  rest  under  gravity 
from  a fixer!  point  to  a fixed  vertical  straight  line  along  various 
rectilinear  chords.  If  they  be  suffered  to  describe  parabolic  trajec- 
tories after  leaving  these  clionls  show  that  the  locus  of  tlieir  loci  is 


a circle  and  that  of  <he  verticics  is  an 
ellipse.  . 

Solution.  O is  the  fixed  point 
and,/!/?  is  the  fixed  vertical  straight 
line.  ’ OP  is  any  chord  through  O 
meeting  the  line  AB  in  P.  A particle 
slides  from  O along  OP  and  leaves 
the  chord  OP  at  P and  the  subse- 
quent motion  being  free,  the  particle 
traces  out  a parabolic  path  beyond 
P.  From  O draw  a horizontal  line 
meeting  AB  in  C.  Let  AC^a  (cons- 
tant since  O and  AB  arc  fixed)  and 
ZCOP^Q. 

Now  OP  is  a tangent  to  the 
parabolic  path  at  P and  PC.is.  , 
perpendicular  to  the  directrix  OC 


(Fig.  43) 
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The  locus  of  S (rt,  0 ) is  r=o,  which  represents  a circle. 
From  focus  S draw  SZ , perpendicular  to  the  directrix  OC, 
Then  V,  the  middle  point  of  SZ,  is  the  vertex  of  the  parabolic 
path.  Let  the  cartesian  coordinates  of  V be  (x„  y,). 

Then  a \*=OZ<=OS cos  (rc— 28)~—a  cos  2&,  since  OS=a 
or  xt — -a  cos  20  , ...(i) 

And  VZ~i  SZ^\  OS. sin  -20)=}  a sin  20 
or  2y,=o  sin  20  , ..  <**) 

Squaring  and  adding  (i)  and  (ii)  we  have 

The  locus  of  V fo,  yt)  is  .tI-f  4ys~a',  which  is  the  equa- 
tion of  an  ellipse. 

MISCELLANEOUS  SOLVED  EXAMPLES 


Ex.  1.  (a).  If  / be  the  time  in  which  a projectile  .reaches  a point 
P in  its  path  and  t'  the  time  from  P till  it  reaches  the  horizontal 
plane  through  the  point  of  projection,  show  that  height  of  P above 
the  horizontal  is  }gft'. 

Also  proto  that  the  greatest  height  of  the  projectile  is 

is  (/+/')*. 

Solution;  Let  O be  the  point  of  projection,  A is  the  point 
where  the  particle  strikes  the  horizontal  plane  through  O,  t and  /' 
arc  the  times  taken  by  the  particle  in  moving,  from  O to  P and  P 
to  A respectively. 1 

Consider  the  vertical  motion  from  O to  P,  from 

we  have,/t=*ti  sin  «.r— igts>  •••(*) 

where  u and  « are  the  y 
velocity  and  angle  of 
projection  and  h is  the 
required  height  PN  of 
P above  OA. 

Also  time  of  flight 

=(2«  sm  *)(g  q 
or  /-W'=(2k  sina)!g  W' 


or  u sin  (t4  O.  (Fig-  44) 

■■(hi 

Substituting  this  value  in  (i)  we  get 

0+t')  l~  } gi'^i  gtP 
Also  the  greatest  height  of  the  projectile 

**tg  (/+/')*•  • Hence  proved. 

Ex".  1.  (b).  A particle  Is  projected  with  velocity  u from  a point 
on  an  inclined  plane.  If  r,  be  is  tclocffy  on  striking  the  plane  when 
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the  ran&e  up  the  plane  is  maximum  and  r.  the  velocity  on  striking 
the  plane  when  the  range  down  the  plane  is  maximum,  prove  that 
w’=v,vt. 

Solution.  If  § be  the  inclination  of  the  given  plane  to  the 
horizontal,  then  the  maximum  range  R of  the  particle  up  the 
inclined  plane  is  given  by 

*=«*/[£  O+sin  ft]  ..(0 

Also  we  know  that  the  velocity  v of  the  particle  at  a height  h 
above  the  point  of  projection  is  given  by 

(Note)  ...(ii) 

IF  vx  be  its  velocity  on  striking  the  inclined  plane  when 
the  range  up  the  plane  is  maximum  i.e.  R,  then 

*h'*=R  sin  P (See  Fig.  26  Page  44)  (Note) 

and  from  (10  we  have  vts=u3—2gR  sin  ft  where  R is  given  by  (i) 


or  S1»P  __  »•  u-MHpy  „ 

g (J-f-sin  ft  (1-f-sin  ft  ...(in') 

Changing  P by— ft  in  (iii)  i.e.  for  the  range  down  the  plane 
we  have  v,*— «*  jl-fsin  ft/(l  — sin  ft  ..  (iv) 

' From  (iii)  and  (iv)  we  get  vt*  vt*— u4  or  v1v.i=us. 

Hence  proved. 

♦Ex.  2.  At  any  instant  a projectile  is  moving  with  velocity  u in 
a direction  making  an  angle  a to  the  horizon.  After  an  interval  of 
time  /,  the  direction  of  its  path  makes  an  angle  p with  the  horizon- 
tal. Prove  that  it  cos  a=g//(tan  ec— tan  ft. 

.Solution.  After  time  / let  v be  the  velocity  of  the  projectile 
making  an  angle  p (given)  with  the  horizontal.  The  horizontal  and 
vertical  components  of  this  velocity  are  v cos  p and  v sin  p respec- 
tively. 

Also  the  horizontal  and  vertical  components  of  velocity  when 
the  particle  is  moving  with  a velocity  « making  an  angle  a with 
the  horizontal,  are  u cos  « and  u sin  * respectively. 

Also  as  the  horizontal  component  of  velocity  remains  constant 
throughout  the  motion,  so  v cos  fi  cos  a ...(i)  • 

. ' Considering  the  vertical  motion  from  “r=*y/-f/r”  we  have 
, ' „ v sin  p=u  sin  *— gt  ' (ii) 

From  (ii),  we  get  gt=u  sin  «c~v  sin  p ...(iii) 

~u  sin  «—[(«  cos  o)/c os  pi  sin  ft  from  (i) 

; cos  k [tan  «— tan  ft 


or  • : u cos  «=g7/(tan  * -tan  ft’.  Hence  proved. 

, Ex.  3.-  A ball  is  projected  so  as  jus t to  clear  two  walls,  the 
first  of  height  a at  a distance  b fiom  the  point  of  projection  and  the 
second  of  height  b and  at  a distance  a frem  the  point  of  projection. 
Show  that  the  range  on  the  horizontal  plane  is  (tf**f  ab-\-  £*)/(« 4- ft 
and  that  the  angle, of  projection  exceeds  tan'1  3. 
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Solution.  Let  the  par- 
• tide  be  projected  from  O 
tit  an  angle  a with  the 
horizontal,  Then  the  equa- 
<ion  of  the  path  of  the 
projectile  is 


y~x  tan  c - 


'J2$a 


2«*  cos2  e 

■ 0) 

referred  to  O as  origin  and  „ R 

the  horizontal  and  vertical  * ' * 

lines  through  O (as  shown  (Fig,  46^ 

in  the  figorc)  as  coordinate  axes  and  w as  the  velocity  of  projection. 

If  the  particle  strikes  the  level  at  (R,  A)  then  (74,  — A)  is  a 
point  on  (i). 

—h=*R  tan  k — „-?-?■  ■=- 
2m*  cos*# 

or  ~ 2w*A*=2«*  Jl  tan  c-  g R 1 see*  * 

or  ‘ — 2m*A=*2u*  R tan  c -g  R*  (l-rtan*#) 

or  gRz  tan*  k-2u*  R tan  #-f  (gR2— 2wVi)— 0,  ..N(jj) 

which  is  a quadratic  oqyation  in  tan  k. 

Since  the  path  of  the  projectile  is  real,  therefore  the  values  of 
tan  e given  by  (ii)  arc  real  and  condition  for  the  same  is 
• *4Aa — he  ^ 0" 

or  4n«  R:- 4 (gR*)  fe7?*~  2u=A)  ^ 0 or  rd -£*/?*+ 2«VA  ^ 0 
or  (4g2a3)  2 (2ga)  gfi  > 0,  since  «8*2ga 

or  „4a3  — /?S+4#A  .35  0 or  4a3+4uA  ^ /?* 

or  ft3  < 4a  (u-j-A)  or  R < 2v'(«r  («-f  A)}. 

Maximum  range  on  the  level  plane 

. maximum  value  of  R=2\/{a  (tf-h h)} 
Also  if  #=P  when  R is- maximum  i.c.  2 y/{a  (a-{-/i)}  then 
from  (ii)  we  have 

4?a  (a+h)  tan*  0-2  (2ga).2y/{a  (a-f  A)}  tan  6 . 

-f  4ga  (a +h)—2  (2ga)  A= 0 
(remembering  that  uz*=2ga)  4 
or  (a+A)  tan*  0-r2v'{i7(<i+/i)}  tan  o-i-<7=0 
or  A)  tan  0 — y/ap*±0 

or  tan  0=v'o/V'(o+A)  or  - tan*  6=at{a  i A).  Hence  proved. 

_ *Ex.  5.^  A fort  and  ship  are  both  armed  with  guns  which  give 


pjoujoi® 
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• 4 WViiM))  f(M\ 

'*  d,  5=3  2\/{h  {h—k)}  >J\h—k}'  Hence  proved. 

*Ex.  6 (a).  A ship  is  under  fire  from  the  Runs  of  a foW  k feet 
above  sea  level.  • Assuming  that  two  guus  of  the  ship  and  the  fort 
fire  with  a velocity  y/(2gh)%  prore  that  the  width  of  the  rone  under 
the  fire  from  the  fort  which  the  ship  has  to  cross  before  being  able 
to  reply  is  2 y/h  W(h+k)  - V(h -*) ). 

Solution.  As  in  the  last  example  we  can  prove  that  if  r/t  and 
da  arc  the  greatest  horizontal  ranges  at  which  the  fort  and  ship  res- 
pectively, can  engage,  then  d^=2y/{h  (/i-f  k)}  and  dt**2y/{h(h—k)}. 

Required  width  of  the  zone=f/,— dt  (Note) 

«2  y/Vtih-bty^x/Viih-k)}  , 

*=*2\/h  l\Z(h+k)-~v(h~k)]-  Hence,  proved. 

Ex.  6 (b).  A fort  Is  at  the  top  of  a hill  of  height  h above  the 
sea  level.  Prove  that  the  greatest  horizontal  distance  at  which  gun 
in  the  ship  can  hit  the  fort  is  2 y/[k  (k—h) J,  where  \/(2 gk)  is  the 
muzzle  velocity  of  the  shot.  { Gorakhpur  86) 

Hint : Do  as  Ex.  5 Page  69. 

**Ex.'7.  A fort  is  on  the  edge  of  ft  cliff  of  height  k.  Show 
that  there  is  an  annular  region  of  area  ffchk  in  which  the  fort  is  out 
of  range  or  the  ship  but  the  ship  Is  not  out  of  range  of  the  fort, 
where  \/(2g/i)  is  the  velocity  or  the  shells  used  by  both. 

Solution.  As  in  Ex.  5 Page  69  we  can  prove  that  if  </,  and  <fs 
arc  the  greatest  horizontal  ranges  at  winch  the  fort  and  ship,  respec- 
tively, can  engage,  then  2y/{h  (h^-k))  and  dt—2y/{h  (fi~k)}. 

Now  required  area  of  an  annular  region  in  which  the  fort  is 
out  of  range  of  the  ship  hut  the  ship  is  not  out  of  range  of  the  fjrt 
=area  between  two  concentric  circles  of  radii  <It  and  </,.  (Note) 
(43-d22)=w  [4/i  (ft+k)~4h  (h  ~k))=*8rM. 

*JEx.  8.  Two  particles  arc  projected  Simultaneously  with  the 
same  speed  V in  the  same  vertical  plane  with  angles  of  elevation  Q 
and  2fl,  where  0 < 45'.  Show  that  their  velocities  arc  parallel  after 
a time  (V(g)  cos  iO  cose c {6. 

Solution.  We  know  (from  § 2 Page  1)  that  if  u and  « be  the 
velocity  and  angle  of  projection,  then  x and  y components  of  velo- 
city after  time  t are  u cos  i and  (« sin  «— gt). 

,V  If  4 he  the  angle  which  the  direction  of  velocity  after 
time  t makes  with  the  x-axis,  we  have' 

tan  $=(u  sin  *—£/)/(«  cos  a).  ...fi; 

In  this  question  let  the  velocities  of  the  given  particles  be 
parallel  after  time  t,  then  from  (t)  we  have 
V sin  0 —gt.  V sin  20— gt 
’ - V cos  0 V cos  20 


(Note) 
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or  {V  sin  0~gt)  cos  2u«-(  V sin  2‘)-gt)  cos  0 

or  gt  [cos  Q — cos  2o)«  V (sin  29  cos  o-cos  20  sin  0) 

or  [2  sin  {tf  sin  K sin  (20-0)=*' sin  0 

or  sin  Jpsiri  $0}] 

= ( 2V  sin  $0  cos  $0)j[g  (2  sin  »t>  sin  JP» 

—O'g)  os  $0  coses  jf  0.  Hence  proved. 

**Ex.  9.  A gun  fires  a she!!  with  a muzzle  velocity  if,  show 
that  (he  farthest  horizontal  distance  at  which  nri  aeroplane  at  a 
height  h can  be  hil  is  (u/g)\/( «5-  2gh)  and  lhc  son’s  clnstion  then 
is  tan'1  (m/v^w1-  2g/i)}.  (Kanpur  $$.;  Lack  no  tv  82,  79) 

Solution  Let  k be  the  angle  of  projection  of  the  shell.  • 

Let  the  point  of  projection  of  the  shell  be  taken  as  origin  and 
the  horizontal  line  (lying  in  the  plane  of  flight)  and  vertical  Jinc 
through  the  point  of  projection  be  taken  as  x and  y axes  respect!* 
veJy. 

Then  the  equation  of  the  trajectory  of  the  shell  is 


tan  « — 


gx- 

iti1  col*  V-  * 


...0) 


(f  R be  the  horizontal  distance  of  the  aeroplane  from  the 
point  of  projection,  the  coordinates  of  the  position  of  the  aero- 
plane when  it  is  hit  hy  the  shelf,  arc  (R,  h). 


V (R,  h)  lies  on  (1),  so  A«=/(  l.in 


-Oil 


If  It  be  maximum,  then  ~~  »nc£afire 

Differentiating  lx>th  sides  of  (ii)  with  respect  to  «,  we  have 


2/i  sec3  < **  -f-2R!  see3*  tenet] 


gR2  sec2  a tan  <* 


-R  sec2  k 


da  ~ V* 

tan  *^ua[gR,  since  sec2  « ^6  0 
Substituting  this  value  of  tan  « in  (11),  we  get 

, o I" M ^ /1-1- cR‘  ■£_  &’ 

h~R  l55j-2^  \ i‘R‘  )~  a ~2a»  ~ig  ~*2g  “2  if- 

-™  ut_  2gl, 


...(iiij 


gSI 

“r  . H>~~2g 

or  s/W—Igh) 

■ /Viso  from  (ri)  we  get 


1g 


or  J!»=  - (ifi-Zg/t) 


fMSU  « 

j ji  us  r n , *i 

*“  *“  Js  “ [vxi?=lsW  j • 
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**Ex.  10.  , Two  parallel  straight  lines  in  the  same  vertical 
plane  are  each  inclined  to  the  horizon  at  an  angle  et.  A particle  is 
projected  from  a point  mid-way  between  them  so  as  to  graze  one  of 
the  lines  and  then  to  strike  the  other  at  right  angles,  show  that  the 
direction  of  projection  makes  with  either  of  the  lines  an  angle 
N tan"1  [(V2 — 1)  cot  a]. 

Solution.  Q is  the  point  mid-way  between  the  given  parallel 
straight  lines  AB  and  CD  inclined  at  an  angle  a to  the  horizontal. 

The  particle  is  projected 
from  O and  touches  (grazes)  the 
line  AB  at  A and  strikes  the  line 
CD  at  right  angles. 

Let  the  velocity  of  projec- 
tion be  « making  an  angle  p 
with  cither  of  the  lines  AB  and 
CD.  The  resolved  parts  of  this 
velocity  u parallel  and  perpen- 
dicular to  AB  arc  'u  cos  p and 
u sin  p respectively  and  accele-  j 
ration  in  these  directions  are 


— g sin  a and  — g cos  arespeo  (Fig.  48) 

tively.  ' *,  ‘(Note) 

Let  /j  and  ia  be  the  times  taken  by  the  particle  in  moving  from 
O to  B and  O to  D respectively. 

Since  O is  the  point  mid-way  between  AB  and  CD  therefore 
and  0 are  two  points  at  equal  distances  on  opposite  sides  of  O. 
Hence  if  we  consider  the  motion  of  the  particle  perpendicular  to 
AB,  then  the  distance  travelled  by  the  particle  from  O to  B at  right 
angles  to  AB=—  (the  distance  travelled  by  the  particle  from  O to 
D at  right  angles  to  AB). 

i’e.  (u  sin  p.  tx— cos  « /js)=  --(«  sin  p t2~ig  cos  a /22) 
or'  (« sin  p)  (rx+  t*)=ig  cos  b (h'+if).  ...(i) 

Also  as  the  particle  touches  AB  at  B, ’ so  the  velocity  of  the 
particles  at  right  angles  to  AB  vanishes  at  E.  So  from  **v=u  +//”, 
we'have  0=1/  sin  p—g  cos  a t1  or  /,=(w  sin  P)/(g  cos  a)  ...(ii) 
Again  the  particle  strikes  CD  at  right  angles  at  D,  so  the  velo- 
city of  the  particle  parallel  to  the  line  AB  vanishes  at  D,  so  from 
we  have  0—u  cos  P—g  sin  *.  /2 

or  fj=(n  cos  p)J(g  sin  a).  . ...(iii) 


Substituting, the  values  of  tu  t,  from  (ii)  and  (iii)  in  (i)  we  get 
, . -v  f u sin  p t u cos  fll  , f u 2 sin*  8 , lA  cos2  p") 

(u  sm  p)  coS(£  4- - * sjn  K j— cos  “ Cos2  « ^ g2  sin2  a J 


sin.2  P sm  p cos  p • sin2  p , cos2  p cos  a 

cos«  sine  ■ ~ 2 cos  a 2sm2e? 


sin2  p sin  fl*cos  p cos2  ft  cos  g r J 
2 cos  s " sm  a 2 sm2 « ^ 
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: 

ot 

, fiTaa"^'2~l)cot^  ‘>COtx’ 

Hence  proved. 
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; Also  for  the  horizontal  motion  of  the  stone,  we  get 

cos  «)(/*- /j).  • (v) 

From  (iv)  and  (v)  we  get  v/2--(k  cos  ct)  — Za> 

or  ucos  * _ "U  _ (2+  V2)  VWg) 

v ” v=/i “ <2+v2)vwgy-{i-v2)  vm) 

' 2+yf*  „ vw 

“ 2\?^  2 * Hence  proved. 

*E\.  12.  Prove  that  the  locus  of  the  foci  of  all  trajectories 
passing  through  two  given  points  is  a hyperbola. 

Solution.  A and  B are  two  given  points.  The  trajectory  passes 
through  A and  B.  Let  S be  .the  focus  and  LM  be  the  directrix  of 
this  parabolic  path  (trajectory). 

» j and  Also  from  A and 
" draw  AL  and  BM  perpendi- 
culars to  the  directrix  LA/. 

Then  SA^AL  and  SB^BM 
'-(properties  of  parabola) 

, SB-SA^BM-AL 
=* vertical  -distance  between 
4 and  B 

a-r  ^constant,  since  A and  B are 
given  points. 

• ■S’  is  a point,  the  differences 

cf  whose  distances  from  two  points  (Fig.  50) 

thTdfr  is  constant.  Also  in  the  case  of  hyperbola  we  know  that 
fn-m"!  l ence  of  focal  distances  of  any  point  on  it  is  constant 
focus  reif  are  two  foci  of  a hyperbola).  Hence  the 

s ot  the  parabola  lies  on  a hyperbola  whose  foci  are  A and  B. 
the  *3*’  Three  particles  are  projected  simultaneously  and  in 
tinns  m Ci  jcrt‘Ca*  Plane  from  a point  with  velocity  ti,  v,  w in  direc- 
of  SL  / * 8.  aQSles  *»  & Y with  the  horizontal.  Show  that  the  area 
to  til  cnge  r°riucd  by  the  particles  at  any  time.r  is  proportional 
that  n,.? nffe  of  the  tirne  elapsed  from  the  instant  of  projection,  and 
1 . thref  Particles  will  always  lies  in  the  same  straight  line  if 


L 

,Z  Si 

■ J 

V 1 

vC 

[> 

n 

5 

\ 

PsrY)  j sin  (y- 


*)  _j_  sin  Qc—ff) 


Sol  f • V W 

zontal  linin’-  l^e  paint  of  projection  as  origin  and  the  hori- 
the  noint!,r  -nE  ,tl  the  Plane  °f  flight)  and  the  vertical  line  through 
'Aft  f projectlOQ  « coordinates  lyes. 
cW  be  rJ  tl0\e  /* ,et  tfie  coordinates  of  the  positions  of  the  parti- 
> ^ toJO*  (*a,  j’j)  and  (xi.j’g)  respectively. 

a *»*(«  cos  a)  t and  y^{u  sin  «)  . • 
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Area  of  the  triangle  formed  by  these  points 
=4 (.Y4>,1+.r*rt+  ay ’»)] 
ixo't  -ayy 

f (u  cos  ec/)  O’  sin  cos  fit)  (u  sin  xt~igt2)] 

=$  £ [uv  fcos  « sin  0— sin  a cos  0)  t2~{gi3  (u  cos  k—v  cos  0)1 
— J/s 2 [w  sin  (0— «)]  ~igt3  £ (u  cos  k~v  cos  0) 

—it*  2 (in*  sin  (0-  *)],  V 2 («  cos  « — v cos  0)— Q (Note) 

which  is  proportional  to  /=. 

These  three  particles  will  lie  in  a straight  line  if  this  area  of 
the  triangle  formed  by  these  three  particles  is  zero; 

*’.e.  £ [uv  sin  (0  «)]=0 

or  uv  sin  (*— 0)+v»v  sin  (0  - y)-f-nw  sin  (y- tt)=0 

or  sin  (g-0)  sin  (0-y)  . sin  (y-«)  _=0 

ir  u~  * 

dividing  each  term  by  wnr.  Hence  proved. 

Ex.  15.  Three  particles  are  projected  from  the  same  point  in 
the  same  vertical  plane  with  velocities  u,  v,  w at  elections  #,  0,  y 
respectively.  Prove  that  the  foci  of  their  path  will  lie  on  a straight 

iinc  ifsi” 2 ,P~r)  + sin  2 (!,-*>  + «o. 

tt*  Vs  IV* 

Solution.  Coordinates  of  fori  of  the  parabolic  paths  of  three 

partes  are  (•“,  - ).  {^.  - and 

(SecUI^-S, 

The  foci  will  he  in  the  same  line,  if 

(n*  sin  2«)/2g  — («*  cos2«)/2g  1 —0 

(v1  sin  20)/2g  — (v*  cos  20j/2 g 1 

(»r*sin  2y)(2g  — (ij*cos  2y)/2g  l * 

or  u3sin2cc  uscos2cc  I =0 

Vs  sin  20  v*  cos  20  * 1 

lv*  sin  2y  n4  cos  2y  1 

" or  «*  sirt  2et  (v*  cos- 20—  »•*  cos  2y)— u*  cos  2c e (Vs  sin  20— tv4  sin  2y) 
+(v*u*  sin  20  cos  2y— i5j»*  cos  20  sin  2y)=0 
or  2?  u^3  [sin  2*  cos  20— cos  2«  sirt  20] =0 

or  i/1!4  sin  2 («— 0)-f-v*»*  sin  2 (0-y)-f  ii4w* sin  2 (y-  «)“0 
sin  2 («-0)  , sin  2 (0-y)  , sin  2 (y-  «)  _n 
or " u?  »■*' 
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dividing  each  term  by  iri^u5. 

Ex.  1 5.  The  tangents  to  a pro- 
jectile’s path  form  a triangle  ABC, 
the  velocities  arc  r,  along  BC,  r. 
along  CA  and  r3  along  AB.  show  that 

BC^  CA  ^ AB  _;0 

tj  t’s  *»  « 

Solution.  Let  the  tangent  BC, 
CA  and  AB  which  form  the  triangle 
ABC  be  inclined  at  angles  0\ , 0*  and 
03  respectively  to  the  horizon. 


Then  in  A ABC,  wc  get  Fig.  61. 

Z/t^ angle  between  CA  and  AB  which  arc  inclined  at  .angles 
02  and  03  to  the  horizontal,  l.e.  £A*~- (03  — 03>.'  (Note) 

Similarly  Z5=0?— 0, 

'•  ZC=,fr-(ZA4-Z^)=^-(0i'  W 

Now  from  A ABC,  wc  have  «=  ~ ^Tr- 

* sin  A sin  B sin  C 

BC  CA  _ AQ  :{  . 

sin  (0_,~0S) sin  (0s-~0,)  sin  (0,-0*)  1 y>  . 0) 

Also  we  know  that  the  horizontal  component  of  velocity 
remains  constant  thioughout  the  motion,  so  we  get 
r,  cos  03=^1-,  cos  0j= r,  cos  0a 


or  cos  pj  cos  03  “*  cos  0%  cos  0,  **  cos  0j  co*>7  2=3 
‘ From  (i)  and  (ii)  we  get 

BC  ^ k sin  (0a-03)  k fsin  0a  cos  03— cos  Qz  sin  0a) 
v,  A cos  03  cos  0j  a cos  0,  cos  0a 

or  = jj--  (tan  04— tan  03), 


Similarly  ~ (tan  0a— tan  0,)  and  = j~(tan  0i~ tan  02) 


Adding  these  wc  get  ^ 4-  — 4.  ^ =0.  , 

„ * Vi  v«  < . va  Hence  proved. 

♦Ex.  16.  A regular  hexagon  stands  with  one  side  on  the  ground 
and  a particle  is  projected  so  as  to  __  graze  its  .four  tipper  vertices. 
Show  that  the  velocity  of  the  particle  on  reaching  the  ground  is  to 
its  least  velocity  a*.v/(3l)  : VZ. 

Solution.  Let  the  particle  be  projected  from  the  point  O with 
a velocity  u making  ah  angle  « with  the  horizontal.  Let  the  parti- 
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clc  again  strike  the  ground  at  A' after  grazing  the  four  upper  points 
F,  F,  D and  C of  the  hexagon  ABCDEF.  The  velocity  with  which 
the  particle  strikes  at  K is  u and  the  least  velocity  will  be  u cos  « 
nt  the  highest  point  V of  the  parabolic  path. 


Let  2a  be  the 
length  of  each  side 
of  the  hexagon. 
From  F draw  FL 
perpendicular  to  OA 
Let  OL^h. 

AL*=2a  cos  60® 
K=oand 

FL—2asin  60°=<jv  3. 
,\  EA-TEL-Tatf*  . 

Let  O be  the* 


V 


origin.  OK  the  .v-axis  (Fig  * 52) 

and  the  vertical  line  through  O be  y-axis.  Then  the  coordinates  of 

£ and  E are  (/;,  ay/ 3)  and  (A-fo,  2oy'3)  respectively. 

Also  the  equation  of  parabolic.path  is 


j =.nan«- 

...» 

V A*  (h+a,  2ay/3)  and  F(ht  a^/3)  he  on  0) 
2ay/3~{h-\  a)  tan  « — [g  (/i+a)*/(2a*  cos*  a)] 

...(ii) 

and  ay/3—h  tan  &—[g/iV(2u*  cos*  «)J. 

Siib’sfracting  (iii)  from  (ii)  we  have 

-(•ii) 

-(iv) 

Also  range  on  the  horizontal  plane = OK=  (2tr  sin  a cos  a)!g 

or 

2.0M—{2til  sin  « cos  a)/g,  M is  the  mid-point  of  OK 

or 

OL  +LA  -LAM  = (tr  sin  ec  cos  a)[g 

or 

h+0+ a— (u!  sin  « cos  a)[g 

or 

u5=g(/i-f-2a)/sin  « cos  « 

(v) 

Substituting  this  value  in  (iv),  >ve  get 


or 


V3=tan  «— 


g (2 h+a)  sin  a cos  « 
2 g (A-f  in)  cos*  « 


—tan  k— 


(2 h+a)  tan  « 
(2A+'4n) 


- ,,  3a  tan  g 
VJ“  t2feTa) 


or 


tan  k— 


{2h+Aa) 

7^3 


...(vi) 


Projectiles 

from  (v),  2 (h+2a)^(2ti'  sin  a cos  a)lg 
a\J 3 tan  « =»(2m*  sin  * cos  a)/g,  from  (vi) 
r/*  cos*  os=i  (ay/2g). 

, Aka  from  (lit),  a\t  3 «=/i  tan  «— (e«s/(2m*  cos5  a)] 

« /l.  Si  — from  (vi)  and  (viii) 

, ay/2'  o\/ 3g 

r . 3h*=a/{5-f 4a/i  or  /r-f'tQ/t— 3q3— 0 

r A=^(--4o+^(16oa-f-!2oa)J==— 20+0^7,  * 

r A-f-2a«ov/7 

2av^7  2VJ 
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•(vii) 


h is  -fve 
...(viii) 


From  (vi)  we  get  tan  «= 


ay/2 


Hence  cos  a = 


V3  * 

V3 

vU2V7)*+(v/3)*}  ™ V(31) 


V3 


From  (vii),  h*«*  ^3^scc*«- 


. 31 

or  sec*  a—  j~ 

— 31  og 
2y/5 


2 3 ’ 

• ‘ velocity  on  reaching  ground  __  r/  _s 

, ’ * least  velocity  > u cos  a ' 

<=^sec*  a)1^*=v'(31)/V>3.  Hence  proved. 

Ex.  17.  A particle  is  projected  so  as  to  graze  the  four  upper 
corners  of  a regular  hexagon  whose  side  is  c and  which  is  placed 
vertically  with  one  side  on  the" table.  Show  that  the  range  on  the 
talrie  is  c\/l  and  that  the  square  of  time  of  flight  is  28c/gy  3. 

Solution.  Putting  2 a=c  or  o=Jc  in  the  last  example  we  can 
prove  i^=31  eg/2v'3j=  31  flg/4v/3. 

V3  . 2 y/7 

V(3f)’  ~ V(3l) 

Range  on  the  tabic 


And  cos 


_ 2tfi  sin«  cos  a 2x31  cgx  V7x.2-</3  • f„ 

' & g 4V3xgV(3i)XV(3l)~CV 

And  square  of  the  time  of  flight 

/2»  6in  «\*  _ 4u*  sin*  a _ 4x31  egx28  28  c' 

\ g I ga'  ~~  4V3g?x3l  g\/  3 

- *Ex.  18.  A particle  is  projected  so  as.  just  to  passthrough 
three  equal  rings  of  diameter  *7,  placed  in  parallel  vertical  planes  _at 
distances  a apart,  with  their  highest  point  in  the’ same  horizontal 
straight  line  at  a height  h above  the  point  of  projection.  Prove  that 
its  angle  of  elevation  must  be  tatr*  [{2  y/{hd)}(a\.  ' 
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wi 


Solution.  Lei  O he 
the  poini  of  projection 
and  the  horizontal  and 
vertical  lines  through  0 
fas  shown  in  the  figure) 
be  the  coordinate  axes. 

Then  if  u and  « he 
the  velocity  and  angle  of 
projection  respectively, 
the  equation  of  the  path 
of  the  particle  is 
y~±x  tan  « 

-.fax'/iai' «»**)}  ..  o')  - 
AD,  BE  and  CFa.ro  given 
rings  each  of  diameter^. 


(Fig.  53) 


The  horizontal  distance  between  the  rings  are  given  to  be  a 
(as  shown  in  the  figure). 


The  rings  are  so  placed  that  the  particle  wifi  gfaze  the  lowest 
points  of. the  side  rings  AD  and  CF and  the  highest  point  of  the 
middle  ring'-fif. 


Now  BA maximum  height  attained  by  (he  particle 

* Let  BM=*h,  then  /<•=(«*  sin:  a)/2g  .or  t<3=*2gh/{$tn'1  a)  . .(h)  ' 
Let  the  coordinates  of  D be  (xt,  yt,). 

Then  -rfand  .v, =04=03/-  a 

=(h'alf  the  horizontal  range)— a 
or  x,=[(u5  sin  « cos  «)(g]—o*=2A  cot  *— a,  from  (ii) 

“"T  * 

Now  as  D (xu  ft)  lies  on  (i),  ft—*,  tan  « ~ 


or  h-  W=(2/i  cot  a)  tan  « - •-  ^COl-4 — - — , from  fn) 

4o/,  cot-  a 

, , ■ (4/iz*cot*«  — 4o/i  cot  tan?a 

or  h—d~2h-  a tan  « ^ — 

=2 h—a  tan  a -h-\-a  tan  « -[(a5  tan4  a)/4/i] 
or  o2  tan*  ex—4hd  or  tan  x~2^/(hdjja  or  etjstair1  [2^(hd)/a]. 

•Ex.  19,  Particles  are  projected  simultaneously  from  same 
point  in  different  directions  with  such  velocities  so  as  just  to  clear  a 
vertical  wall  of  height  h and  to  fall  in  a narrow  ditch  parallel  to  tbe 
wall  ; show  that  all  the  particles  fall  into  the  ditch  at  the  same 
moment. 


39/P/6 

Solution.  Let  0 be 
the  point  of  projection. 

Let  u and  « be  the  velo- 
city and  angle  of  projec- 
tion. PN  is  the  wall  of 
height  /;  and  A is  the  point 
in  the  ditch" where  one  of 
the  particles  1 falls.  Let 
ON=a  and  OA=R  (say). 

Let  t\  and  t2  be  tlie 
times  taken  in  moving  ‘ 
from  O to  P and  O to  A respectively.  - 

Then  a- «cos  «.f,  *...(i);  h^u  sin  a..tx-\gtx\  ...(ii) 

tt—(2u  sin  a)/g  ...(iii)  and  R=u  cosa.r,  ...(iv) 

From  (i)  and  (iv)  we  get  ajR~tiltt. 

From  (ii),  V from  (iii)  u sin  K={g/t 

' ' ] =ish‘  [^  ->].  fr»m  (v) 

from  (v)  t^arJR 

or  V=2/i/tff(o//!)*{Wo)-l}] 

I,  depends  only  on  (he  ratio  — U.  which  is  constant. 

Hence  r,  is  the  same  for  all  trajectories.  , . 

Ex.  20.  A trapezium  with  parallel  sides  of  lenglli  2tt  and  4a 
and  non-parallel  sides  each  of  length  2 a is  placed  on  the  ground  with 
its  plane  vertical  and  with  the  longest  side  in  contact  with  the 
ground.  A ball  i$'projected  from  the  corner’  lying  on  the  ground  so 
as  just  to  graze  the  other  thr$o  corners  of  the  trapezium.  Show  that 
the  greatest  height  reached  by  the  particle  is  4a[y/3  and  that  the , 
total  time  of  flight  is  y/[32aj(gy/3)].  . t , 

Solution. , Let  ABCD  be  the  given  trapezium  whose  sides  are 
as  follows ; — 
i AD~4a\.  ■ ' . ‘ 

AB=-BC^CD^-2a. 

From  D and  C draw 
BB‘  and  CC  perpendi- 
culars to  AD . . Then 
.B'C=2a  - 
AB'~C'D=i  (2a)=*a 

=flv/3  

Let  u and  « be  the  (Fig.  55)  » 

velocity  and  angle  of  projection  of  the  ball  from  the  point  A.  Take 
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A as  origin  and  the  horizontal  line  AD  and  vertical  line  through  A 
as  coordinate  axes.  Then  the  coordinates  of  B are  (a,  ay/3). 

Also  the  equation  of  the  trajectory  of  the  ball  is 
„ y=x  tan  ec— fgxs/(2«s  cos2  «)] 

V B (a,  ay/3)  lies  on  it,  so  we  have 

ay/3— a tan  a—[(gefij(2tfi  cos*  «)J 
Also  horizontal  range = AD 

or  (2«*  sin  a cos  x)fg~4a  or  («*  sin  a cos  a)fg^2a  ' ...(ii) 

Substituting  the  value  of  u3  from  (iij  in  (i)  we  get 


tan  a~iy/3~4fy/3 


...(i»i) 


From  (i)  we  get 


4 

V3  ' 


V3- 


V3 


2 «*  cos*  « 2 tr  cos*  * 

«*  cos3  a—i  gay/-3^  ...(iv) 

From  (ii)  we  have  (tr  sin*  «)'(//*  c‘os*  «)/g3=4o*. 

squaring  both  sides  of  (ii) 
Aa-g*  8j7*g*  _ Sag 
1 cos*  a ~ agy/3  ~~  y/3  • 


«*  sin*  a~ 


time  of  flight 

“2u  sinV’ 


Maximum  heigh!  attained  by  the  particle 

sin! «"  „ j £?_  _ 

2gV3  \/3  ‘ • Hence  proved. 

Ex.  21.  A particle  projected  with  velocity  v'pgll)  so  that 
its  ra.ge  on  lioriiontat  plane  through  the  point  of  projectioo  is  4r. 
When  it  is  at  a distance  1 from  the  point  or  projection  it  fa  moving 
at  right  angles  to  (he  original  direction  or  motion,  prore  that 

Pr’^IPO-K) 

Solution.  Let  the  particle 
be  projected  .from  O with 

velocity  V(2gh)=.",(“)')  T”1:' 
ing  an  ancle  a with  the  hori- 
zontal. 

Let  after  time  t the  par* 
tide  reach  P with  velocity  v 
moving  at  right  angles  to  the 
original  direction. 
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Since  the  horizontal  component  of  velo'ity  remains  constant 
throughout  the  motion,  so  we  have  ' 

vsm*=«cosa  or  v—u  color  ...(j) 

Considering  the  vertical  motion  from  O to  P from 
we  have  — v cos  v.~u  sin  <*— g/ 

or  gt—u  sin  cc+v  cos  ee— //  sin  k-Y  {u  cos5  ec/sin  *],  from  (i) 
u (sin8  oi-f  cos5  g)  __  u u 

°r  S sin  * ‘“sinoi  0f  g sin  a .,.(») 

If  the  coordinates  oTP  be  (xlt  yt),  then  we  get 

'xxz=u  cos  «.f»M  cos  « ( u'g  sin  a),  from  (h) 

~(tP  cot  <z)lg~2fi  cot  x,  since  u3~2gfi 
or  xl=>2h  cot « 
and  Xt—u  sin  a t—  igt* 

« u sin  « iu!g  sin  a)~|g  (u/g  sin  «)*,  from  (ii) 
n*  «*  ti-  . . 

= r-2i7iHQ“2s(2-cosw,“)  ■ 

or  )'i=M2-co s«!«)  ...(iii)  . ...since 

Now  we  arc  given  OP^l 

P ~ DPi^xt3-i-)'li-=(2h  cot  «)*+//*  (2 —cosec1  at)2 
or  72=4/i*  cot8  a+4As— 4 A5  coscc3  es+A*  cosec 1 a ’ * 
or  /2==A5  coscc4  ft  ‘ or  l=*h  cosec*  a " ' ...(,V) 

Also  horizontal  range— r (given) 
or  (2m3  sin  * cos  a)/g=4r 

or  'r~(u~  sin  a cos  x)/2g=(2gft  sin  a cos  x)/$g,  V iP^2gh 
or  r=?  A sin  a cos  x 

From  (iv)  and  (v)  /*r*=»A*  cosec4  «x  A*  sin* « cos1  « 
or  /*rs=*/r*  cot*  «— A3  (A  cot3  a) —A3  (A  cosec2  a -A)  ■ ‘ 

or  l}r2=*hs  (/— A),  from  (iv).  • Hence  proved. 

Ex.  22.  Particles  slide  from  rest  down  the  chords  of  a vertical 
plane  com,  having  its  highest  point  as  rthe  pole  and  a horizontal 
line  through  it  as  the  initial  line  ; all  these  chords  pass  through  the 
pole.  If  the  particles  be  allowed  to  move  freely  after  leaving  the 
chords,  prove  that  the  locus  of  the, foci  of  the  subsequent  paths  is 
.given  by  r=/(i«)  cos  0,  where  r—f  (0)  is  the  equation  of  the  curve. 

Solution*  OP  is  the  curve  given  by  r=/  (0).  O is  the  highest 
point  of  this  curve  and  OP  any  chord.  Let  P be  (r,  0 ) referred  to 
O as  pole  and  horizontal  line  OX  through  O as  initial  line.  The 
velocity  of  particle  when  it  reaches  P,  after  hiding  along  the  chord 
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OP,  is  due  to  a fail  from  Ox,  hence  Ox  is  the  directrix  of  the  para* 
bolic  path  which  the  particle  traces  after  leaving  the  chord  at  P. 
The  line  OP  is  a tangent  lo'the  parabolic  path  at  P.  Make  A OPS 
= A OPM,  where  PM  is  the.perpendicular  from  P on  the  directrix 
Ox.  Make  JPS—PM,  then  if  is  the,  focus  of  the' parabolic  path. 
Join  OS.  Let  S be  (r'f  <j>). 

Then  = ASOx ~ 20,  as  APOx =0  and  A SOPk&POAf 
or  ^=2$  . " > . •>•(/> 


Andr'^OS^OPcos* 

’ PS  is  perpendicular  to  OS 

as  PM  is  perpendicular  to  Ox 
or  r’^r  cos  8,  as  OP=*r 

=»/  (fi)  cos  0,  as  (8) 

is  the  equation  of  the  curve 
or  r'  ■=/(«)  . 

since  from  (0  »'e  tavc  d-W 

The  focus  of  S (r , 4)  IS 
• _ ,=/(}»  cos  j0.  • 


(Fig.  57) 

Hence  proved. 


**Ex.  23.  If  vit'vit  va  arc  the  velocities  at  three  points  P,  Q,  R 
on  the  path  of  a projectile  where  the  inclinations  to  the  horizon  of 
these  velocities  arc  «,«—  /5,  a— 2p  and  if  ft,  rt  be  the  times  of 
describing  PQ,  QR  respectively,  prote  that  t-8  t2 ; 

(l/*i)+(l/v,)=(2  cos  P)/vz  ’ . ■ (Garhwal  82) 
Solution.  We  know  -that  horizontal  component  of  velocity 
remains  constant  throughout  the  motion  of  a projectile. 


vt  cos  <x~Vj  cos  (« — COS  (a-~2fi)  • ...(}) 

Also  for  the  vertical  motion  of  the  particle  from  P loQ  we 


have  v,  sin  (et-pl^Vi  sin  «-gr,  \ 

and  from  Q to  R we  have  ' • ' 

; r,  sin  f«— 2£)*«Vj  sin  («—  p)-gh  - 
1 1 ' co^ « .'  cos  (a~2{S)  ' 


vOO 


Now, f*  — - 


-On) 

-fcjTy  fro”  (0  '(Note) 


ff  cos  («—  fi)  ■'''  r,  cos 

“ cos  k 4-cos  («— 2fl)  2 cos  («— 0)  cos  0 

* **  v,  cos  («— 0)  ” - r,  COS  (at-0) 

«=(2  cos  ^)/Vs  ' f fence  proved. 


r Also  from  (ii),  sin  a—rs  sin  (x—p)  ...(iv) 

• From  (iii).  sin.  (*-W-r»  *■"  («-»)  - ...(v) 
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Multiplying  (iv)  by  v8  and  (v)  by  v\  and  subtracting,  we  get 
8 (v3  ti-Vt  /2)=W  sin  a—v,  v3  sin  (*  -p) 

—v,  vx  sin  (*—  P)+va  vt  sin  (ft- 2/5) 

«Vj  Vg  Jrin  «—  sin  («— p)—  ^ sin  (a— /3) 

-*  ' *’  +sin(«-2P)j 

« Vg  va  |sin  « — vs  + (T  •)  sin.  (*  ~^)+sm  (*-2^>  j # 

*»V|Vg  [since— 3 cJS  P sin  id— fi)+ sin  (a— 20)],  , 

, • ' i since  (I/vj)+(I/v3)=(2cos^)/v2 

. ! ce.^sin  («.-20)}~2  cos  p sin  fe-p)] 

. . ~ v3i’g  [{2  sin  (a~p)  cos  p}—2  cos  p sin  («~0)] 

. =‘V3  (0)=0 

»*  rt — rt  /t==0,  v g ^ 0 

•or  Hence  proved. 

Ex.  24.  A shot  projected  with  velocity  V at-an  elevation  45® 
reaches  a point  P on  the  horizontal  plane  through  the  point  of  pro- 
jection. , Show  that  in  order  to  hit  a mark  It  feet  above  P if  the 
shot  is  projected  at  same  elevation,  the  velocity  of  projection  must 
be  increased  to  Vs  fy/(  V*—gh). 

Solution.  Let  O be  the  point  y 
'of  projection  of  the  shot.  Take  y 
the  horizontal  line  (lying  in  the 
plane  of  flight)  and  the  upward 
drawn  vertical  line  through  O as’ 
x and  y-axes  respectively.  ( 

According  to  the  .problem,, 
as  the  angle  of  projection  ts  4S° 

• and  the  velocity  of  projection  is  * 

V,  so]  we  have  OP—  V2/g  ’’  p ~ 

. —See  § 6 (b)'  P.  6 of  this  chapter  - (Fig.-58), 

Let  Q be  the  point  at  a height  h above  Py  then  the  coordinates 
of  Q are  (P*/?,  A)  referred  to  0*  and  fry  as  axes. 

(See  Fig.  58  above). 

Let 1 Vx  be  the  'velocity  of  projection  to  hit  Q.  Then  the  equa- 
tion of  this  path  is  ■Si  „ t , 

' y=x  tan  «~(gx*/2«*  cosa«),  where  «=45°,  u=*V2  . 

or  y=x-(ffX*/V1*),  .V  tan  ««=!,  cos  «=W2  when‘«=450’ 
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As  Q (V*Jg,  h)  lies  on  it,  so  we  have 

k J.  (V*Y  - **  V* 

I Vx'VsI  “7  sKs 

or  gh^r—iV'jVfi  or  {y*lV?)=V*-gh 

or  V*/( Vx  —gk)  or  Pi*  Hence  proved. 

Ex.  25.  Prove  that  when  a shot  is  projected  form  a gun  at 
any  angle  of  elevation,  the 
shot  as  seen  from  the  point 
or  projection  wit!  appear  to 
descend  past  vertical  targe^ 
with  uniform  velocity. 

Solution.  Let  0,  the  point 
of  projection  of  the  shot,  be 
taken  as  origin  and  horizon- 
tal and  vertical  lines  (as 


shown  in  the  figure)  be  taken  (Fig.  59) 

as  coordinate  axes.  Let  u and  cc  be  the  velocity  and  angle  oF  pro- 
jection respectively.  • , ' <■ 

AB  is  the  given  vertical  target;  Let  0B*± d (say).  ' 

Let  the  particle  be  at  P after  time  t.  PM  is  perpendicular  from 
’ P io  x-axisl  Produce  OP  to  meet  the  target  in  "A 

' /^“vertical  distance  travelled- by  the  shot  in  time  t.  " 

— u sin  oc.f— Jg/*  ' ’ .••(») 

and  C7JV/~ horizontal,  distance  moved  by, the  shot  m time  f. 


— w cos  a. I. 


II 

>M  \ „ PM 

-Oil  M ,OU 

'OB. 

* .1 

Jo 

/u  sm 

{^tan  r- 

-’s‘  \d. 

Ati — 

\ u cos  «.r  j 

2 it  cos  « / 

>)  bo  the^  coord  mates1  of  <4,  then  ’ 1 

r.  I , < 1 

, 1 

X— 

OB=d  and  ^ 

tan'et— ' 

u cos  a ) 

negative  constant.  ‘ 


tfx  n dy iL  ■ 

f«  •**>  dt  r0an<l#f.  • 2«cos«  ' 

the  shot  as  seen  from  O will  appear -to  descend  vertically 
downwards  with  uniform  velocity.  , 
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Ex.  26.  Obtain  the  equation  of  the  path  of  projectile  iu  the 

form  y ».T  (an  a (l-  '^)  • wbcrc  R is  ,hc  horiztmlal  ranSc  anl)  " 
the  angle  of  projection.  ( Allahabad  7Pj  fcuckitow  80) 


Solution.  We  know  that  the  equation  of  the  path  of  the  pro- 
jectile is 

■ ' : ...co 

where  u and  a are  the  velocity  and  angle  of  projection  of  the  pro- 
jectile respectively. 

Also  if  R be  the  horizontal  range  of  the  projectile,  then  we 


have 


2 ul  sin  « cos  a 
g 


g _ 2 sin,  k cos « 
R 


or 


...Sec  § 6 (b)  Pages  6—7 
g _'2  sing  cos  g 
u-  cos* « ~ R cos2  a 


or  ~g tana 

2t0  cos*  a R ...(iii) 

Substituting  this  value  of  from  (iii)  in  (i)  we  get 

y*--x  tan  «-  ^ or  y—x  tan  « ^1  - ^ J. 

which  is  the  required  form  of  the  equation  of  the  path  of  the  pro- 
jectile. This  can  also  be  written  as* 

yR!(xR—x)~tan  «.  (Lucknow 80) 


MISCELLANEOUS  EXERCISES  ON  PROJECTILES 


Ex.  3.  A particle  is  projected  with  velocity  u at  an  elevation 
«.  Prove  that  if  A<(u5  sin  <x)/2g,  the  particle  will  be  again  at  a 
height  h after  a time  (2 IgWip*  sin*  a— 2 gft)  after  being  at  the  same 
height  the  first  time. 

Ex.  2.  A cricketer  in  a long  field  can  judge  a catch  and  secure 
it  easily,  if  the  height  of  the  ball  above  the  ground  lies  between  kt 
and  kt.  Prove  that  he  must  estimate  his  distance  from  the  batsman 

within  a length  R j^l  - (l-  J.  , where  2 R is  tjie 

horizontal  range  and  h the  greatest  height  of  the  ball.  ( Lucknow  82) 


Ex.  3.  Slate  whether  the  following  statement  is  true  or 
false  :—*Thc  velocity  of  a projectile,  at  its  maximum  height  in  a 
parabolic  path,  is  zero.*  ' > ’ - i 

Ans.  False.  (The  vertical  velocity  is  zero) 

Ex.  4.  A panicle  is  projected  so  as  just  to  dear  a wall  of 
height  b,  at  a horizontal  distance  a,  and  to  have  a range  c from 
the  point  of  projection.  Show  that  the  initial  velocity  is  given  by 
2i<*/g*=[a*  (c-~a)*4-6,c*J/fl6  (c— a).  " 


Coi 

(On  Smooth  Plane  Corns) 


§1.  Definition.  If  a particle.is  compelled  to  move  along  a 
given,  curve  or  surface  (smooth  or  rough),  then  the  motion  of  the 
particle  is  called  the  constrained  motion.  ,.  (Meerut  93) 

*§  2.  Motion  on  a smooth  carve  in  a vertical  plane , 

’ (Kanpur  90:  KohUkhand  III  92) 
Aheavy  particle  is  made  to  move  on  a smooth  curve  in  a vertical 
lane , to  discuss  the  motion.  ‘ > • * • • ’ j ' 

Let  P be  the  position  of  g, 
the  particle  moving  on  the  plane  ; A \ / 

curve  • at  • time  t.'  Let  A be  a ''  " // 

fixed  paint  on.  the  r curve,  from . ■ . X - • 

which  arc  is  measured  and  par-  , > . . 

ticlc  is  supposed  to  start.  Let  A&.tyf 

arc  AP=s  and  the  tangent  to  '/&  ' 

the  curve  at  P make  an  angle  f “•  - . jO*  ; J 

with  the  x-axis,  which  is  a hon--  >r 

zontal  line'  in  the  plane  Of  the-  v<V  ^ 

curve.  Then  7-axis  is  a vertical  ■'.>  1 Cj  ty-  y,  > ; , , 

line  in  this  plane,  the  axis  being  , <(Fig.  J) . < 

rectangular.  „ _ , , •.  . 1 , , , . , . 

*;  .The  forces  acting  on  the  particle  at  P are  its  weight  mg  acting 
vertically  downwards  and  the  normal  reaction  R between  the  particle 
and  the  plane  curve  acting  in  the  direction  of  the ’.inward,  drawn 
normal  to  the  curve~at  P. 

* The  equations  of  motion  in  the  tangential  and  inward 
drawn,  normal  senses  are  • , . - , 

dv  . • ,>■  * • ' 

' 10  ^ • * (i) 

and  at  (i2Jj>)—R—mg  cos  —(«) 

where  v is  the  velocity  of  the  particle  at  P and  p is  the  radius  of 
curvature  of  the  curve  at  P3 

Also  we  know  from  Differential  Calculus,  that  if  P be  (*r  y) 
then  sin  tf^dyfds,  so  from  (i)  we  get 

°r  (Note)  . 
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Integrating,  r2—  —2 &H-C,  where  C is  constant  of  integration. 
If  A be  (a,  b ) and  u be  the  velocity  of  particle  at  A,  then 
u2—~2gb-$-C  or  C*=ifl-P2gb 
We  have  c2 = — 2gy -f  ifl -f  2gh 

0f  v3=u3-'2g  O— 6)=»J— 2g/»,  ...(in) 

where  fiss.y— £-=, height  of  /*  above  A. 

The  velocity  v of  the  particle  at  P is’  given  by  (iii)  and  from 
(ii)  we  can  find  the  value  of  the  normal  reaction  at 

When  the  particle  leaves  the  curve,  its  contact  with  the  curve 
is  broken  and  consequently  at  that  paint  the  norma!  reaction  R 
between  the  particle  and  the  curve  vanishes.  (Remember) 

MOTION  IN  A VERTICAL  CIRCLE 


**§  3. . A hcaty  particle  is  tied  to  one  end  of  a light  ine.itensi- 
blc  string  whose  other  end  is  attached  to  a fixed  point.  It  is  projected 
with  a ghen  velocity  from  its  vertical  position  of  equilibrium,*  to 
determine  the  subsequent  motion.  (Awdhft?;  fiut.dclkloi.d  87 

. Gorakhpur.90,83;  i.neknow92,$9:  RohUkhand85) 


Let  O be  the  fixed  point  and 
OA  the  string  in  the  vertical 
position  of  equilibrium.  Let  tha 
particle  be  projected  horizontally 
from  A with  velocity  it. 

Let  the  particle  be  at  P after 
time  /,  such  that  £POA*=P. 

The  forces  acting  on  the 
particle  in  this  position  are 

(i)  weight  of  the  particle  mg  (say) 
acting  vertically  downwards  and 

(ii)  tension  T in  the  string. 

The  equations  of  motion 
in  the  tangential  and  normal 
(inward  drawn)  senses  are 


mo 


do 

ds 


— —mg  sin  0 


•••(’) 


.2 

or  i«  cos  0.  ^ 

Also  if  the  arc  AP^s,  then  s -aft,  where  a is  the  length  of  the' 
string.  * 


_ *'*  Troni  (ii). 


dL*~ 

dp  " 


—psin 


ft. 


do  iP.t 
r 

dr  (U1 
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c M 
1 dt2  * 


■■—g  sin  6, 


Multiplying  both  sides  by  2 (dO/dt) , we  get 
. dB  dlB  . . ad9 

la  dt  dt2  2s*laS  dt  , ... 

Integrating  a (dQjdt)2=*2g  cos  fl+C,  where  C is  constant  of 
integration 

or  [a  (d9Jdt))2=2ag  cos  0+C\  where  C'=aC. 

Initially  a (d&ldt)~\\nt ar  velocity  =’u  'and  0«O. 

' u2~2ga-{-C'  or  Cf~t<*~2ga 
[a  (d9f.dt)]2=*2ga  cos  6+u2—2ga 

or  t2=u*+2ag  cos  0*-2ag,  " —(it) 

since  linear  velocity  v^ddjdt.  • '* 

from  (ii),  (m/a)  (id+lga  cos  8—2ga)=T—mg  cos  0,  V p»*a 
or  T— (m/a)  (u2-f-3ga  cos  0— 2ga)  ...(iii) 

Let  velocity  vanish  when  0=0|  (say),  then  From  (iii)  , , , 

0=«2-^2ga  cos0i— 2go  ' or  cos0j=s^^’U 


2ga 

- Let  the  height  of  this  point,  where  velocity  vanishes, 
above  the  lowest  points.  „ 

Then  h\*=d— a cos*0i 

’2 ga—u2 


I2ga—u2  \ _ u2 
' \ . 2ga  / ** 2g 


...(iv) 
be  Aj 

(Ncti) 

-(vi) 


Let  T vanish  when  0=02  (say). 

Then  from  (iv),  0*=(m/a)  [u2-\-3ga  cos  92—2ga] 

or  .cos  92—(2ga~tt2)/3ag  ...(vii) 

Let  the  height  of  the  point,  where  T vanishes  be  h2 , above . the 
lowest  point  A. 


• ■ ■ Th.cn  hi=a—a  cos  S,=a-a'  p°~—  ) - 

or  h2~(u2-\-ag)l3g  ‘ ' ...(vlii) 

Case  I.  If  telocity  v vanishes  before  tension  T. 

In  this  case  h\  < h2 

or  (w2/2g)  < {(u2+ag)}3g},  from  (vi)  and  (viii) 

or  3u2  < 2u2+2ag  or  u2  < lag  is  the  condition  for 

velocity  vanishing  before  tension.  In  the  case  the  string  remain* 
ing  taut,  so  if  u2  < 2ag  the  particle  will  trace  its  path  back  l.e..  will 
oscillate.  (Gorakhpur  88) 

. , Also  cos  0 < i or  9 will  be  acute  and  the  particle  will  not 
rise  upto  the  level  of  O.  • 1 

. Case  II.  If  velocity  v and  tension  T vanish  together. 

In  this  case or  it3l2g^(u2-\-ag)l3gx  from  (vi)  and  (viii) 
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or  u*=>2ag. 

from  (v)  and  (vi)  cos  0i— O^cos 
or 

/.ft  the  particle  will  rise  upto  the  level  of  the  fixed  point  O 
and  oscillate  in  the  semi-circle  BA  D If  u2=2ag.  (Gorakhpur  93) 

Case  IH.  Condition  for  tracing  complete  circles. 


(E/iadflkhard  87) 

At  the  Highest  point  C,  d=sr. 

/.  from  (iv)  at  C,  £.  £ u*-3ag-2ag  J « J 

and  - from  (Hi)  at  C,  v1^=u3—2ga—2ga~u1~^og. 

If  u2  > 5ag,  tension  as  well  as  velocity  will  not  vanish 
even  at  the  highest  point  and  particle  will  go  on  tracing  circles. 

(Gorakhpur  90) 

If  however  u2=5ag,  then  velocity  will  not  vanish  at  the  highest 
point  C whereas  the  tension  wiii  vanish  at  C.  Hence  in  this  case 
the  string  will  be  momertarily  slack  bat  the  p article  trill  go  on  tra- 
cing circles. 


' /.e.  the  least  velocity  with  which  the  particle  must  stall  from 

the  lowest  point  so  at  to  describe  complete  circles  is  given  by 

nJr=5ag.  (Kumaun88) 

Case  IV.  Tension  vanishing  before  velocity. 
lathis  case  h<hi  dr  (u^~i-ag)f3g<u3f2g,  from  (vj)  and  (viii) 
or  2ag+2u3  < 3 u2  or  ul>  2 og. 

. If  h2  >’  2ag  but  < Sag.  (Sec  case  III  above),  the  tension 
vanishes  /.ft  the  string  becomes  slack  but  the  velocity  being  not 
zero,  .the  particle  will  leave  the  circular  path  and  trace  oat  a para- 
bolic path. 

**§  4.  Discuss  the  motion  of  a particle  projected  from  the 
lowest  point  with  velocity  u and  moving  along  the  inside  of  a smooth 
Vertical  circle.  (Avodh  90.  Purvonchn!  90) 

Sol  ■ The  discussion  is  exactly  the  same  as  in  § 3 .above  re- 
placing tension  r_itt  the  string  by  reaction  R between  the  particle  and 
the  circle. 

Note.  What  difference  will  It  make*  if  there  was  a thin  smooth 
tabe  rather  than  the  rim  ? 


' In  this  case  the  particle  will  start  moving,  from  the  lowest 
point  A on  the  outer  side  within  the  tube,  with  velocity  u.  (See 
figure  3 Page  5), 

In  the  case  u3  < 2ag . the  particle  oscillate  about  A on  the 
outer  side  within  the  tube.  ' * 

In  the  case  «2=2ag,  the  particle  will  oscillate  in  the  semicircle 
CAD  on  the  outer  side  within  tne  tube. 
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In  the  case  lag  <u2'<  5ag%  the  particle,  wilf  leave  contact  with 
the  tube  at  Q (say)  but  since  it 
is  moving  within  the  tube  so  it 
cannot  come  out  of  it  and  hence 
will  change  side  of  the  tube  and  . 
will  start  moving  on  the  inner 
side  within  the  tube  (see  adjoin- 
ing Fig.  3). 

In  the  case  u2  ^ 5 ag,  as 
above  the  particle  will- move  in 
circle  partly  on  the  outer  side  and 
partly  on  the.  inner  side  of  the 
tube  (See  Fig.  3)  ' 

Solved  Examples  on  § 3 and  § ‘4. 

i 4*.*Ex’  i , 4 heavy  haB8s  from  a point  O,  by  striae  of 

length  o.  It  Is' projected  horizontally  with  a velocity * Ki.rhfh*# 
*-<*+%«)  ag\  show  that  the  string  becomes  Swh.nV^ 
described  an  angle  cos-*  (-l/y3).  ■ SIack  Whcn, 14  hts  . 

Sol.  Let  the  particl 
and  £_  AOP=6,  where  A is 

The  forces  acting  on  t .... utC  . _. . . „ 

toSyod0'VnWardS  a"d  (ii)'  thC  ,"'si0“  T in 

The  equation  of  motion  in  the . tangential  and  inward  drawn 
normal  senses  are  . , , 

d2s  0: 

m jip,  *=-wgsin0  ...(i) 


and 


~T—mg  cos  6 


••flO 


. dt 1 “ dfi 

r ...  . d28  ... 

from  (l),  a.  sm  6 


™£COSQ 


Hence  la  (do/d,)jt=2oj  e+vTag  ' 

. . from  (ft)  and  (m)  we  get  - , _ 


...(iii) 


The  sti  . . * , *-0v) 

.%  From  (iv)  we  get  3 g cos  0-fi/3£-O  or  cos  5--1/V3 

e cos  (— 1/V3).  Hence  proved. 
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*Ex.  2.  A particle  at  the  end  of  a string  of  length  l,  the  upper 
end  of  which  is  fixed  Is  projected  horizontally  with  a velocity  vwhich 
is  k times  that  due  to  a fall  l.  If  the  particle  leaves  the  circular  path 
show  that  it  does  so  at  the  height  (//3)  (1+2&2)  above  the  lowest 
point.  Also  find  the  greatest  height  that  the  particle  attains  daring 
the  entire  motion,  {Lucknow  9]) 


Sol.  CM  is  the  equilibrium  position 
of  the  string  with  end  O fixed.  Let  the 
particle  be  projected  horizontally  from  A 
with  a velocity  u,  then  we  have 

n«=&yX2gO  (given) 

or  w3=2fc  gl • ,..(i) 

Proceeding  as  in  § 3 Page  2 we  can 
prove  that  velocity  v and  tension  T at  any 
point  at  an  angular  distance  0 from  A are 
given  by 

< v*o3u*4-2gf  cos  0— 2gl 

and  [u2+3g/  cos  0— 2g/] (ii’O 

Let  the  particle  leave  the  circular 
path  at  P.such  that  /.  AOP=6 1 and  velo- 
city at  P of  the  particle  =vj  (say). 

Then  at  P,  T~ 0,  6=0,  . 

, , from  (i)  and  (iii)  we  have  0=(«j//) 

or  cos0t«|(l~**). 


[2k2gf+3gf  cos  0t—2gJ] 
. ••■0V) 


From  P draw  PC  perpendicular  to  the  vertical  diameter  AB. 
Then  the  height  of  P.  above -A*=AC*=AO+OC  1 


' ~*}+OP  cos  (n — y cos  0i 


«/_£/ (1—  fc2),  from  (iv) 

(l-f  2*2). 

Also  from  (ii)  at  P,  we  have 

n*«-2A**/+2g/ cos  0i— 2g/  - 

-Wgl+Zgl.Hl-Vy-Zghiigl  {k'-l)  —(vi) 


Beyond  P,  the  particle  leaves  the  circular  path  and  traces  out 

a parabolic  path  with  t»,  and  (»—%)  as  velocity  and  angle  of  pro- 
jection. 1 ' ’ - . * * 

•.  The  maximum  height  attained  by  the  particle  above  P 


ri*  sin1  0t  ^ Vi*  (1—00**00 

* 2f-r  2g 

_ J—  {| - 4-fcSr|,  from  (iv)  and  (ft) 

-(1/27) /(*>-!)  15-4  (l - • 

-(1/27)  (5+8W-4**)  ■ 
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Required  max.  height  attained  by  the  particle  above  A 
, — /iAf+the  max.  height  attained  above P _ > . 

Ml  (l +2*2) +(1/27)  / (*2-ll)  (S+S*2— 4*4j  " ; . , 

■ - =(I/27)  (4+15*2— J2*4— 4**)— (1/27)  / (1+2*2)2  (4-*?). 

Ex.  3.  A heavy  particle  hanging  Vertically  from  a fixed  point 
by  a light  inextensible  cord  of  length  I is  struck  by  a horizontal  blow 
which  imparts  to  it  a velocity  2 \/(gl),~ prove  that  the  cord  .becomes 
slack  when  the  particle  has  risen  to  height  f above  the  fixed  point, 
and  find  the  height  of  the  highest  point  of  the  parabola  subsequently 
described. 

Sol.  OA  is  the  equilibrium  posi- 
tion of  the  string  with  end  O fixed,  bet 
the  'particle  be  projected  horizontally  - 
tally  from  A with  a velocity  //,  where  1 
u^2\/(gl)  (given)  • * \ - * ’ 

or'  n2±4gl  • ' ’ ...(i) • 

■ Proceeding  as  In-§  3 Page  2 we  can  - ' 
prove  that  Velocity  r and  tension  Tat 
any  point  at  an  angular  distance  6 from 
A are  given 'b*  * - '* ..  * 

i2**u2+2g!  cos  0—2gl  . ...(ii) 

And  T=(mjl)  [u-+3g/  cosfl— ’2g/j-..:.(iii) 

Let  the  cord  become  slack  at  P, 
such  that  / AOP—Oi  and  velocity  at  P 
of  the  particle^'*  i (say).  f;'  ' - (Fig.  6) 

.Y  At  P,  MO,  '0=  0,  • ■ s'f 

•**  ^ro,,n  (0  and  (ii)  we  have  ’ •* 

r . il)=(m/f)  $ff+3jr/ cos  0,-2glj  or  cos  «,=  -}  , ...(iv) 

From  P draw  PC  perpendicular  to  the  vertical  diameter  AB. 

The  height  of  P above  the  fixed  point  0=DC~l  cos  (^—  flj) 
~—l  cos  0|=|/,  from  (iv) 

Also  from  (ii)  and  (i)  at  P,  we  have 

v,2  - 4gl+2gt  cos  0t-2gl=4gl+2g/  (-  })-2gl~lgl  *-(v> 
Beyond  P,  the  particle  leaves  the  circular  path  and  traces  out 
a parabolic  path  with  Vi  and  (tt— 0,)‘as  velocity  and  angle  of  pro- 
jection respectively. ••  • ; ' .*  - 


t ' ‘l  *fhe  maximum  height  attained  by.the  particle  above  P 

»i).  from  (v) 

=*)/[!— (4/9)J,  from  (iv) 

....  . >(5/27)/.  - . ' 

(>.  Required  height  of  the  highest  point  of  the  parabolic  path 

abave  the  fixed  point  O^oc+the  max.  height  attained  above  P 

' ' ~2La-5-L  22L 

3 27  "*  27 
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Dynamics 


Ex,  4.  A particle  projected  along  the  Inner  side  of  a smooth 
vertical  circle  of  rad'  " - **--  -•  »-»-».  — >-»  »--• — , 

Show  that  If  2gn  < tfl  ■:  V , ■ ■ * 

arriving  at  the  highest  . ■ ' ■ * ■ - • I. 

rectum  Is  2 (u7~2ga)i/(27g^a'1). 

Sol.  In  this  case  there  will  be  reaction  jR  between  the  particle 
and  the  circle  instead  of  tension  T in  § 3 Page  2. 

' Here  we  can  prove  as  in  § 3 Page  2 that  velocity  r and 
reaction  R at  any  point  of  the  given  circle  are  given  by 

v3=«3-f  2ga  cos  6—2ga  ..s(i) 

and  R=(mfa)  [u2+2ga  cos  0—2ga].  ...(«) 

The  particle  will  leave  the'circle  when  I?~0.  Let  6=6t  at  the 
point  where  the  particle  leaves  the  circle. 

Then  from  (ii),  0 — (m/a)  [uJ+3ga  cos  0,— 2gaJ 
or  0l=*~t(u2~2gfl)/3ga]  ...(ili) 

Since  2 ga  < u1  < Sgo  so  cos  Bi~  — ve  and  greater  than  —1 
t.e.  0i  is  obtuse  and  less  than  v. 

i.e.  the  particle  leaves  the  circle  before  arriving  at  the  highest 
point  (where  0— n)  but  above  the  level  of  the  centre  of  the  circle 
(where 

Let  at  the  point  where  t.e..  at  0=*0i.  ,, 

Tncn  from  (i),  vi2*=uJ+2ga  cos  0l~2ga 

(2ga~'iir)l2ga]—2ga,  from  (iii) 

or  , vi  t—^OP—.ga)  ■ —(>v) 

Also  the  direction  of  vt  makes  an  angle  (w— 0i)  with  the  hori- 
zontal (as  in  last  example). 

Beyond  this  point  (where  i?=0)  the  particle  traces  out  a para- 
bolic path  with  x >i  and  (it— 0j)  as  velocity  and  angle  of  projection. 

‘ /.  Latus  rectum  of  the  parabola.- 
x '*3^3  cota  ix _ 2vi3  cos1  (ff—0i)  . 

- *ds "o*  (iii)  and  (iv> 

' -2  (u*-~2ga)i/(27g‘iai).  , Hence  proved. 

**Ex.  5.  A heavy  particle  hangs  by  an  inextensible  string  ol 
length  a from  a fixed  point  and  is  then  projected  horizontally  with  « 
velocity  VQgh).  If  (5/2)  a > h > a,  prove  that  the  circular  motion 
ceases  when  the  greatest  height  ever  reached  by  the  particle  above  the 
point  of  projection  Is  (4fl — h ) (a +2/i)2/ (27a7) . {Meerut  11  PI} 

Sol.  We  can  prove  as  in  § 3 Page  2 that  velocity  v and  tension 
T at  any  point  P,  whose  angular  distance  from  the  lowest  point  A is 
0,  are  given  by  v2~u5-f2ng  cos  0— 2gc  ••♦(*) 

and  ' T=(m/a)  [u*+3ga  cos  6~2ga] 

When  the  circular  motion  ceases,  the  string  becomes  slack 
therefore  T —0. 


Motion  in  a Vertical  Cude 


Hence  from  (ii)  if  when  r=6,  we  set 
h2+3o?cos  0i— 2o£«=0 
or  craft 

3ag  3 ag 

V u2*=2gh  (given) 

or  cos  0j=(2a— 2/j)/3o  ...(iii) 

And  if  f|  be  the  velocity  of  the 
particle  when  circular  motion  ceases 
rj2cs2g/j+2c£  cos  8t—2ag, 

V - u*=*2gh  (given) 
or  -v{i~2gh±2ag  [(2a-2A)/(3a)J 

— 2o^,  from  (iii) 

=}y  (A-u). 

Also  height  of  B above  the  point 
of  projection  A (Fig  7) 

=AO+ON 

=o+ocos()r-91)  ...(see  figure) 

=a—a  cos  rh—p-f  [2a  (A— o)/3o],  from  (iii) 

= 5 (o+2A).  . (Meerut  III'  91) 

When  the  circular  motion  ceases  at  J9,  the  particle  begins  to 
describe  parabolic  path  with  a velocity  v,  making  an  anglo  (v-0,) 
with  the  horizontal  line  through  B,  v 

The  maximum  height  reached  by  the  particle  above  B 
= "a*  sin3  a"  = ci»  sin2  (ir-P,)  1,1  sin2  0, 

2g  • = • 2g 

(‘“cos2  9j),  from  (iv)  , , ‘ 

I Xft-fl)  r,  _ 4 (A-o):l  (/i-a)  (5a +2/0  (a +2/0 

' ' • 3 , . L..7  ; 9°a-  J 27a2 

The  required  maximum  height  reached  by  the'  particle 
above  ^=height  of  B above  /t+max.  height  reached  above  B 
_ (£+2/0  , (h-a)  (5a~2h)  (q+2/Q 
“*  3 ^ --27  a2 

- o«-2/.)i  . ■ . 

■=^-H=J+7<,A-2AS]=<^|J>-[(4a-/i)(ol-2/0]  . 
=(a+2A)2  (4a—A)/(27a2).  . Hence  proved. 

- r *Ex.  6 (".)•  A particle  is  projected,  along  the  Inside  of  a smooth 
fixed  sphere,  from  the  lowest  point,  'with  a >eloc!ty  equal  to  that  due 
to  falling  freely  down  the  Vertical  diameter  of  the  sphere.  Show  that 
the  particle  will  leave’  the  sphere  and  afterwards  pass  vertically  over 
the  point  of  projection  at  a distance  equal  to  (25/32)  of  the  diameter. 
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Then  the  coordinates  of  D are  ftav'5,  — >■»)  and  as  D lies  oh 
the  parabolic  path,  .*.  from  (vj)  we  get 

_ v/5a  V5_27  5a2  5a  _ l_5o 
3 ' 2 16a*  9 ” 6 16 

or  >’1=7(5/48)  a^CD. 

Also  OC-OP  cos  (n-0i)  = -a  cos  0t=(2/3)  a,  from  (iv) 

/.  OD  « 0C-  CD  =‘  (2/3  ja-  (5/48)a= (27/48)a = (9/1 6)  a 


The  required  height  =/tZ)=/l0-FOZ)*=a-f- (9/1 6)a=(25/I6)a 


—(25/32)  (2a) = (25/32) X diameter. 


Hence  proved. 


*Ex.  6 (b)  .A  particle  Is  projected  from  the  lowest  point  in- 
side a smooth  sphere  of  radius  a with  a velocity  2^/(0.?).  Find  the 
point  at  which  it  will  leave  the  sphere  and  equation  to  subsequent  path 
of  the  particle,  , , 

Sol.  Proceed  as  in  F.x.  6 (a)  above.  The  particle  leaves  the 
path  at  P,  whose  angular  distance  O',  from  the  lowest  point  /f.is  given 
by  the  result  (iv)  of  Ex.  6,  (a)  above.  .Also  the  required  equa- 
tion of  the  path  of  the  particle  beyond-  P is  given  by  result  (vi)  of 
Ex.  6 (a)  above. 

Ex.  7.,‘  Show  that  a particle  projected  with  velocity  -\/(2ag) 
from  the  lowest  point  of  a vertical  circle  of  radius  a and  moving 
inside  it  will  just  reach  the  end  of  the  horizontal  diameter  ; while  If 
projected  with  velocity  ^/(5ag),  It  will  just  reach  the  highest  point. 
Prove  that  the  reaction  at  any  point  in  the  first  case  Is  proportional 
to  the  depth  below  the  • horizontal  diameter  and  in'the  second  case  to 
the  depth  below  the  highest  point.  - • 

Sol.  Let  after  time  /,  the  • ’ •'» 1 
particle  be  at  P%  whose  angular  * - • 
distance  from  the  . lowest,  point  A ^ 
be  8.  If  t'  and  R be  the  velocity  of 
the  particle  and  reaction  between 
the  circle  and  the  particle  at  P, ' 
then  we  can  show  that  ' • - ’ 

• t,J=ttJ-f-2og  cos  8— lag  ,.'.(ii)  ; 
and  R=  cosifl— 2agj, . 

• \ ‘ ....(H)*  . 

where  a is  the  velocity*  of  projec-  ” 
tion.  * '•  * 

“ ’ From  (i)  when  w =0,  we  ” - (Fig.  9) 

have-  * 0=wl-f  2ag  cos  8—2ag  ' .*  : ■ - 

or  ' A rt  0*=2ag+2ag  cos  8-2ag,  • . v ‘ W V(2 ag)  r 
or  ■ cos  6=*Q-  or  e*=\ir-  * ' 


™°arofcS  dofthcbo.^ai‘- 
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<•'■ ....  if  S-  VC^:l+3«  c0S  8 nW«.0 
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Take  a diameter  Qt  O Qz  of  the  .. 
circle,  which  the  particle  makes  during 
its  motion  making  an  angle  $i  with 
vertical  diameter.  Then  at  one  end  > 
Qt  of  this  diameter  0=0t  and  at  the 
other  end  Q2  we  have  0=n-\-0t  (Note) 

Let Tt  and  7j  be  the  tensions  in 
the  string  at  these  two  ends  Qt  and  Qz. 
Then  from  (i). 

Ti=(m//)  [u*4-3/£  cos  0,-~2}g)  ...(ii) 
and  7*2= (m//)  3/gcos(»r-f  0^— 21g] 

or  7*2=(m//)  3/g  cos  0t  ~2Jg]  ■ 

Adding  (ii)'and  (iii)  we  have 
Ty 4-  T2 = ( m/o  [2ti7—4!g]  r-.  constan  t, 
as  it  is  independent  of  0. 


(F/g.  10) 

.■•(Hi) 

Hence  proved. 


Ex.  9 (b).  A heavy  particle  is  constrained  to  move  in  a verti- 
cal circle  of  radius  r.  Show  that  the  sum  of  the  reactions  at  the  end 
of  a diamefer  is  constant.  * ’ , ' 

-Sol.  Proceed  as  in  Ex.  9 (a)' above.  . Here '.replace  tensions 
7*f  7*i  and  7*2  of  Ex.  9 (a)  above, by  normal  reactions . •/?,  7?r  and'  Kz 
respectively,  and  prove /?i+/?2=constant. 

*£x.  9 (c).  A heavy’  particle  of  mass  m is  suspended  by  a string 
of  length  r and  hangs  vertically.  It  is  then  projected  with  velocity  u 
so  that  It  just  makes  a complete  revolution,  show  that  mj=5  grand 
tension  in  the  lowest  position  is  6 nig.'  . . (Kttmaun 88) 


SoJ.  For,  the  first  part  see  $ 3 Case  111  Page  4. 

Also  we  know  tension  T=[m}r]  [u7-\-2rg  cos  6~2rg] 

...See  § 3 (iii)  Page  3. 

At  the  lowest  poiiit  0=0  and  here  ti2==  5rg  (proved  above),  so 
required  tension  at  the  lowest  point 

. ~(mlr)[5rgi-3rgcosQ~2rg]=6nig.  Hence  proved. 

**Ex.  10.  A-particIe  is  hanging  from  a fixed  point  O by  means 
of  a string  of  length  a.  There  is  a small  smooth  nail  O' in  the  same 
horizontal  line  with  O at  a distance  b (<  o)  from  O.  Find  the  mini- 
mum velocity  with  which  the  particle  should  be  projected  from  its 
lowest^ position  in  order  that  it  may  make  a complete  revolution  round 
the  nail  without  the  string  becoming  slack. 


Sol.  Initially  the  string  is  in  the  position 
OA  with  the  particle  at  A.  Let  us  suppose  that 
,♦ V-’  • *■”  cn  OA  turns 

"s  •'  '■■■■.  ■ ■ ■ position  OA'. 

■ * ' ■ *the  velocity 

paujcie  ai  A so  mat  it  may  completely  go 
round  O'  in  a circle  of  radius  ( a—b ),  (In  the 

bpfe  11,  change  A to  A'  'on  the  horizontal  line 
00’  produced). 


(Fig.  11) 
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Substituting  this  value  of  t2  in  (if),  we  have 
m . r=T—mji  sin  0 

or  T*=2mg  sin,  0+wg  sin  0=3  mg  sin  0,  if  7*  is  to  be  calculated. 

From  (ii)»  normal  acceleration =v*]p—7g  sin  0 •••(tv) 

Resultant  acceleration « + ('^‘)  [ 

“Vltgcos  0),-F(2ir  sin  0)J,\  from  (i)  and  (iv) 
=*g\/(»-f-3sin20). 

(b)  Let  the  particle  -fall  from  A where  OA**l  cos  6.  The 
particle  falls  freely  from  A to  B, 
at  B the  string  becomes  taut  and 
the  motion  starts  along  a vertical 
circle.  Also  as  OA~l  cos  0 and 
OB~l,  /_BOA^O. 

I ct  P be  the  position  of  the 
particle  after  time  t of  its  start 
from  B and  £ be  the  angle  which 
the  string  makes  at  P with  the 
horizontal  i.c.  /~POA-t.  The 
forces  acting  on  the  particle  arc 
its  weight  mg  and  the  tension  Tot 
the  string  towards  O. 


The  equation  or  motion  in  the  tangential  sense  is 

d*s  „ • 
mg  cos  ^ 


m J? 

Also  arc  AF-=>s*-ty, 


<Ps 
At1  E 


, dH 


-(*) 


from  (i)  we  get  / ^ * 


=*g  cos  $ 

Multiplying  both  sides  by  2/ (</j>/<ft)  and  integrating,  we  get 


2Jg  sin  sM'C,  where  C is  constant  of  integration. 


Initially  /.<•.  at  B,  and  / (dp/rf/'n resolved  part  of  velocity 

of  the  psrticic  at  R along  the  tangent  to  the  curve  at  B (.Note) 
— v (2g  A R)  cos  e,  where  y/O-g  AB)  is  the  velocity  acquired  by 
the  particle  after  falling  freely  from.^  to  B 

•*</(?£/  sin  f).cos  f,  since  AB**t  sin  V 
I\'(2g/  sin  <0  - on  fp«2/g  *in  F-f  C a*  & 
or  2?/  sin  P cos1  0«2/g  sin  P-i-C 

or  c~  ~2gf  sin  Fq-2r/  sin  P cos2  ?**  — 2gf  sin  P (I  —cos2  #) 

M»2fl  sin2  P 

{ t tin  sin’  P . ...(«) 

At  the  lowest  point  J-  and  Jet  velocity  / ) **  V (uy) 

Then  from  (ii)  we  grt  r?**2/g->2r/  sin*  r^iff  (I— sia*  () 


3 9/CM/ 1 
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/=*  VWg)  log  (sec  Jd+tan  J0)]  & 
t^y/iajg)  log  (sec  £0i+tan  \9t) 


..(v) 


From  (iv),  cos  0i=—  f or  - 2 cos1  J — 1 =» — f- 
or  cos2(i0i)«£  or  cos  ($0|)=*1  f*/6 

or  sec  and  tan  (i^O^v/Isec2  (i^i) — — IJ 

From  (v),  required  time— y/[afg)  log  (v'6+\/5)* 

‘ Ex.  13.  A particle  is  projected  from  the  lowest  point  of  a 

smooth  ^e r “* 

to  that  it  1 ! 

that  the 

then  returns  to  the  point  of  projection. ' 

Sol.  Let  a be  the  radius  of  the 
sphere;  u the  velocity  of  the  projection 
from  the  lowest  point  A of  the  circle 
and  T be  the  normal  - reaction  at  the 
point  A between  the  particle  and  the 
circle. 

Then  the  velocity  of  projection 

or  H2=i(7flg).  • •*  ...(0 

•\  ” Let  the  particle  leave  the  circle  . 

' at  P,  whose  angular  distance  from  A 
is  6i.  u . . . ' ' 

Also  we  can  prove  that  velocity 
v and  reaction  R at  any  point  whose 
angular  .distance* from  the  lowest  point 
A is  0,  are  given  by  v2=*u'2-{-2ag  cos  0— : 
and  R=(mla)[u2+3ag  cos  0—2ag] 

■ -At  P,  the  circular  motion  ceases  and  therefore  jR«-0. 

’ Hence,  from  (iii)  at  P i.e.  at  0=Oi,  we  get'  v 

, , 0 =(m/a)  [u2+3ag  cos  6l~2ag] 

or  ‘ 0=|  (7ag)+3ag  cos  0i—2ag,  from  (0 

or  cos  0i=— J (Iv)  *.  or  1 tan  0|=— v3  ;..(v) 

Also  at  P let-velocity  be  f(,  then  from  (ii)  we  get  • 
Vi2=u24-2tfg  cos  Bi—2ag=$ag+2ag  (— i)— 2ag,  from  (i)  and  (iv) 
or  'vi2==iag.  -- 

The  parab  olic  path"  begins  from  P with  velocity  of  projection 

■ • t’i  and  angle  of  projection  (jr— {?,)  given  by  (iv)  and  (vi). 

! , Referred  to  P as  origin,  horizontal  line  PC  as  x-axis  and  the 
vertical  line  through  P as  .y-axis,  the  equation  of  the  parabolic  path 

is  ~ tan  (g— fl|W.  ~ . 

• ' 2»j2COS2.(fr— 0i) 

^ ' —x  tan  fl,‘—  - - 
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Referred  to  P as  origin,  horizontal  line  PC  as  *-axis  and  the 
vertical  line  through  P as  y-oxls,  the  equation  of  the  parabolic  path 

is  r°*  la°  (—*>-' 

or  {•=-*'“  ...(v) 

Also  PC*=OP  sin  (w— 0t)=a  sin  &i 

and  OC<=*OP  cos  (tr— 0j)=  — acos  Bt.  ' 

The  coordinates  of  the  centre  O are  (a  sin  Bi,  a cos  Bi). 
Since  O (a  sin  &t,  a cos  Bi)  lies  oh  the  parabolic  path  in  this  prob- 
lem, so  we  have  cos  0i**—a  sin  0j  tan  0j—  fr^bos2^*  ^roin  ^ 

or  cos  0rf  sin  0|  tan 

; . . . - . . 2t>i2cos  0,  , 

or,  ' cos2  6 1 -f-.sin*  gtea— ‘ 

»*.  . 2cj1cosffj 

or  • , 2v,J  cos  0|*=*~-ga  (1—cos2  Bi) , 

- 

or  2 (w2— 2cg)I=9a3gJ— (w2— 2og)J  or , 3 («2— 2og)2*9a2g2 
or.  u2— 2og*=flg‘\/3  or  M2r=ag  (v'3+2)=«{flg  (-v/3+1)1  (Note) 
or  — ti=y/(\ag)  (V34-1). 

Ex.  14  (b).  A particle  tied  to  a string  of  a length  a Is  projected 
from  its  lowest  point,  so  that  after  leaving  the  circular  path  It  des- 
cribes a free  path  passing  through  the  lowest  point;- '.prove  that  velo- 
city of  projection  Is  (V(7/2)  asl-  " (Avadh  89) 

* Sol.  Proceeding  as  in  Ex.  14  (a)  Page  18  we  can  find  that  the 
equation  of  the  parabolic  path,  referred  to  P as  origin,  horizontal 
line  PC  as  x-axis  and  the  vertical  line  through  P (where  P is  the 
point' where  the  particle  leaves  the  circle)  as  y-axis  is 

tan  zvSn;,  ; ...w 

< • »'  Also  in  Ex.  14  (a)  Page  18  we  ha  ye  proved  that 

\ ■ . - « PC*=a  sin  Blt  OC — —a  cos  0j 

i-1.  AC~OC-i-OA=— a cos  Bi+a 
The  coordinates  of  the  lowest  point  A are 

(a  sin  0j,  — a+c  cos  6t ) , (Note) 

V A lies  on  the  parabolic  path  in  this  problem,  so  from  (*0 

Pq2  j j jj2  Q. 

\ we  have  —a+a  cos  0j=— a sin  Bi  tan  ft—^ebs ' 

or  ~-i+cos  0i+sin  0j  tan  8i—~(ga  sin2  0j)/(2t’i2  cos2  Bi) 
or , . — I -f  (cos2  B\  + sin2  0j)/(cos  Bi)~— (ga  sin2  #i)f(2vi2  cos3  #0 


S93-8S 


j2j,  from  (ii)  and  (iv)  of 


2J  Dynamics 

vx  2 (1  — cos  0j)  Vi2  cos  =>  — ga  sin2  9t  * — ga  (1  — cos2  0») 

- 2h-^](^)[-^] 

[!"  (~W / J .Ex.  14  (a)  Page  18. 
or  | (tfl+ag)  (u*~2ag¥^ga  [9oV— («2~2o£-)2]  , . 

or  (w2— 2ag)2  {§  (a2+  ag) + o^«=  < , . 

or  ' (u2—2flg)2  (2«2-f  5ag)—27fl3g5*=*0 

or  *"  ■ iu6 ~ 3cgu4  — 1 2a7g3u2 — 7a3g3 =0,  , 

which  is  a cubic  equation  in  u3  Rnd  is  satisfied  by  w2®=(7/2)/ng 
(students  to  show  it).. 

i.e.  u*=y/[(l}2)  ag}.  Hence  proved. 

*Ek.  15.  A particle  is  projected  from  the  lowest  point  inside  a 
smooth  circular  wire  of  radius  a with  a velocity  dne  to  a height  h 
above  the  centre.  Find  the  point  where  it  leaves  the  circle  and  show 
that  It  will  afterwards  pass  throngb  (a)  the  centre  if /t«=»  Jay'S  and 
(b)  the  lowest  point  if  h =\a.  f (Rohllkhand87) 

Sol.  Let  u be  the  velocity  of  pro- 
jection from  the  lowest  point  A of  the 
circle  and  T be  the  normal  reaction  at 
A between  the  particle  and  the  circle. 

‘ ' Also  height  Ji  above  centre  means  , 
height  (ft+a)  .above  the  • lowest  point.  , 

Hence  the  velocity  of  projection  at  A 
— u-\/{2g  (o+/i)) 

or  «2=2g(o+A)  * ...(0 

Also  we  can  show  that  velocity  v 
"and  reaction  Jt  at  any  point,  whose 
angular  distance  is  0 from  the  lowest  1 
point  A are  given  by  . 

t>iz=u2-f-2ag  cos  e-2ag  ...(«) 
and  i?=(m/c)  [iA+3ag  cos  0-2 ag] 

Let  the  particle  leave  the  circle  at  P,  whose  angular  distance 
from  A is  0t.  Then  at  P the  reaction  R=0  and  from  (iii)  we  have 
0= * ‘ ‘ ' 


, (Fig.  16) 


...(iii) 


Let  n be  the  velocity  of  the  particle  at  P,  then  from  (ii)  we  get 
*i* «o*4- 2ag  cos  Bi-lag 

(a+h)±2ag  (— 2/i/3o)— lag,  from  (i)  and  (iv) 
r,*=2.*),-(4/3)^f2/3)gft  U.  n*~(Z(3}  gft  -(v) 


ht3—2ag ' 

\ Ps  (»+A)-2o^1 

V 3°S  , 

1 L J’ 

(2/;/3a). 
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From  P draw  PC  perpendicular  to  the  vertical  diameter  AB. 
Then  height  of  P above  the  centre  O of  the  circlo 

**OC**OP  cos  (»— 0|)«— 0/*  cos  0i 

; ' — a (-2A/3a)«$/i  > . . ...(iv) 

The  parabolic  path  begins  from  P with  velocity  oT.  projection 
tij  and  angle  of  projection  (»*— 0t)  (see  figure)  given  - by  (iv)  and  (v). 

Referred  to  P as  origin,  FCas-x-axis  and  the  -vertical  line 
through  P as  y-axis  the  equation  of  the  parabolic  path  Is  * * 

) ’«•*  lan  (»-W-  5 — - 


yt=—x  tan  ft  — , 


2i'i2  cos2  (»— ft) 

gx2 


and 


(a) 


...(vii) 


2i'i2  cos2  ft 

PC^OCsi n (w—  ft)=a  sin  ft, 

OC*=OP  cos  ( »r— ft)»  — a cos  ft. 

Coordinates  of  the  centre  O are  ( a sin  ft , a cos  ft)  (Note) 
, .*.  If  the  parabolic  path  passes  through  O (a  sin  ft,  a cos  ft) 

from  (vii)  we  have  a cos  ft«  — a sin  ft  tan  ft  — 2rp~cos~g~ 

sin2  ft go  sin2  ft 

iri^cos2  Si 

~ga  sin2  6U  after  simplifications 


cos  ft+ 


COS  ft 

2n*  cos  ft- 
2rj2cos  ft~  — ga  (1— cos2  ft ) 


8A2*»9u2— 4AJ- 
Ans. 


12A2=>9o2  or  A2=>|a2  or  A==  }a^/3 
"(b)  We  have  proved  PC*=a  sin  ft  and  OC*=—a  cos  ft 
C4  ==  CO  + 0A=— a cos  ft-fo. 

Coordinates  of  the  lowest  point  A are 
' f ’ (o  sin  ft,  — a+  a cos  ft) 

If  the  parabolic  path  passes  through 
A (a  sin  Oi,  ~a+a  cos  0,)  we  have  from  (vii)  . 

-o+aeo.#,--«d  n-f.vafrgggHnj  ' 

- -a+o  [cos  ».+  3!2?iL  1 

L .coJSi . j ^ 2t>,ScosI0I  .. 

:-i+r_j  T-l'-  e“  (i-cos1  e,) 

[.cos  0i J 2riJ  cos1  Bir  , 

3a  ag  [l-(4 AW)]  ~3ag  (9o=-4A*) 

2 h FGgh)(w/9a')~  HgJ? 

. 8 (3o+2A)  A1— 3a  (9o=-4Ai)-,0 
s , (3o+24)  (8A5— 3o  (30-24)1=0 

■ 84J+6oA— 9o3=0,  since  3c+24  0 1 
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_ , ~6a-f-'\/(36A5+2B8fl’>  ~6o±lBa  12  o 3a  ' ' 

or  /, Te TT“7'  Am. 

Ex.  16.  Find  the  Telocity  with  which  a particle  most  be  pro- 
jected along  the  Interior  of  a smooth  vertical  hoop  of  radlns  a from 
the  lowest  point  in  order  that  It  may  leave  the  hoop  at  »a  angular 
distance  of  30°  from  the  vertical.  Show  that  it  will  strike  the  hoop 
again  at  an  extremity  of  the  horizontal  dlsmeteiv  (Avadh  89) 


Sol.  Let  who  the  velocity  of 
projection  from  the  lowest  point  A 
of  the  circle. 

We  can  show  that  velocity  t* 
and  reaction  R at  any  point  whose 
angular  distance  is  6 from  the  lowest 
point  A are  given  by 

t>J»u3-f2ag  cos  ff— lag  ...(i) 

and  Rcm  ~ (u2-t-3ng  cos  d— 2 ag) 

•••(»*) 

Let  the  particlo  leave  the  circle 
at  P,  whose  angular  distance  from  the  vertical  is  30°.  Since  the 
particle  leaves  the  circle  at  P,  therefore  P must  be  at  a level  higher 
than  the  centre  O.  Hence  £.BOP~W,  where  AB  is  the  vertical 
distance  of  the  circle. 

the  angular  distance  of  P from  the  lowest  point  A 
^/LAOP^lSO^Snie. 

At  P the  particlo  leaves  the  circle,  hence  at  P,  i.c.  at  0— 5^/6 
the  reaction  R=Q. 

,\  From  (ii)  we  get  0«(mjo)  [ip+lag  cos  [5n]B}~2ag] 
or  u3-— 3ag  J\/3~’2ag*»0,  *.*  cos  (5tt/6}=*  — 

or  (3\/3-f4)  ag.  " Ans. 


Also  if  ci  bo  the  velocity  at  P,  we  have  from  (i) 
ciJ*a  u5+  lag  cos  {5w/6} —lag 
■=}  (3V3+4)  og-2ag  -(® 

The  parabolic  path  begins  from  P with  velocity  of  projection 
cj  given  by  (iii)  and  angle  of  projection  30°  (as  shown  in  the  figure). 

Referred  to  P as  origin  and  Px  and  Py  as  axes  as  shown 
in  the  figure,  the  equation  of  the  parabolic  path  is 

. y«*x  tan  30°—  - ! - 

* 2«iJ  cos5  30° 

x _gx  x ■ 4x2 

*'■  y~  ■V'i  ~i(WHg)  (.m  ” V3  3735, 

or  3\/3ay~3ax~4x2  ’ 
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From  P draw  PN  perpendicular  to  the  horizontal  diameter  DL. 
Then  ND^NO+OD^PC+OD^asmlQ'+a^ZafZ  * 
and  0C«=  OP. cos  306=}ov/3. 

The  coordinates  of  D are  [3a/2,"— * ’ ' 

If  D (3o/2,  — $0^3]  lies  on  (iv),  then  the  coordinates  of  D 
must  satisfy  (iy).  Substituting  the  coordinates  of  D in  (iv)  we 
hove  3\/3<J  (-W3)=3a  [3a/2I-4  [3o/2f> 
or  — (9/2)aa*=  —(9/2) a2.  Hence  (iv)  is  satisfied.  ' 

The  parabolic  path  passes  through  Dt  one  end  of  the 
horizontal  distance  DE.  Hence  proved. 

**Ex.  17.  A heavy  particle  Is  attached  to  a fixed  point  by  a 
fine  string  of  length  a ; the  particle  is  projected  horizontally  from 
tho  lowest  point  with  velocity  v/[^S'{24*(3\/3/2)}],  Prove  that  the 
string  would  first  become  slack  when  inclined  to  the  upward  vertical 
at  an  angle  of  308,  will  become  tight  again,  when  horizontal,  and 
slack  again  when  Inclined  to  the  upward  vertical  at  an  angle 
cos-t  {(3/8)V3}.:  •* 

Sol.  Given  that  </[ag  (24-(3V3 /2}j«e«  (say)  is  the  velocity 
of  projection  of  the , particle  of  . - 
mass  m (say)  from  the.  lowest 
points  of  the  circle.'  •<*  V - 

We  can  show  in  ' the  usual  ' £-•- 

way  (see  § 3 P.  2)  that  velocity- 
v and  tension. T in  the.  string  at 
any  position  P,  of  the  particle  — 
whose  angular  distance  from  A is 
6 are  given  by*  .‘1  , 

v*t=u*+2ag  cos  0—2 ag 

and  T=  ~~  («*+ 3<rg  cos  6—2agj 

„ % Here  iP^ag  [2-f  (3\/3/2)],  so  ' ; ' , (Fig.  18)  ** 

above  two  results  reduce  to  \ 'vi^(3f2)^3ag+2ag  cos  6 •••(() 

and  -x  r=  y-[(3/2)\/3oj+3os’COS»]  ' (,0 

..  t .i,.  t.  ,t--v  , . - the  circular  path 

, ■ ■ n , be  the  velocity 

■ ■ ■ string  is  slack  at  Q. 

!.  From  (ii)  we  get 

0 ~ ■ ((3/2)v'3fl£4-3og  cos  6{\  ■ or  rcos  ^if*T 

or  .ft**  150°.  Hence  V ...(KO 

/.e.' 'the  string  becomes  slack  when  it  is  inclined  at  an  angle  30°  to 
the  upward  vertical  OB.  (Sec  fig.  18  above), : r . 
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From  (i)  at  Q we  have  ' ' 

vi*±(3J2W3ag+2ag  cos  e1=(3{2)^3ag+2ag  (-J\/3)  ' 
or  vf-logV 3 ' •■■(*") 

Beyond  £>,  the  particle  will  traco  out  a parabolic  path.  Through 
Q draw  Qx  and  Qy,  the'horizontal  and  vertical  lines  through  G lying 
in  th*  plane  of  flight  of  the  particle. 

The  parabolic  path  begins  from  Q with  velocity  of  projection 
vj  and  angle  of  projection  t t—6\  given  by  (ii)  and  (iv). 

Referred  to  Qx  and  Qy,  the  equation  of  parabolic  path  is 

y~j rtan(T-0,) 


y**x  tan  30“—  7, 


gx 2 


6,) 


, from  (iii)  and  (iv) 
4.r2 


* 2 (iag^/3)  cos2  30c 
at2  x 

“*  (!/V3)“  0^/3  (3/4)"  ^^73  “ 3^/3 
or  3oyV3=3oA:— 4x2  ...(v) 

Also  from  the  figure  18  Page  23,  it  is  evident  that  in  right 
angled  triangle  OQN,  we  have 

ON=OQ  cos  (tt—  0,)=acos  3Q°=>lay/3  ) ’’ 

and  QN—OQ  sin  (w-0,)=a  sin  30“~*a  J ».(vi) 

Referred  to  Qx  and  Qy,  as  coordinates  axes,  we  have 
x-coordinate  of  D=*QN+OD,  6ee  figure 
=ia+a=3o/2 

=x,  (say)  ...(vii) 

And  y-coordinate  of  D**—ON~—\ay/ 3,  from  (vi) 

(say)  ...(viii) 

Hence  if  D (xj,  — yi),  where  Xi  and  yt  are  given  by  (vii)  and 
(viii),  lie  on  the  parabolic  path,  then  its  coordinates  must  ^ satisfy 
the  equation  (v)  i.e.  - ' 

_3fly,v'3=3ax,-4x12  , 

or  —3a  (3<z\/3)v/3=3fl  (3o/2)— 4 (3o/2)2 

or  . — (9/2)a2“  (9/2)a2— 9a2  or.  -~(9/2)a2=-(9/2)a2, 

which  is  true.  Hence  the  parabolic  path  of,  the  particle  passes 
through  D,  the  extremity  of  the  hori- 
zontal diameter  DC  of  the  circular  path 
of  the  particle. 

When  the  particle  reaches  D,  the; 
length  of  the'  string** OD>=a;  and  ‘ so 
the  string  is  again  tight  in  this  position 
of  the  particle. 

Let  v2  be  the  velocity  of  the  parti- 
cle when  it  reaches  D.  The  direction 
of  r3  will  be  tangential  to  the  parabolic 
path  at  D (See  Fig.  18  Page  23).  - 

Let  t be  the  time  taken  by  the 
particle  in  moving  from  Q to  D.  Then  - (Fig.  19)  ' 
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from  c cos  a)  /*-'  see  chapter  on  Projectiles,  we  have  / r* 

-•  3al2=(vi  cos  309)  t- : :•  - ",  1 . • ‘(Note) 

or  '!  V /'  (3a/2)—Vi(W^)t::0T-'r~'a\/3fv)’~‘  -'  . .;.(«) 

* Also  we  know  from  the  chapter'  on  ‘Projectiles’,  that  if and* 
y<  be  the  components  of  velocity  at  any  point  on  the  projectile,  then 
y=(u  sin  a)  —gt>  where  the  symbols  have  their  usual  meanings.  . 

Then  y (the  r-component  or  vertical  component 'of  t-2)  is  given 
by  — yt=Yi  sin  30°  - * here  — y has  been  taken  as  the  y-com- 

4 < -ponent  of  r2  is  in  the  vertically  down- 

’ ward  - direction  (See  Fig.  18  Page  23) 
or  •>  — $/  or  y=gt—lv\ ' ...(x) 

Now  when  .the particle  reaches.  D,  the  string  is?  tight  and 
beyond  D,  the  particle  moves  again  on  the  circular  path  with  O as 
centre  and  radius  a.  This  circular  path  of  the  particle  starts  from  D 
and  ' with  velocity ’y  as  given  ,by  (x)  above  and  shown  in  Fig.  19 
Page  24  (in  this  figure  make  y In  place  of  y).  ! 

-il  . If  now  the  particle' reaches  A with  velocity  uu  then  from 
,,v7=*u2+2ag  cos  0~2ag"  at  D we.  have-. 

j . , i . ■jps»ui*-£24g.coa-270*— 2ag  . ; (Note) 

or  n 2ag  . or ' ui2=*y2+2ag  , , , . •••(xi) 

Now  let  the  particle  leave  the  circular  path  i.e.  ' the  string 
becomes  slack  again  at  S',  such  that  £.AOS**9i  (say).  . 


Then  from  {tfl-\~3ag  cos  Q~2ag] 

we  get  - . p=,(m/a)  [u^-^iag  cos  6i—2ag] 

or,  3ag  cos  62~2ag— ui2=2ag~ (y2 -f- 2ag) , from  (xi) 

or'.,-  ; cos  y7(3ag): , • . wj : 

. cos  Z.  £OS=*cos  (ir—62)*^'-- cos  Bi—y^tQag) 


Z.  20Srcos-' WIQog)] 
Now  from  (iv),  (ix)  and  (x)  we  get 

JV1„  tSLVJrS1-  - 


2v, 


or ..  y“(3ogv'3)/4vj  or  ' ?!§£ 

, , lo  Vja 

or  j6=H9V3og].'  , • " 


2agV3~{agV3 
_ ~2vt 
27 ay 
‘,,16  3) 


-(xii) 


4 V.  - From  (xii)  we  get  • -•  » ' ' '>  V 

Z_  BOS=  cos~«  [((9/ 8)  V3 eg) /(3 ag)]  *=  co s~ 1 {(3/8)  V3}.' 

,,  , , Hence  proved. 
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**Ex.  18.  A particle  of  mass  m Is  projected  from  the  lowest 
point  with  velocity  u and  moves 
along  the  inside  of  n smooth  verti- 
cal circle  of  radius  a.  The  parti- 
cle after  leaving  the  circle  at  P 
meets  it  again  at  Q.  Prove  that 
the  actual  distance  of  Q is  three 
times  that  of  P from  the  highest 
point. 

(Agra  90,  86  ; RohHkhand  III  91) 

Sol.  Let  the  particle  leave 
the  circle  at  P such  that  Z.  POP 
=0It  where  B is  the  highest  point 
of  the  circle.  Let  AB  be  the 
circle  with  centre  O,  then 

Z AOP*rir--0i. 

We  can  show  that  the  velocity  v and  reaction  R at  any  point 
whose  angular  distance  from  the  lowest  point  A is  0 are  given  by 

i2=u2+2ag  cos  0—2 ag  ...(i) 

and  [u3+3<7£  cos  0— 2ag]  - ...(ti) 

At  P tho  particle  leaves  the  circle,  hence  at  P i.e.  at 

0s=7T  — 01. 

from  (n)  we  get  0=(m/a)  [u2d-3ag  cos  {n—Ofi—lag] 
or  u2=3ag  cos  ft+2o£.  ' ...(iii) 

Let  velocity  of  the  particle  at  P be  t*i,  then  from  (i) 
ri2=-u2+2ag  cos  (jr—6\)—2ag 
= u2 — 2 ag  cos  0,  —2 ag 

—3ag  cos  0i+2ag—2ag'cos  0\—2ag,  from  (iii) 
or  vi2*=ag  cos  ft.  1 ...(iv) 

The  parabolic  path  begins  from  P with  velocity  of  projection 
vj  and  angle  of  projection  ft  given  by  (iii)  and  (iv). 

(See  figure  also) 

Referred  to  P as  origin  and  the  horizontal  and  vertical  lines 
Px  and  Py  as  shown  in  the  figure  as  coordinate  axes,  the  equation  of 
the  parabolic  path  is 

y=x  Ian  />,-  2~ where  >;**-ag  cos  $,  . 
or  y—x  tan  0i—x2/(2a  cos2  0t)  : -t  • ...(v) 

Let  C be  the  point  of  intersection  of  Px  and  OB, 
then  OC*=  OP  cos  0,=a  cos  0t  and  PG—OP  sin  ft-=/r  sin  ft'.- 

/.  The  coordinates  of  the  centre  O arc  (a  sin  ft,  —a  cos  ft) 
and  the  radius  of  the  circle  is  a. 

The  equation  of  the  circle  is 

(x— a «in  ft)J+(i‘-}-fl  cos  ft)J«-/i5 
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Dr  *2+J'2— 2ax  sin  0,-f2oycos  0r=O.  ’ ...(vi) 

Solving  (v)  and  (vi)  .we  get  , 

2av  sin  $t+2 a cos  0,  |x  tan  0,~ 

(Note) 

or  x2-\-y2—2ax  sin  0,*f  lax  sin  0,--a2  sec2  0,= 0 

or  (sec2  0j-»l)=x2  tan2  0,  or  y=±x  tan  0,. 

Substituting  y=x  tan  0,  in  (v)  we  have  ,r=0,  hence  y=0. 

But  these  are  the  coordinates  of  P. 

If  we  take  x tan  0,,  then  this  is  a straight  line  PQ  passing 
through  the  origin  P and  making  an  angle  0,  below  the  x-axis 

- 4 xPQ^Ou  where  Q is  the  required  point  * 

/.  4 i\PQ~/-  v\Px+/l  xPQ~9x+e;~2fix  "■ 

4 POQ** double"  of  any  angle  subtended  by  the  chord  PQ 
in  the  segment  PAQ. 
«= double  of  4 V|  PQ  ...  by  plane  geometry 

. , =2  (250=401.  , ( 

Also  /_BOP~Qu  ,4^02=40,-0,^30!. 

arc  PQ=*i  times  arc  BP.  ‘ ' (Agra  90.  86) 

This  gives  the  position  of  the  required  point  Q: 

Ex.  19.  A heavy  particle  of  mass  m makes  complete  revolution 
in  a smooth  circular  tube  fixed  in  a vertical  planed  Its  greatest  speed 
Is  n times  its  least  speed.  Prove  that  the  pressure  in  the  tube  when 
the  particle  is  moving  vertically  is  2/ng[(nJ-H)/(n2—l)]  and  that  Its 
speed  is  V{£  (n2+l)}  times  its  speed  at  the  highest  point. 

• Sol, ' Let  the  radius  of  the  tube  be  a.  The'  velocity  is  least  at 
the  highest^  point  B and  greatest  at  the  lowest  point  A of  the  tube. 
Let  u be  - the  velocity  of  the  particle  at  B,  then  the  velocity  at  A is 
nu  (given).  < , . . . . " ' . , 

■ Let  the  particle  be  at  P at  any  instant  inch  that  4 AOP^O. » > 

_ Then  the  equation  of 
motion  in  the  tangential  and  r: 
inward  drown  normal : sense  • 
are  •-  1 . i , - _ , 

' dzs  .*  ■.  ■ i . 

• ”■  !,n  0 ■ 

„2  l - 

and  m — mg  cos  0, 

P 

I-.,-  . -..(H)- 

where  R is  the  normal  reac-  - ' 
t ion  between /the  particle  and  " 
the  tube  at  P:  • , ” '1  1-  - ' . 

(i‘"  Let  arc  AP=s,  - 


(Fig.  21) 
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thcns=aC, 

From  (i)  we  get  a {d20ldt7)=—g  sin  0 " 

Integrating  (< ad9{dt)7=2ag  cos  0+fc,  where  it  is  constant  of 
integration 

At  A,  0—0  and  a (rf0/rf/)= velocity  ■=m/, 


n7it7~2ag+k 


...0*0 


(ad0/dt)7=2ag  cos  0-j-n7u2=2ag. 

Also  at  the  highest  point  0—n  and  velocity *=w. 

.*.  From  (Hi),  u2—2ag  cos  jt+hV- 2ga 
or  tii=s—2ag-\-n7ii2—2ag  or  a=(n2—  1)  tt7f4g. 

Let  CD  be  the  horizontal  diameter  of  "the  circle,  then  at  D the 
particle  is  moving  vertically.  Let  r,  be  the  velocity  of  tho  particle 
at  D i.e.  at  0=w/2. 

Then  from  (iii),  riJ=2 ag  cos  {n+n2u7—2ga  ■ ' 

=n2u2-2ag=n2u2-  J (n2~  1)  a7,  from  (iv) 
or  »i2=J  (n2+I)  u7 

or  ViJ  («J-f  1)}  w=v'{£  («2-H)}  X (velocity  at  £)■ 

Also  from  (ii)  at  D i.e.  at  6=  In,  the  normal  reaction 

— M«.  y-hmg  cos  0”«=  c os  , ' ; 

"(w/«)  } («2+l)  u7,  from  (v)  1 \ /"  - 

4 mg  (n2+l)  u7  , 

" — 2”“  from  <IV> 

[(H*+l)/(na-l)l.  ■ Hence  proved- 

Ex.  19  (a).  A stone  of  weight  W is  tied  to  one  end  of  a’sfrlng 

and  Is  describing  a circle  in  a vertical  plane, 'the* other  end  of  the 

string  being  fixed.  If  the  maximum  speed  of  the  stone  is  twice  the 
minimum  speed  ; pro^e  that  when  the  string  ii  horizontal  ; Its  tension 
is  (10/3)  W.  Also  find  the  tension  when  the  string  .makes  an  angle  of 
45°  with  the  downward  vertical.  - i . , „ _ . ,,.,v 

Sol.  __  Refer  Fig.-2  Page  2.  Take  mg  as  FP.  •• 

Let  the  length  of  the  string  be  a whose  one  end  is  fixed  at  O- 
Hence  the  radius  of  the  circle  which  is  being  described  is  a.  Let  the 
stone  be  projected  > horizontally  from  A with  velocity  u,  then  at  any 
point  P we  can  show  that  v2=i^—  2ga+2ga  cos  0 ' :■  — (*) 

and  T—(W//ga)[u2—2ga+3gacos0],  ■ .*.(*0 

where  0 is  the  angle  which  the  string  .makes  with  the  downward 
vertical. 

The  velocity  is  maximum  at  the  lowest  point  A (at  0=0)  and 
minimum  at  the  highest  point  C (at  0—n).  Therefore  from  (i) 
Maximum  velocity  =»  and  minimum  veiocit ys=<Z(u2—4gd). 

But  given  that  maximum  veiocity=2  x (Minimum  velocity) 
i.e.  ■ u*~2i/(ii7—4ga)  or  iA*-(16/3)£fl  . ...  («Q 
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, Hence'  from  (ii)  the  tension  when  the  string  is  horizontal  i.e- 
when  6~\tt  is  given  by  T—(Wfga)[(l 6/3)  ag'-'2og+,3ag  cos 

...putting  the  value  oft/2  from  (iii) 
or  - ,,  , 7**=0 D/3)  TV.  V , , Hence  proved*. 

‘ i-Do  yourself  the  second  part. . *r<  » *,  J*  .> 

‘ Second  Method.  Try  yourself  as  in  Ex.  19  Page  27.'  4 
**Ex.  20.  ‘ Show  that  the  greatest  angle  through  which  a person 
can  oscillate  on  a swiag  the  ropes  of  which  can  support  twice  the 
person’s  weight  at  rest  is  120°.  ‘ - ' *• 

If  the  ropes  are  strong  enough  and  hecan  swing  through  180* 
and  if  v is  his  speed  at  any  point  pro\e  that  the  tension  in  the  rope  at 
that  point  is  3 m&*/(2/),  where  m is  the  mass  of  the  person  and  1 the 
length  of  the  rope.  ••  . • > • ‘ . t 

Sol.  Let  it  be  the  velocity  at  the  lowest  point.  Then  we  can  prove 
that  velocity  v and  tension  T in  the  string  at  any  point  at  an  angular 
distance  0 from  the  lowest  point  are  given  by  .• 

*2=1/2+24?  cos  0—24?  (i) 

and  ' T=(mfl)  (t/3+3/?  cos  Br2lg),'  ‘ ...(ii) 

where  m is  the  mass  of  the  man. 

, At  the  lowest  point  '.0=0  and  tension  is  maximum  and  equal 
to  2mg  (given)  , ’ , 

At  the  lowest  point  from  (ii)  we  have 
, . . , 2mg—(mj})  (i/3+34?cos  0— 2/g)' 

"or  2 gl=u*-jrlg  or  u\==gl  \ ...(Hi) 

From  (i)  we  have  vz=gl+2Ig  cos  0— 2/g  ' 1 
. or , , ..  v2~2lg  cos  0— gl  _ ' ' ...(iv) 

Putting  v=0  in  (iv)  we  have  2 cos  0— 1=^0  "or  ' cos  0=  J 
or  0=60°  . 

. i.e.  the  man  .can  oscillate  on  the  swing  through  an  angle  of 
60°  on  one  side  of  the  vertical  line  through  the  lowest  point. 
Similarly  on  the  other  side  he  can  oscillate  through  an  angle  of 
60°.  Hence  the  greatest  angle  through  which  the  man  can  oscillate 
’’  n ’ ' '=60’+60’=120°.  ' 

If  the/man  swings  through  180%  then  0—90’  at  the  extreme 
position  of  oscillation  and  v~0  also  at  that  point. 

' From  (i),  0=tt2+2g/  cos  90°— 2g7  or  \P=2gl  ...(v) 

t • Hence  from,  (i)  velocity  at  a point  whose  angular  distance  is  0 
from  the  lowest  point  we  have  *2=2g/+2g/  cos  0— 2g/ 
or  1 v2=*2glcos6  or  cosB^&jTgl  , ..  - - 

from  (ii),  7*=(m//)  [2gl+3gl  ( vz/2gl ) ~2glj,  from  (i)  ; '■ 
or  T=*m  (3v2/2/).  ~ . Hence  proved. 

- \ Exercises  on  § 1— § 4 

Ex.  a..  A particle  is  projected  from  the. lowest  point  of  a 
smooth  vertical  circle  of  radius  a along  its  inner  side  with  a velo-  ^ 
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city  iV'P&Q ?>•  Show  that  it  wui  /cave  the  circle  at  an  angular 
distance  of  cos~J  (3/5)  from  the  highest  point  and  its  velocity  at  that 
time  will  he  VOash 

Ex.  2.  A heavy  particle  attached  by  a string  to  a fixed  point 
'hangs  in  equilibrium.  Find  out  the  least  velocity  with  which  it  must 
be  projected  horizontally  from  the  equilibrium  position  in  order  that 
it  may  describe  n complete  circle.  Show  further,  that  the  tension  of 
the  string  at  any  time  is  proportional  to  the  depth  of  the  particle 
at  the  moment  below  a certain  horizontal  line. 

[Hint  : See  Ex.  7 Page  11]. 

*£x.  3.  A heavy  particle  is  constrained  to  move  in  a vertical 

circle  of  radius  r.  Show  that  the  sum  of  the  reactions  at  the  end  of 

a diameter  is  constant. 

(Hint  : Replace  tension  T by  reaction  R in  Ex.  9(a)  P.  12] 

*Ex.  4.  A particle  is  projected  from  the  lowest  point  of  a 
vertical  circle  with  a velocity  just  sufficient  to  carry  it  to  the  highest 
point.  Find  when  and  where  the  particle  will  leave  the  circle. 

[Hint  : See  Kt  12  Page  16]. 

**§  5.  Motion  on  the  outside  of  a \crticsl  circle. 

A particle  slides  doun  the  outside  of  a smooth  vertical,  circle  due 
to  its  weight,  starting  from  rest  at  the  highest  point ; to  discuss  motion. 

(Agra  91.  *7  / Dundelk  hand  92  : Kumaun  W 

O is  the  centre  of  the  circle  and  AB  is  the  vertical  diameter. 
After  time  t , let  the  particle  be  at  P,  such  that  £ AOP—Q  afC 
AP—s.  At  P,  the  forces  acting  on  the  particle  are  its  weight  rrtg 
acting  vertically  downwards  and  the  normal  reaction  R acting  nor* 
mally  to  the  circle  at  P as  shown  in  the  figure. 

The  equation  of  the  motion  in  the  tangential  and  inward 
normal  sense  are 

m ^=mg  sin  0 ...(i)  and  m.  — =mg  cos  0— R — ^ 

at 3 p ' 1 

Now  a rcAP=s—a9,  where 
a is  radius  of  the  circle 
d3s  d20 
df^adT2 

Hence  from  (i)  we  get 
a (cMJJP)~g  sin  0. 

Multiplying  both  sides 
by  2a  (d0{dt)  and  integrating  we 
get  (addfdtf—  —lag  cos  0+ C, 
where  C is  constant  of  integra- 

gration.  (Fig.  22) 

or  ' ' . ' , — 2ag  cos  0 \-Ct  where  v is  the  velocity  at  P • 
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Initially  at  A,  r=0,  0=0  therefore  C—2ag 

t2=s2ag~ 2ag  cos  0=2ag  (I—  cos  Of  ...(iii) 

From  (ii),  R~n ig  cos  B—(moyp),  ■;.*  p^a  for  the  circle. 

• - • . =mg  cos  6— 2mg  (1— cos  </),  from  (iii) 

or  ’ /?= mg  (3  cos  0—2).  - (iv) 

Equation  (iii)  and  (iv)  give  the  values  of  velocity  v and  reac- 
tion R at  any  point  P at  an  angular  distance  0 from  A . 

Let  the  particle  leave  the  circle  at  a point,  whose  angular  dis- 
tance from  the  highest  point  A is  Qi.  Therefore  putting  R*=  0 and 
0=*Ot  in  (iv)  we  get  3 cos  #1—2=0  or  cos  0t=§.  ■ «.(v) 

or  5i=cos~1 

which  gives  the  angular  distances  from  A of  the  point  where  the 
particle  leaves  the  circle.- ' - : 

Vertical  distance  of  this  point  where  the  particle  leaves  contact 
of  the  circle — a— a cos  0|.  ~ ' (Note) 

. (radius^of  the  circle). 

Therefore  if  a particle  slides  down  the  outside  of  a smooth 
vertical  circle,  starting  from  rest  at  the  highest  point,  it  will  leave  the 
■circle  after  descending  vertically  - a distance  ci(iial  to  one  third  of  the 
radius.  ‘ t rz-'t  . < (Agra 91 ; Kumarn 89) 

And  the  velocity  of  the  particle  at  the  point  where  it  leaves  the 
circle=2ag  (l— cos  0»),  where  cos  6\^*\  from  (iii),  (v)- 
*=2ag[l-.(j)]*(2^)/3.  ~ ;* ’ ' 

Solved  Examples  on  § 5.  . ; % 

’C-  1 »--«•»*  • * 


< vertical  distance  below  the  point  of  projection  is’ |<7.  (Garhwat 89) 

' , . • Sol.  . The  particle  starts  from  .‘the  highest  point  A with  velo- 
city -\/($  ag).  Let  the  particle  be  at  P after  ■ time  /,  such  that 
- AOP=*d  and  arc  AP^s.  . , , / 

At  P,  the  forces  acting  on  the 
. particle  are  its-  weight  mg  acting 
vertically  downwards  L;  and  - the . 
normal  reaction  R acting  normally  • 
to  the  circle  at  P as  shown  in  the-'’ 
figure.  _ v 

, The  equations  of  motion  ’ 
in  the  tangential  and  ,•  inward ' 
drawn  normal  senses  are 

' d2s  . „ ‘ ' ' 

..  . m.3pTmgs,ae  . 

c2  - (Fiv'  2‘ 

and  nti  ~~=mg  cos  0— P ...(ij)„  > , ~ ' 
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Now  arc  AP=s=a$,  ...  <Ps^  £0 

mZIz  (2r  ‘ ■ <? «£■?  £e. 


39/CM/2 


; T~fas  cos  p+c,  wi 
initially  at  A , 0=o  and  r"  V/Y *"%  \CJ?clIy 

••  j^-^+cnd  orVG<^>fe;cn) 

.♦  t2_  c—(Sl2)ag 

Subsmuling  this  vaIuc  of  ^ “*L+ W>  ^ 

fi=B{  COS  i r ” 1 WC  haVe 

At  ^ f3  cos  5(™(5/2.T2'W  C0!  fl+(J^/2)] 

■^=0  and  Id  M,1.  'Vhere  the  Par**cle  /eaves  the  circle,  the  reaction 


Then  from  Mwjao^pc,, 


- - , -(5/2)]  or  cos  0i=5/6 

d,^.“  yta  W ow  the  highest  poinl  , “W 

E,  , 0,  7f°rS=^C0S  ^ > Ans. 

smooth  vertical  circle  start  p/rfic,e,  down  the  oaf  side  of  a 
angular  distance  from  A.  R fron  tbe  ^^hest  point  A,  find  ont  the 

th  hi|o  S2rffiii2s»«»,«-«i-ci^ . 

•he  highest  point,  on  tho  curre  is  half  that  at 

particle  during  I “moMon  Mfc'J™  ki”,ic  Mergy  acquired  oy  lit 

Aa'infsPag^oiar:^^^^1-  ^ 

v7=2ag  (I  —cos  0)  ■ in  bj*?b“g,'r  wc  can  prove  that  - 
_ where  the  symbols  have  thl?  A==nig  (3  cos  0— 2),  ' d.® 
Pages  30—31  of  this  chapter.  aC  usual  ■ meaning  as  given  in  5 5 

tide  leaves  the  circle  thenfroi mfii)  "t!"  S ,at  P°int  "here  the  par- 

or  ■ - . JKZSWSft-^*  « cos  0I=i  •'  * ' 

(ii)  At  the  highest  point  J^J^uired  aogle, 

" Point 

■•  In  this  part  according  fo(?he?rah7^  u 

mg  (3  cos  fl— / Problem  we  have 
°r  . 2 (3  cos  0l2)~i  2)Z*(m$  (SotO 

or  - cos  a 6 cos  0=5 

(Hi)  Also  from  (0°  we  get°5lS^r  js  the  ^“ired  angle. 

. And  v is  max.  when  thr  now*  » 0 — cos  0) 

in  this  case  with  time  i.c.  v is  max  whlrf  VCS  cuc^c» as  ° increases 

<:'■  -0uaa.o)r=2nga54^™uosP,„J 

..  Man.  value  of  «neticinmS»j„, , „ , ' 

gy  im  (t *^)=}m  (|ag)=]am^  k 


39/CM/3 
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, **Ex.  2. ' A particle  mores  under  gravity  in  a vertical  circle 

sliding  dojrn  the  convex  side  of  a smooth  circular  arc.  . If  the  Initial 
Velocity  is  that  due  to  the  starting  point  from  a height  A above  the 
centre,  show  that  if  will  fly  off  the  circle  when  at  a height  f/j  above 
the  centre.^  ,,  , / „ . ' , , , . (Lucknow  8$)  < 

Sol.  A is  the  highest  point' of  the  circle  with  centre  O and  C 
is  the  point  of  start.  ' Let  • Z.  AOC**oc,  then  if  CE  be  the  perpendi- 
cular .from  _.C. _on A O.  we  .get 
OE^r-o  cos  a,  where  OA*=a.  ND 
is  a line  at  a height  h above  the  . 
centre  ' O.  From'  C draw  CD 
perpendicular  to  ND.  Then 
CD=*(h—a  cos  a).  Initial  velo- 
city of  the  particle  ‘ 
i.c.  velocity  at  C . 

' -V(2>XDC) 

= V(2  g Iji— a co  so)} 

After  time  /,  let  the  parti- 
cle be  at  P,  such  that 
L AOP**B  and  arc  AP**s. 

If  m be  the  mass  of  particle, 
then  the  equations  of  motion  in 
the  tangential  and  inward  drawn 
normal  sense  are  ’ ' • (Fig.  24) 

d2s  r • tn  • 

m.  ^*=mg  sin  B.  ...(i)  and  m — —mg  cos  0— R ...(it) 

a,'  „ . d*s  d2B 

Also  arc  AP*=s*=a&.  . . , ^ . 


from  (0  we  get  a (d16ldt2)  =g  sin  0 
Multiplying  both  sides  by  2 a ( ddjdt ) and  integrating  we  get 
(a  ddldi)2=—2ag  cos  B+C,  where  C is  constant  of  integration 
or  t3=— 2 ag  cos  0-f  C,  where  v is  the  velocity  a (dBJdf) 

At'  C,"  t>=  yT{2 g ( h—a  cos  a))  and  0=k. 

So  2g  (h— a cos  a)=—  lag  cos  «+C  or  C—2g/i 
t-2s=2g/l—  2<7£  cos  0 

Substituting  this  value  of  t2  in  (ii)  we  hive 

m (2gh—2ag  cos  6)fa=mgco s B—R,  since  p*~a 
or  R=TTtg  cos  6—(mJa)  (2gh—2ag  cos  6)*=3mg  cos  B—{2mghJa) 


At  the  point  where  the  particle  leaves  the  circle, 
the  reaction  and  Jet  B^BX  '. 

0=3mg  cos  B\~~ (2inghfa)  - - or  cos  0i  — 2h}3a. 

height  of  this  point  above  centre®**  cos  0i«=*  |A. 

3.  A particle  Is  placed  at  the  highest  point  ot  a smooth 
vertical-circle  of  radios  a and  Is  allowed  to  slide  down  starting  with 
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a negligible  velocity.  Prove  that  it  will  leave  the  circle  after  deserf- 
blog  vertically  a distance  equal  to  one  third  of  the  radios.  ‘ Find  tie 
position  of  the  directrix  and  the  foens  of  the  parabola  subsequently 
described  aad  show  that  its  latns  rectum  is  (16/27)  d.  (Afaih ! S) 

- ^ Sol.  After  time  / let  the  particle  be  at  a point  whose  angular 
distance  is  6 from  the  highest  point  X*  Then  the  equation  of  motion 
of  the  particle  in  the  tangential  and  inward  drawn  normal  direction* 
d2s 

are  m.  ^ =mg  sm  Q ...(t) 

and  m.  ~ **=mg  cos  6—R  ...(ii) 

Also  arc  s*=a&, 

. dh  d*B 

" dfl  2fl 

from  (i)  we  get 
a (d29/dt2)=^g  $in  6 
Integrating  (a  dO/dt )2 

« ~2ag  cos  0+C,  where  C is  . (Fig.  25)  ' 

constant  of  integration.  * , ‘‘  • -i 

At  the  highest  point  A,  d«0  and  velocity  a (d0/dt)-0  . 
C~2ag  and  we  have  • * 

a {d9)dt)2»—2og  cos  B+2agt  where  a(d0/d/)** velocity  ~ r (>w) 
or  t<*=2ag(l-cos0)  ..•("» 

Substituting  this  value  of  r2  in  (ii)  we  get 
R=mg  cos  0—2 mg  (1— cos  0),  y />«=o,  radius  of  circle 
or  R=mg  (3  cos  0—2) 

Let  the  particle  leave  the  circle  at  P where  Z A.OP**Q t . 

Then  at  Pt  we  have  R=0  and  dsa0t.  ’ 

from  (iv),  0=mg  (3  cos  Oj— 2) . or  co s 8t=*l  ' *(v' 

vertical  distance  of  P below  A=Atf**OA—ON 

a cos  0|«=*a—  (radius  of  the  circle). 

Let  t*j  be  the  velocity  at  P t.e.  7,  then  from  (iiO  we  get 
t-p^ag  (1-cos  *,)«2 ag  (1 

The  velocity  rj  acts  along  [the  tangent  at  P (as  shown  in  tbe 
fig.)  mating  an  angle  0,  below  the  horizontal  line  through  P.  D"0® 
the  point  P the  particle  starts  to  describe  a parabolic  path  with  vrio- 
city  of  projection  as  r»  and  angle  of  projection  as  —Ct-  , 

. . , “2c3  cas1  «•*  2i',3coss*t 

Latus  rectum  of  this  parabola—  » — —j 

« (?fs)  (leg)  ((4/9)],  from  (v)  end  (vf) 

— ( 1 6/27}  a.  Hence  proved- 
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, Also  we  know  that  the  velocity  of  a particle  describing  a para- 
bolic path  at  any  point  on'its  path  is  that'due  to  falFfrom  the  level 
of  the  directrix.  Now  velocity  at  P=vi=\/(jag),  from  (vi).  - 
Let  depth  of  P below  the  directrix  be  A.  - ' *;  „ -r 

Then  from  the  above  property  we  have  - 

* or  *■  - 
Lc.  the  J directrix  Is  a horizontal  line 'AM  through' the  highest 
point  A of  the’clrcle.' \ ym~i  * * . " 

From'P  draw  PA/ perpendicular to  the  directrix! 

. Also  FT  is  the  tangent  to  the  parabolic  path  ai  F.  . . , * , 

If  S be  the  focus  of  the  parabola,  then  SPT*=L  TPM. 

Also  . PS~PM=*AN=\a.  . ‘j 

From  P.draw  a line  PS  making  L SPT «*/,  TPM  and  cut 
off  PS=*PM*=  {a.  Thisfiives  the  position  of  the  focus  S.  **  . 

**Ex.  4 (a); ' If  in  Ex.  4 above,  vertical  circle  be  replaced  by  a 
sphere,  proie  that  similar  results  will  be  obtained.  ► t (Meerut  9J) 
Sol.  Do  as  Exi.4  above,  r i»:.  -t  - ' ’> 

' •*Ex;  4 (b):- ’A  heavy  particle  Is. allowed  to  slide. down  a 
smooth  vertical  circle  of  radius  27 a from  rest  at  the  highest  point. 
Show  that  on  leaving  the  circle  It  motes  in  a parabola  of  latus,rectum 
16a.  1 ' , (Allahabad 86 ; Kanpur  86 ; ‘Lucknow 87) 

Sol.  As  in  Ex.  4 above  we  can  prove  that  the" velocity  v and 
reaction  R of  ihe  particle  at  appoint  whose  angular  distance  is  0 from 
the  highest  point  of  the‘circle  of  radius  r arc  given  by'^ 

‘ '• ' v*==2rg  (1— -co$'0)  v : • J ~ < ...(i) 

and  _ ; i ‘ -t  £v " 'JR— mg  (3  cos  0— 2).n-  ""  ,..(ii) 

f ‘ " - Let  the  particle  leave  the  circle  at  a point  P where  6**9l  (say) 
and  i>=3f|V  t Then  at  P,  the  reaction  F=0  and  0=0j.  -«?  o-  : 

■ .V  cFrom  (ii)  we  get  0=mg  (3  cos  0t~2)  or-, cos  0t*=|  '...(iii) 

’ ^ from-,  (i);  vi7—2  (27 o)  g (l  — f],  from  (iii)  and  r=27a 

' *’ >;  5r" ; ■’  - *.*  (given) 

or'».  •;  1 ‘ *./.(»v) 

• i'  From  the  point  P the  particle  starts  to  describe  parabolic  path 
with  velocity , of  projection  vt  and  angle  of  projection  0i  (measured 
below  the  horizontal  line  through  P).  - Therefore  the  required  latus 
itctnm  cf  fee  pM»Ma= 

. • - • « g g - ... 

‘ ' " 1 '=*(2/#)  (18og)  [(4/9)].  from  (iii)  and  (iv). 

-*=16o.  " ' Ans. 

, > *Ex.  5. , A particle  motes  along  the  outside  of  the  arc  of  a 
smooth  vertical  circle.  If  (be  particle  starts  from  rest  down  the  arc 
from  a point  C,_ show  > that  .It 'leaves 'the  circle  at  Q -where  cos  0j  = - 
w3)  cos  *.  « and  0,  being  the  angular  distances  of  C and  Q respec- 
tively from  tbe  highest  point  A ' . t , (Kanpur  89 ; RohilkhandSS) 
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Sol.  AS  is  the  vertical  diameter  of  the  circle  with  • centre  0. 
The  particle  starts  from  C from  • rest  such  that  Z ~AOC*= * 
(given).  Let  OA*=a. 

After  time  t let  the  parti- 
cle be  at  P,  snch  that  Z AOP 
and  arc  AP=s.  If  m be 
the  mass  of  the  particle,  then 
the  equations  of  motion  of  the 
particle  in  the  tangential  and 
inward  drawn  normal  directions 
arc 

&s 

m.  jj2arf1S  8m  B •••(') 

ti a 

and  m.  y~mgcos  $—R  ...(ji) 

Also  arc  AP**s=»a0. 

.'.  (d2s[dt1)<^a  (tP0fdt2)**g  Sin  u,  iivin 

Integrating  {a  de/dt)2r=—2ag  cos  0+k,  where  k is  constant  of 
integration. 

Initially  i.e.  at  C,  and  a (d0[dt)  «=' velocity **=0 
0=  ~-2ag  cos  a*f£  or  k**2ag  cos  « 

.*.  ( a d0Jdf)2*=2ag  (cos  «— cos  0) 
or  tP=2ag  (cos  a~cos  0),  where  v is  the  velocity  at  P. 

Substituting  this  value  of  v in  (ii)  we  have 

R~mg  cos  Q~2mg  (cos  a— cos  B),  since  p=rad ius  a 
or  R*=mg  (3  cos  5—2  cos  a).  , 

Let  the  particle  leave  the  circle  at  Q,  where  8=Si  then  from 
(iv)  putting  R—0  and  5=5i  we  have  cos  5i=|  cos  a.  Hence  proved- 
••Ex.-  6.  A heavy  particle  slides  under  gravity  down  the  In*M* 
of  a smooth  vertical  tube  held  in  a vertical  plane.  It  starts  from 
highest  point  with  velocity  V( 2og),  where  a is  the  radius  of  the  circle* 
prove  that  when  in  the  subsequent  motion  the  vertical  component  o* 
the  accelerttion  la'  a maximum,  the  pressure  on  the  curve  is  equal  to 
twice  the  weight  of  the  particle. 

(Bundelkhand  91.  Carhwal  90  ; Meerut  11 92 Rohilkhaud  Si) 

Sol.  Let  the  particle  of  mass  m (say)  be  at  P after  time  t,  tucb 
that  arc  AP=*s  and  Z AOP—B,  where  A is  the  highest  point  of  the. 
tube.  Then  the  equations  of  the  motion  of  particle  in  the  tangential 
and  inward  drawn  normal  directions  are 

m.  6in  6 ..,(!)  and  m.  v-~**mg  cos  5—/!  «••(© 

(see  figure,  here  the  ball  should  touch  the  inner  circle  at  P). 

Also  as  - s=-a9,  so  (tPs(dl  *) = a (ePBfdt3) 

Hence  from  (i)  we  get  a (tPB/dfy^g  sin  S. 
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Integrating,  (a  dQjdi)1—  — 2ag  cos  9+C,  where  C is  constant  of 
integration. 

Ai  A,  0—0-,,  and  velocity 

a (rfe/A)"*  V(2#0 

A 2 ng*=  -2a*+C 
or  C*=4ag 

A a (d3jdt)2=*—2ag  cos  $ 

-f  Aag,  where  a (ddfdt)^v 

= velocity 

or  e3— 4ag — 2ag  cos  0 ,..(iii) 

Substituting  in  (ii)  we  get  the 
reaction JR=—m  (4g—2gcos6) 

+nig  cos  6~mg  (3  cos  0—4)  ...(iv)  *. 

We  know  that  at  P there  are 
two  components  of  acceleration 
viz.  dhjdt1  in  the  direction  PT  and  t^/p  or  i7/a  in  the  direction  PO. 
r.  If/be  the  vertical  component  of  acceleration  at  P,  then 

/-  y«>M+^sin9  ^ ^ 

. , . —(4g— 2g  cos  0)  CO s 0+ g sin3  0,  from  (i)  and  (iii) 

or  /— 4*  cos  0—2 g cos3  6+g  sin3,0. 

' .%  dffdd^—Ag  sin  0+4g  cos  0 sin  0-f  2g  sin  0 cos  0 

t ; , . «=2g  sin  0.(3  cos  0—2)  ...  -Jlr  } 

If/is  maximum,  then  dfjd6*=0  and  d3f/d(P^ncga tive. 

Equating  df/dO  to  zero,  we  have  sin  0—0  or  cos  0=>f.  • 

Now  sin  0=0  corresponds  to  the  point  of  start  A. 

A At  the  point  , where/is  maximum  we  have  cos  0— J and 
therefore  from  (iv)  we  have  the  relation  R 
' '■  v {- 4+3(1))= -2 mg.  I 

» r,  . . y.  , — twice  the  weight  of  the  particle, 

and  negative  sign  shows  that  the  reaction  has  changd  direction  at 
that  point.  ~ 

*Ejc,  7.  - A particle  slides  down  the  arc  of  smooth  vertical  circle 
of  radios  a after  being  slightly  displaced  from  rest  at  the  highest 
point ; find  where  it  will  leave  the  circle  and  prove  that  it  will  strike 
a horizontal  plane  through  the  lowest  point  of  the  circle  at  a distance 
5 (\/5-f  4^/2)  c/27  from  the  vertical  diameter. 

Sol.  We  can  prove  as  in  Ex.  3 Page  33  that  the  velocity  t- 
.and  reaction  R between  the  particle  and  the  circle  at  a point  whose 
angular  distance  0 from  the  highest  point  A are  given  by 
! ’ fV'.  "7,  . *2=2ag  (l  —cos  0)  - . ■ * * . - v*(») 

and  ' ' " R^mg  (3  cos  '0— 2)’.  * ’ - ^ ' Y, ’ ,■■•(',») 

* Let  the  particle  leave  the'  circle  at  P where  0«*0i.  A 1 
Then  at  P,  .the  reaction  R—0  and  0=0j  so.wc  have  from  (ii) 
O^mg  (3  cos  0J—2)  or  cos  0|— , ...(iii) 
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. If  i'i  be  the  velocity  of  the 
particle  at  P,  then  from  (i)  we  get 
»i J=2og  (1— cos  6,) 

”2og  (1—J),  from  (iii) 

After  leaving -the  circle  at  P the- 
particle  describes  a parbolic  path 
w.  Vf°C,ty  °f-  Ptdi^l'on  viand 
angle  of  projection  «,  (below  the 
horizontal  line  Px  through  P)  ai . 
sbowD  in  the  figure.  5 * 

Referred  to  p as  origin  and  Px 
and  fyas  coordinate  axes  (as  shown 
in  figure}  the  equation  of  the  parabolic  pith  is 

tan  (-S,)_  -.;<*»  " • : ' ' 

2e,2cost  (_£,)  ' - T:  (Note) 

or  tan  0,-  or  gx* 

or  r~- x-^~27x>L  ■ ’ ■’ 

2 |{(j  . — , , 4„^v) 

point  £ at*.  PUuLV“'dina',«  of  “be'  the  lo™> 

Then  *,=.NA-audy1=w«.PC+CN=,o  eost+n 

■ A- is  the  nn-  .r  ' “3«+<r  [...from  (iii)]=5c/3, 

, point  [x(l  — 5n/3J, . Since /c  lies  on  (v)  so  we  have 

~W5  . 27x,a  ' < • • 

3 2 JsJ"  or  8Ixt-i-2?v'Jox,-80n'a0 

or  v,-  -24\f5a±vq8W8^:7sosnn»j_  —4,/s  I 20s/2. 

162  ~ 27  “ 

• »„  „•  j ,l",0E  Positive,  negative  value  is  inadmissible) 

..  Kcquirea  horizontal  distance bn 
t=a  sfn  0|  (see  figure) 

v^+/r±y2+20v'2t  ' W5 

3 \ 72  ~ I <*.  from  (hi)  sin  0i«» 

Hence  proved. 

El  * * •“■*»  *r  » . 

radio*  a ■ ■■  ‘ ‘ ■ or  a smooth  circle  oi 

It  wlH  ]f-  - . ■ ■ kV(og) ; Had  «hw 

* ■ ■ a horizontal  pUne 

through  the  centre  or  the  circle  at  « distance  fcoa 

the  centre.  *** 
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Sol.  Let J m be  the 
mass  of  the  particle.  Let 
the  particle  after  time  . r be 
at  a point,  whose  angular 
distance  \ from  the  highest  - 
point  A of  the ' circle  - is  • 0.  - 
Then  the  equation  of 
motion  ' of  “ the  ■ particle  in : 
the  tangential  and  inward  ? 1 
drawn  normal  directions , 
arc  sin  6 ’• 

•~<D 

and  m (yijp)=~mg  cos  9~R, 


...(it) 

where  R is  the,  normal 


reation  between  the  particle  t*  - » ■ - - - (Fig.  29) 

and  the  circle/'  ‘ < 

Also  arc  (rf20/<//2)  ' * 

- I*  1 .V  • from  (i)  we  get  a {d20Jdt2)=*g  sin  0.  .' 

Integrating,  (a -.dOfdt)2**  — 2ag  cos  0-f  C,  where  C is  constant 
ofintcgration.  j s 

>_  - Initially  at  A,  velocity  a d0/dl^\y/(ag')  and  0«O  * 
.••■■iga~-2sa+C  .or.,-  C.»(S/4)  Dfr  . - 

' , • (ad9/dl)2=(9/4)ag~2ag  cos  0,  where  addjdt^  velocity  v (say) 

01  - , ■ . t>5<=(9/4)  ag—lag  cos  6 . ■ - ...(Hi) 

Substituting  this  value  of  v 2 in  (ii)  we,  have 
R=mg  cos  0— (m/a)  1(9/4)  ag—2ag  cos  B],‘  / V />=*radiusa 
or  R=3mg  cos  0— Jmg  *:?  rj''/,-  . ...(iv) 

Let  the  particle  leave  the  circle  at  P,  where  *0=0i  (say).  Then 
atPwehavei?«Oand  0=»0i.  ./  ; 

from  (iv),  0=3mg  cos  (9/4 j mg  or  cos  0i^£.  ...(v) 

Let  i>i  be  the  velocity  of  the  particle  at  P i e.  at  B=B\  then 
from  (iii),  t>i2=  (?J4)ag—2ag  cos  5t=(9/4)  ag-2ag  (|)=|og.  ...(vi) 
Beyond  P the  particle  traces  out  a’  parabolic  path  with  n as 
velocity  of  .projection  and  — 0tasthe  anglo  of  .projection.  . (Here 
the  angle  of  projection  is  below  the  horizontal  line  through  P ).  ^ - ; 

Referred  to  P as  origin  and  horizontal  and  vertical  lines 
Px  and  Py  through'  P as  axes,  the  equation -of  the  parabolic  path 

i.  >-*  spfgr^—*  tin 

y j w/'r  2 (5cg)l(9/16)y  . 

from  (v)  and  (vi),  also  from  (v)  tan  ej»=Jv7 

y 3 27a  — (v»0 

Let  this  parabolic  path  meet  the  horizontal  plane  through  the 
centre  O at  D.  Let  the,  co -ordinal- s of.  D be  (xj,  — yj).  where 
and  as  shown  in  figure  yj—  PC—  OP  cos  Bt«*a  (!)—$<?. 
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.*,  D is  the  point  (xit  —%a)  and  as  D lies  on  (vii) 

•o  we  have  from  (vii),  ~ -v 

or  128^+36^(7)^  a-8la2-0‘ 

...  „ -36V7a±V{(9072+41472)a*}  ' -9^(7)  o+9v®* . 

or  *i-  : "~6T^ 

neglecting  negative  sign  as  Xt  is  not  negative 
Now  the  required  distance **OD*=>OC+CDiaa  sin 

-« (47)+  from  (v)  iia 

_]7V7+9V(39)  1 o ""  . , , 

1 55  ,*-■'■  Hence  proved' 


§ <}.  Use  of  Principle  of Conservation  of  Energy. 

If  the  curve  is  smooth  and  the  external  force  acting  on  « 
particle  belongs  to  the  conservative  system,  then  the  pnncipi 
conservation  of  energy  can  be  used  to  obtain  the  velocity  at  a Poin 
As  the  normal  reaction  R always  remains  at  fight  angles  to 
tangent  i.e.  to  the  direction  of  motion,  so  the ■ reaction  R d°cs 
work  in  any  displacement  along  the  curve.  . f 

Let  v,  t‘i  be  the  velocities  ; V%  V\  be  the  potential  energies  . 
the  particle  at  two  points  P and  Px  on  the  curve,  then  by  thc  P£n"L\ 
of  conservation  of  energy  (See  Chapter  on  Impulse,  Work  and  haem/ 
viz.  K.E.+P.E.** constant,  wc have  -A  t , , - 

\ mtA+V^^mv i2+Vi.  - • ,,'  t 

Also  we  know  that  change  in  kinetic  energy  =* work  done. 

• £ mv3— Tds. 

Solved  Examples  on  § 6. 

*Ex.  1.  , A particle  of 
mass  m is  projected  with  a 
velocity  u from  the  lowest 
point  A of  a smooth  fixed 
vertical  circle  of  radios  r and 
centre  O.  -Find  the  velocity 
ofihe  particle  when  (t  Is  at 
Pt  where  £_  A OP™  0,  with  the 
help  of  Principle  of  Work* 

Energy. 

Sol.  Let  v be  the  velo- 
city of  the  particle  at  P. 

Then  K.  E.  at  P=*l  mr3 
and  JC.  E.  at  A~\  mu1 

Change  in  K.  E,  ' (He.  30) 
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Also  the  only  force  which  does  work  - when  the  particle  moves 
from  A to  P is  its  weight  mg.  (Note) 

(See  the  chapter  on  Work,  Energy  and  Impulse) 

From  P draw  PN  perpendicular  to  OA.  , . 

Then,  ' ON^OP  cos  6f=rpos  8,  V {OP**r. 

' AN=>dA~ON=*r—r  cos  0=r  (l —cos  8) 

Work  done  by  the  weight  mg  of  the  particle  as  it  moves 
from  ,4  to  P**— mg  AiV=— mgr  (l— cos  0)  ‘ ' •..(«) 

- - Now  by  the  Principle  of -'Work  and  Energy  viz.  change  in 
K.E.’«=>work  done,1  from  (i)  arid  *(ii)  we  have 
> * ; \mv2~  - ' >os  8)' 

or  v7— -1/2= — 2gr  (1— cos~0)='2v ' cos  8—2 gr 

or  t,2=«2-f-2gr  ‘cos  8~~2gr.  , Ans. 

, Ex.  2.  With  the  help  of  Principle  of  Conservation  of  energy 
determine  theperiod  for  small  amplitude  of  , a simple  pendulum  of 
length  / and  mass  m.  - , 

. . Sol.  :Let  8 be  the  small  angle  .which  the  string  OP,  makes  with 
the  vertical  OA  at  • any,  instant.  , 1 

We  know  that  principle  of  conservation  of  energy  is 
..  K.E.-f  P.E.= constant,  • , 

where  K.E.  and  P.E.  stands  for  kinetic  and  potential  energies. 

Let  A be  the  standard  position  for  potential  energy.  Let  arc 
AP^s  and .OA^f,  th en.s^/9.  , 

. , . C-fi-  =/  Jp  />.  the  velocity  of  the  particle  of  mass  m at  P 

■ — dsjdt^lti,  where  8~d8fdt.  ' ' ••'(*) 

t T’>. -K.E.at  P=\m  (Jdy=lmlW  . > '■  ->>’1 

Also  P.E,  at. P -i  T ' ' * N 

i\’0  ~mg  C^^ht  of  P above  /t). . . ( (Note) 

“ cos  0 ),  see  last  example. 

* ”'"lr  «\'  From  Principle  of  conservation  of  energy,  we  have 

. {mlty+mg  (/—  / cos  5)c='constant.‘  ' • “ 


* J-  Differentiating  both  side*  with 
respect  to  /,  we -get 
\mll  28‘S+mg  (/  sin  6)  0=0 
or  /0+g0=O,  since  8 is  small 
so  sin  8 can  be  taken  as  8' 


- (£)'*-  : 


which  ' represents  S.  H.'M. 
hence  its  time  period  ' . - > 

" t) 


■ ■ r.% 

y?  k 

and  , 

ftyJiinQ 

Tfly 

Ans.' 

' ’ ' (Fig- 31) 
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**§?•  .Simple  Pendulum.  ' - - r'  * 

(Aradh  86;  Gorakhpur  91,  89;  ■ Atn  A*eAfff 

Definition.  >4  /j«jv)»  particle  is  tied  to  one  end  of  a light  ineX ♦ 
feasible  string  the  other  end  of  which  is  fixed  'and  oscillating  in  o 
vertical  plane  through  a small  angle.  Such  a system  is  called  a 
simple  pendulum.  . 

Refer  Fig.  31  Page  41. 

O is  the  fixed  point  and  P is  the  position  of  the  particle  at 
time  / when  the  string  OP  is  inclined  at  an, angle  0 with  the  vertical 
line  OA,  where  A is  the  lowest  position  of  the  particle.  Let  arc 
AP=s,  then  if  1 be  the  length  of  the  string,  we  have  . - - 


s**l&,  whence  ^ ...  . v : ...(i) 

The  forces  acting  on  the  particle  at  P are  its  weight  mg  acting 
vertically  downwards  and  the  tension  T in  the  string  OP  in  e 
direction  OP.  So  the  equation  of  motion  of  the  particle  in  e 
tangential  and  inward  drawn  normal  senses  are  t . 

m **—mg  sin  8 ...(ii)  and  in  ',  y “F— mg  cos  8 •■•(”*) 

From  (i)  and  (ii)  we  have  / ( d28/dt2)-—g  sin  8 : 

or  / (dz81dt2)=—g8,  since  sin  8—8  to  a first  approximation 


or  ^ = — (4“)  0,  which  is  of  the  standard  form  of  S.H.M. 

Hence  the  motion  of  the  particle  is  simple  harmonic  and  » 
be  the  period  of  a small  complete  oscillation,  then 

r=2WWsi  ' , 

If  the  oscillation  is  not  small,  then  from  (i)  and  (ii)  as  hefo^ 
we  get  l (<P0idt7)*=—g  sin  8.  - - , >■  , e 

Integrating,  [/  (d0/dt)]*=2gl  cos  8+C,  where  C,  is  constant 
integration.  ’ * ' * ‘ * ‘ ' * M of 

If  the  pendulum  oscillates  through  an  angle  a on  either  side 
the  vertical  line  OB,  then  we  have  l (dO{dt)= 0 when 

Hence  -•  0=2g/  cos  a-f  C or  C=— 2gl  cos  « 

[ / (d8/dry]—2gl  cos  8—2gl  cos  &•  - . 
or  ' d8jdi~  \/ (2gf  I)  t/(co5  5— co's  a) 


- or 


Integrating, 
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'-“V  Point  b ,o  the  "extreme 

or  >-vai2g)  f 

' .V . I*  : . ; •'<-0  yc«m‘  1«— 2 sin2  j0)  ’ 

ios  fl=l_2  siV  jS 


putting  sin  jU^sin  jasin  fl 
!"n 

cos  (0/2) 


tV(//g)  j”"  i«  cos  idi 


or  ( 


a-  Op 

cos  j0  sin  cos  $ 

°r  ^acos#*¥ 

' - dj> 

V[i— sin'l«sin»fl 


W(l,s}ft'-„  isf% 2y  -vWri  T 

^>;Jo  * <1~sinJ  4*  sin»^)-i/a  ^ 

+ i«sin=<.+  ^ sin-jasm.^...)^ 

_ „„  , r/ . , 


“ VHflf)  [( + )’ 


k"/2  - 

+ 4 s,n2  ja.l  }»+  ^sin4  Ja  £#|#jw+ 


...] 


1 ® V®®  of  one  complete  oscillation  f.e.  period,  then 

M ^"‘)['+  Jr  }«+...]  -• 

„e:;ce7.  «— 

” ‘ ^ 'J'  • ‘ ■ > , , •■•(*) 

Solved  Examples  on  § 7 ‘ ffGora*,,P"r  91 : Purranehal  90, 83) 

Is  leueiheLdAh‘l?1rj^”,1,Mr,'lcri,>'1  T-  ™>en  the  string 
becomes  2”.  Show  that  1"0B  (V”)  of  its  length,  the  period 
Sol.  Let  ;L  ,V.rPT,?a"lj’  »/«-2  <T-7J/r. 
given  by  ength  cf  the  string.  Then , the  period  Tis 

length,  its  lelg'h  beco^es7fn/”ld/^  mall  fractiin  (1/n)  of '2 

, - 

rvf.-Tj,  ;,fe°m(i)  '*  •■"■:'■■■  ■■ 

=TJ1i  /■»/.,».  . ■ : * *“  **-  H • -"~ 

Hence  proved. 


r_rIrm'Vl/in)k  opproj-  ■ '■  vs  — 

r r/(2")  tr  2 (T‘—T)lT=*l/n. 
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Ex.  2.  Show  (hat  If  the  tension  of  (he  string  w&eo  the  bob  h 
In  i(s  lowest  position  is  k times  the  tension  when  the  bob  Is  to  *!s 
highest  position,  the  seloclt!es';ln  this  position  being  W;  *ad  «*»  *** 
peel  he fy  ; then  Mi*/,‘2,*s(5k+l)/(&-f  $).  . 

Sol.  Let  0 be  the  fixed  point,  a the  length  of  the  strieg 
m be  the  mass  of  the  bob.  At  any 
time  t,  let  the  bob  I've  at  P,  such 
that  ^/PO/tssO,  where  OA  is  the 
vertical  line  through  0.  The  force 
acting  on  the  bob  at  P arc  i*s 
weight  mg  acting  vertically  down- 
wards and  tension  T acting  to- 
wards O. 

The  equations  of  the  mo- 
tion of  bob  in  the  tangential  and 
inward  drawn  normal  directions  are 

m {l*sftft2*a—mg  sin  6 
or  (Ps(dt2*=>—s  sin  6 

and  m (?*//>)«?*— mg  cos  6 

Also  if  arc  AP^st  then  s**--a$  - or  ' 

.*.  From  (i)  we  get  a tin  8~ 

Integrating  we  get  (a  dd/df)-~2ga  cos  Bj-C,  where  C is  coat 
tant  Qf  integration.  , , , { , 

When  0^0  i.c.  at  the  lowest  point  velocity  a dd/dt—t'i  fa*',eD’ 
then  u^—^ag+C  or  - , C—uf—lg#.  ’ .... 

(a  d9ldt)2~2gei  cos  0-}-r/,a— 2go  f • ,—v5 

At  the  highest  point,  velocity  a dQfdt^ui  (given)  and  ^ 

/.  From  (tii)/  uf—Zga  cos  u 4- Hja-~ 2ga 

or  ■ 4ga-5=ujJ— u^,  - * / 

Also  from  (iii)  wc  get  ' ‘ . 

T~m  {rVp)+»lS  cos  &,  where  p~radius  a _ - ’ . ■-  i 

~ (m/fl)  (2 go  co  - t/j1  ~ 2go) 4- mg  cos  9,  from  (iii) 

or  r=(m/q)  (u,s+  3gn  cos  0~2go)., 

Let  T\  and  Tz  be  the  tensions  m the  string  at ’the  highest  aC 
lowest  positions  of  the  bob.  - t * » ^ 

Then  at  the  lowest  point  0=0,  and  from  fv)  we  get 
ar3— (m/tf)  (uy*+go)  ’•  ‘ 1 : ~ - 
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And  at  the  highest  point  0==jt,  so  we  have 
T|s=s(m/o)  Sga) 

And  Ti—kxTi  (given)  . 
or  ui2-\-ga=*k  (ui2—5ga)’=k_(uz2—gQ)f  from  (iv)  (Note) 

, «ta+gc  » 4u1I+4ga_4^t2-f(ui2~»ai)  _ 5u;2— 

or  *"*  tii3  “~S°  ^ 4«'j2‘--  4ga 1=3  4«2a— (ttr—i/j3)  5ui2—ui2 

or  i A:  (5Mza~t/|J)=5w[4-~//i2  or  «22  (5fc-fl)=ui2  (5+fc) 
or  ut2fui2~  (5k + 1 )/(5 -f  &)•  < Hence  proved. 

**Ex.  3.  A simple  pendulum  is  started  so  as  to  make  complete 
resolution  in  a vertical  plane.  Find  fhe'vejocity  of  projection. 

In  the  subsequent  motion  Wj,  uj  are  the  greatest  and  least  an* 
gnlar  velocities,  and  Ti,  T2  are  the  greatest  and  least  tensions.  Prove 
that  when  the  pendulum  makes  an  angle  0 with  the  vertical,  the  angular 
velocity  is  [wi2  cos1  Jfl+tvj2  sin1  and  that  the  tension  is 
» ' ' Ti  cos2  sin2  $9.  - ( BundelkhanU  86 ) 

So).  Refer  Fig.  32  rage  44. 

Let  O , be  the  fixed  point,  a the  length  of  the  string  and  m the 
mass  of  the  bob  of  the  pendulum. 

At  any  time  f,'  jet  the  • bob  be  at  P.'such'that  AOP=0,  where 
OA  is  the  vertical  line  through  6,  the  fixed  point.  The  forces  acting 
on  the  bob  are  its  weight  mg  acting  vertically  downwards  and  the 
tension  T acting  towards  O.  , 

The  equations  of  motion  in  the  tangential  and  inward  drawn 
normal  directions  are  1 

m (d2sfdt)2=~mg  sin  9 ' 

or  dlsfdtiss—g  sin  0 •••0) 

and  m (y2[p)=T—mg  cos  6 •••(H) 

If  arc  s—a9,  then  (i)  becomes  a d20  dt2~  —g  sin  9 
Integrating  a (ddfdt)2=2ga  cos  0-f-C, 
where  C is  constant  of  integration.  - . • } . 

. Let  velocity  a {d9jdi)=u  at  9=0  i.e.  at  the  lowest  position. 

Then  , , u2=2ga+C  .or,  C<=u2—2ga 

\a  (40/d/)p= u2 +2ga  cos  6~2ga  . •••(”*) 

Substituting  this  value  of  velocity  a (ddjdt)  i.e.  v in  (ii)  we  get 
(ml a)  (u7-j-2ga  cos  B—2ga)=T~mg  cos  \ V /? —radius  c 
or  . .F==(m/c)  (u2-f  3ga  cos  9—2gd).  . - ‘ y(*v)  . 

If  the  pendulum  ’ makes  .complete  revolution,  then  tension  T 
should  not  vanish  before  the  particle  reaches  the  highest  point 
f-c.  T ;»  o when  9=n 


46 


Dynamics 


or  i/24*3£tf  cos  rr~2ga  ^0  or  u7  ^ 5ga 

or  a ^ •/(Sga)  i.e.  the  least  value  of  u=\/(5gd) 

for  describing  complete  circle,  . , 

Also  tension  is  greatest  when  0=0  i.e.  at  the  lowest  point  an 
least  when  0=tt  i.e.  at  the  highest  point.  >• 

from  (iv),  Tt=(ni/a)  (u7+ga)>  at  0=0  ! ■ t%>(v) 

and  T2*=(m/a)(ui-'5ga),  at  $=■*  */--*.  * 

Now  tension  T at  any  position  is  given  by  (iv)  i.e. 

T=?(mja)  {id+lga  cos  $—2ga) 

•*(m(2a)  [2u2+6ag  cos  0—4ag]  ’ 

**(m/2a)  [(u*+ga)  (t+cos  0)+~(u*+5ag)  (1-cos 

[Tt  (f+cos  0)+T2  0 -cos  0)],  from  (v) 

= i in  (2  cos2  *0)+7i  (2  sin2  J0)J  ■ 

=r,  cos*  \i+Tx  sin*  10.  Wtoceprovefl- 

Again  wc  observe  ft  ■•m  (iii)  that  the  angular  velocity  do] 
greatest  when  0=0  and  least  when  0— ir,  ' 

Hence  from  (lit)  we  have  . .r  ?.j  v » 

(aH'i)2=s»n2+2og— log  i.e.  a7n\2=u*  at  0— 0 - ,!  - ...(vi) 

and  (oh-;)1 = t/1 — 2£a — 2j?a  /.e.  ahtf—rf—fflg  at  0—7i . . . 

If  w be  the  angular  velocity  at  any  position  P,  then  ; , , • : 

w=dO]dt  and  from  (ui)  we  have  ■ - 

(oH')2=n24-2go  cos  0—2 ga=\  (2u2+4ga  cos  . 

or  [«*  (l-f cos  0)+(m2—4o£)  (I— cos  0)]  .1 

or  =}  [oVi2  (1+cos  fff+'a*w±*  (I-cos  0)3,  from  (w) 

or  K'=iK,i2  cos2  $0-f  h’jz  sin2  |0J,/2.  * Hence  pr<jve 

Exercise  f . 1 
Choose  the  correct  answer - 
The  periodic  time  of  simple  pendulum  is  . f 

0)  2"V(s/D>  ' CIO  2rrv'(//g),  " ’ ' ^ 

(iii)  V2 wg/7  (iv)  none  or  these.  > ^ .... 

(Hint : See  § 7 Page  42).  '**  ’•  ' » ' 'An*  ln' 

§ 8.  The  Second’s  Pendulum.  • . ” T - ' - 

Definition.  A second’s  pendulum  is  ‘that  pendulum 
oscillates  from  rest  to  rest  In  one  second. ' ; ‘ l’1 

/.e.  half  of  its  time  periods  I second.  ■ 

In  § 7 Pages  42—43  we  have  proved  that  the  period  of  oP 
complete  oscillation  in  the  case  of  simple  pendulum  is  2> ry/(l/&)- 
?.  For  a second’s  pendulum,  we  have  *rV(//g)=l* 

*•§  9.  To  find  whether  the  clock  will  go  slow  or  fast  if  S *n<5 
/ change  slightly— one  or  both. 
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In  § 7 Pages  42-43  we  have  proved  that  the  period  of  one 
complete  oscillation  is, 2 »V(f/s)».S0  t*010  °^one  ^efl*  or  sw^DS 

, . . _ 

Let  there  be  n beats  or  swings  in  a given  interval  of  time  7. 

Then  T~wr\f(J(g)  or,'  ' rt=(T(n)\/(g[l)  ...(0 

. This  shows  that  n depends  upon  g and  I,  so  if  one  or  both  of 
them  change  n will  also  change.- 

^Taking  log  of  both  sides  of  (i)  we  have, 
t ' Iogn=log  (T/tf)+Jlogg— } log  / 
i.e.  . (1/fl)  Sn=(I/2g)  5g-(I/2/)  5/,  • • •••(») 

(T(rr)  being  constant. 

r This  relation  (ii)  determines  how.  n changes  when  there  is  a 
slight  change  in  g or  / or  both.  . . . w?  • 'Lucknow  92) 

Now  following  cases  will  arise—  - - 
- - (a),  "When  onlj'  g changes  (J.cl  /remains  constant  i.e.  5/=0) 

. Then  from  (If)  we  get  (1/n)  <5n=(  1/2.?)  Sg  ...(iii) 

; .When  g. increases  Sg  is  positive  and  from  -(iii)  tin  is  positive 
and  when  g decreases,  Sg  is  negative  and  from  (iii)  Sn  is  negative. 
This  means  that  there'  is  increase  or  decrease  in  the  number  of 
beats  according  as  the  pendulum  -is  - taken.-  to  a place  of,  more  or 
less  gravity  i.e.,  when  g increases  the  clock  goes  fast  and  when  g 
decreases  the  clock  goes  slow  (/  remaining  constant). 

(b)  When  only  l changes  (i.e.  g remains  constant  or  ^g=0). 

• ' Then  from  (iii)  we  have  (1/n)  £/»«— (1/2/)  SI.  ' •••(tv) 

1 When1-/  increases'  Si  is  positive  and  from  (iv)t  Sn  is  negative  ( 
and  when  / decreases  SI  is  negative  and  from  (iv)  Sn  Js  positive. 
This  means, that  there  is  increase  or  decrease  In  the  number  of  beats 
as  the  length  / of  the  string  is  decreased  or  increased  ,i.e.  the  clock 
will  gofast  or  slow  according  as  the,  length  of  the  string  is  decreased 
or  increased.  ~ , J' 

* * --  *(c)  . When  the  clock  is  taken  to  the  (op  of  the  mountain. 

U'  -\Ve  know  that  outside  the'  surface 'of  the  earth  attraction  vanes 
inversely  as  square  of  the  distance  from  the  centre,  so  if  r be  the 
-radius  of  the  earth  we  have  on  the  surface  of  the  earth 

g~li/r2  _ ' or  log  g**log  /*— 2 log  r „ , 

U , (l(g)Sg~~(2[r)8r. 

If  the  particle  is  taken  from  the  surface  of  the  earth  to  the 
the  top  of  a mountain  of  height  h (say),  then  'Sr**//,  hence  wc  have 
. >.  s - ...  . 

from  (iit)  we  have  (1/n)  Sn~— (1/r)  h or  8rt=*— (n/  / n, 
which  being  negative  the  clock  will  go  slow:  * ‘ ' * ‘ (ButidelkkattdVO) 
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(d)  When  the  clock  is  taken  to  (he  bottom  of  a mine. 

We  know  that  inside  the  earth  attraction  varies  as  the  distance 
from  the  centre,  so  if  / be  the  radius  of  the  earth  we  have  ofl^6 
surface  of  the  earth  g=nr  or  log  g^log  /z-f-Iog  r 
U.  Dig)  Sg=*(l/r)  Sr.  ' " - \ \ ■ 

/.  If  the  particle  is  taken  to  the  bottom  of  a mine  of  dep 
d,  we  have  Sr— —r/.  ■ '■  . 

Hence  we  have  (\fg)  5g~—{\(r)  d ■ ’*  (^o  ej 

from  (iii)  we  get  (\}n)  Sn~—(l(2r)  d or  5it=*—{nl")  • 
which  being  negative  the  clock  will  go  slow.  - • (Bundelkhtm 
Sohed  Examples  on  § 9. 

Ex.  1 (a).  Show  that  an  incorrect  seconds  pendulum  of  a 
which  loses  x seconds  In  a day  must  be  changed  by  x{432  percent 
its  length  in  order  to  keep  correct  time. 

Sol.  Here  g remains  constant,  so  .from  result  (iv)  Page  27 
have  (l/n)  8n~~l  (l/l)  SI,  ■ 

where  n is  the  number  of  seconds  in  a day,  and  / is  the  length  0 
the  pendulum 


from  (i)  we  have 


«»24x  60x60 
I 


5//= — X 


(Note) 


24x  60  x 60  •'  ^ 
or  Sh 


-it* 


4*2*  percent  of  A 


ived. 


SI  x 

0r  r“  43205  01 

Hence  length  must  be  altered  by  x/432  percent.  Hence  prove 
Ex.  1 (b).  If  a clock  loses  5 seconds  in  a day,  what  alter*1*0 
mast  be  made  in  the  pendulum  ? 

Sol.  Proceed  as  in  Ex.  I (a)  above.  . 

Ex.  1 (c).  A clock  with  a second's  pendulum  Joses  20  s*c®i* 
per  day  at  the  place  where  acceleration  due  to  gravity  is  33  «•/»*.' 
Find  what  change  (l)  In'  length,  (ll)  In  gravity  is  necessary  to 
It  accurate.  .- 

Sol.  (0  If  g remains  constant,  then  from  result  (»v)PaSe  . 
we  have  (I/«)  5n=*~ } (I//)  dl,  . 

where  / and  n have  their  usual  meanings,  . . 

Here  */j’*=24  X 60  x 60 ; *<&»*«  —20  (Sot*/ 

—2o  r 


from  (D  we  get 
SI  5 

/ “ lOSOOO” 


t.e.  the  length  must  be  increased  by  percent. 

(II)  If  g varies  (/  remaining  constant),  then  from  result  Pj|) 
Page  47  we  have  0in)^ft^{\f2g)lgt 
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where  n and#  have  their  usual  meanings.  , / 

, Here  V*=24x  60  x 60  ; ‘ 20  * 

' ; from  (il)  we  get  ~~  h ' 


s 


' 10800 


108 


percent  of  * 


i.c.  the  clock  be  carried  to  a place  where' 

< ’ ( 100+  Tos^  10805 

s=z  ■ - ioo  •"  • ro8oo  x32’2  ri./sre- 

' * ■’  ‘ *=32-215  ft./sec2  nearly.  - * • " - ‘ 

Ex.  1(d),  Find  how  many  seconds  a clock  would  lose  per  day 
if  the  length  of  Itspendulnm  were  increased  in  the  ratio  900  : 901. 

Sol.  If  / be  the  length  of  the  pendulum,  then  Its  increased 
length* 


901 

'900'* 


...  , Increase  in  lengtli='8/'=  /-/«■  9’#  l.’ 

Also  here  V= number  of  seconds  in  a day 
' ' • s =24X60X60. ; .■*  - • - . 

Now  here  g remains  constant;  so  from  -result  ■ (iv)  Page  47  \vc 
have  . ( /n)  8/1=-*  (I//)  8/ 

or  . ’ Sn  J_  J//900) 1 „ 

• 24  X 60  X 60' ~ - * 2/  ~ 1800  ’ 

^ 24x60x60  2. 1_ /jo 

1800  ‘ ' ’ 1 


8«=  - ■ 


The  clock  would  lose  48  seconds  per  day.  A»v- 

k*Ex.  1(e).  If  a pendulum  of  length  / makes  n complete,  oscil- 
lations in  a given  time,  show  that  If  the  length  .he  changed  . to'  / i-T, 
the  number  of  oscillations  lost  is 

Sol.  Increase  in  length=(/-i-/')-'/-=/'5^‘‘^/"  ••  (*/ 

Also  here  # remains  constant,,  so  from  result  (iv)  Page  47  we 
have  (l/a)  5«=i-J(l//)  SI.  - 

where  8n  is  the  increase  in  number  of  oscillations  and  n the  number 
of  oscillations  When  length  is  7.  ' - 

f'  - •*.  k From  (i)  and  (ii)  we  get  (i/n)  S«— — ~ (Iff)  7 
°r  { — * the  negative  sign  sliow^thai  the  numbet  «»t 

oscillations  is  lost. 
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Hence  the  required  number  of  oscillations  lost  ' 

«»r/(27).  Hence  proved. 

Ex.  1 (0-  If  a pendulum  of  length  / marks  n complete  oscllli' 
lions  In  a given  time,  show  that  If  g is  changed  to  g+g\  Ihe  maotieT 
of  oscillations  gained  is  ng'J(2g). 

Sol.  Increase  in  the  value  of  g 

Also  hero  the  length  / remains  constant,  so  from  result  (uj) 
Page  47  wc  get  (Ifri  Sn~(lf2g)  &g,  .•••00 

where  Sn  is  the  increase  in  number  of  oscillations  and  n the 
number  of  oscillations. 

A From  (i)  and  (ii)  we  get  (l//i)  6n**(\(2g)  g'' 
or  5n=(ng')/(2g),  which  being  positive  we  conclude  that  lha  o em- 
ber of  oscillations  is  gained.  - j 

Hence  the  required  number  of  oscillations  gained  ~(ngl!&& 

Hence  proved- 

Ex.  2 (a).  A pendulum  beats  seconds  accurately  at  * p!JCC 
where  g is  981  cm./sec5.  If  taken  to  a place  where  the  value  of  S 1* 
982  cm./sec3,  prove  that  H will  gain  44  seconds  per  day. 

Sol.  Here  /,  the  length  of  the  pendulum  remains  constant, 
s*  we  have  (Ifn)  Sn=«(I/2g)  Sg.  , ...See  result  (iii)  P*fic  47 

where  n=numbcr  of  seconds  in  one  day=24  x 60x  60, 

£=981  cm/sec3  and  8g=982— 981  = 1 cm/sec2 

24x?05TST  2X981  Xl  or  AnaAA 

Hence  the  pendulum  gains  44  seconds  per  day. 

Ex.  2 (b).  A .pendulum  oscillating  seconds  at  one  pl*cc  ,s 
taken  to  a second  fclace  where  it  loses  2 seconds  each  day.  C®®' 
pare  the  accelerations  due  to  gravity  at  the  two  places. 

f (Gorakhpur  St) 

Sol.  Here  i,  the  length  of  the  pendulum,  remains  constant. 
Let  the  accelerations  due’ to  gravity  at  the  two  places  be  ‘gi  a05? 
then,  at  the  first  place  we  have 

(!/„)  ln=i  (l /„)  !*,;  ...see  res<iU  (iii)  Pas'  n 

where  number  of  seconds  In  one  day  . • ' 

=24x60x60.'  

When  the  pendulum  is  carried  to  another  place,  it  loses  '2 
seconds  per  day,  .*.  mSb=1oss  in  n=~2  , . 

{ V Sn  is  a loss  hence  the  negative 

24  X 60  X 60  x<72>“  2 Ti  Ss<  °r  ' S£,“ ~ il60&S‘  , 
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U.  at  the  new  place  gravity  is  decreased  by  g\ 

1 : 215 99  „ . gx  _ 21600 

gi^Si  21600  *'*'"'21600  *'  r gz  5 21599  Aw. 

' ?Ex.  3.  A pendulum  is  carried  to  the  -fop  of  a mountain  0’8 
kilometres  high,  how  many  seconds  will  it  lose  per  day  ? By  how 
much  must  its  present  length  be  shortened  so  that  it  may  beat  seconds 

at  the  top  of  the  mountain. „•  n •- ■ ,,,•  , 

Sol.  We  know  <5n=— (n/r) //.  ...Sec  result  (iii)  Page  47 

Here  n= number  of  seconds  in  a day=24x  60x  60  ; 

. . r==radius  of  the  earth=6400  kms.,  r - 1 • 
and  h~ height  of  the  mountain =0-8  kms.  .*: 


. «.  24  x 60  x 60 

*•  :6400  ; 


X 0-8= ~10'8  km.  ' 


i.e.  the  pendulum  loses  (negative  sign  .shows  loss)  108  seconds 
per  day.  \ 

Also  we  have  the  relation  l , ■ , I ~ 

(1/n)  Sn^=(l/2/)-<5/— (l/2g)  Sg,  where  notations  arc  usual, 
t ' If  the  pendulum  keeps  correct  time  then  «5n~0.  - > * 

Hence  (1/2/)  S/— (1/2/)  . v t. 

or  ‘ i « <f/Q‘*t-0/i)  Sg-  .••(*) 

Also  g=ixjr2  or  1 log  gi=Iog  p—2  log  r c •*  y.* 

/•e..^(l/g)  8g=  ~(2/r)  5r=~(2/r)  (A),  with  usual  notations. 

•v  fro,£  ®- ' f s,“ ~ b'.hM  Jocr x 0 s 

or  v l-  5/== —(1/4000)7. r , • - 

. .*•  the  present  length  must  be  shortened  by . 1/4000 -of  itself. 
• **Ex.  4.  A' seconds  pendulum  was  too  long  on  a ghen  day  by 

a 1 quantity  a,  it  was  then  over-corrected  so  as  to  be  (too  short  by  « 
during  the  next  day,-,  prove  that  / being  the  correct  length  the,  num- 
ber of  mi  nates  gained  r in  the  • two  days  was  I080x2/Jf,  nearly. 

, i.  . (Konpur.SS) 

Sol.  ( If the  correct  length  of  the  pendulum,  then  , , 

V ./  -,1-TrVU/ff).  .:*■?> 

, ...  On  the  first  day  the  pendulum  was  over  correct  by  a .quantity 
«,  so  the  time' of  one  swing  is  given  by 

— V{(J*f «)//),  from  (i)..  ,,  . ’ —(it) 

If  «i  be  the  number  of  swing  that  day,  then 

..  . '»|X  #*=24X60X60  ~ - ; * 

or  24XS^X6CI =:Mx«0x60^|jq^-  } . fra*  00" 
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from  (i)  time  of  one  swing  on  the  inclined  wall  , 

■ = y(l/sm  0]. 

* *'•  Exercises  on  § 9 

Ex.  1.  How  many  oscillations  will  a pendulum  of  length  2 
metres  make  in  one  day  ? 

Ex.  2.  A seconds  pendulum  which  gains  10  seconds  per  day 
at  one  place,  loses  10  seconds  per  day  at  another  place,  compare  the 
acceleration  due  to  gravity  at  two  places. 

Ex.  3.  A pendulum  which  beats  seconds  at  the  surface  of  the 
earth,  is  carried  to  the  top  of  a mountain  5 miles  high,  find  the 
number  of  seconds  it  will  lose  in  a day  assuming  the,  radius  of  ,the 
earth  to  be  4000  miles,  [one  mile=  1760X3  feet,’  ‘g’*=32' ft./sec2]. 

Ex.  4.  A seconds  pendulum  is  a carried  to  the  summit  of  a 
mountain  2640  feet  high.  How  many  seconds  will  it  Jose  per  day  ? 
By  how  much  its  present  length  be  shortened  so  that  it  may  ..beat 
seconds  at  the ‘summit  of  the  mountain.  \ (Gorakhpur  86) 

CYCLOIDAL  MOTION  •'  i1*  " ' 

• § 10.  Cycloid.  Cycloid  is  a curve  traced  out  by  b point  oh  the 

circumference  of  a circle 
which  rolls  along  a fixed 
straight  line.  An  arch  of 
the  cycloid  is  as  shown  in 
the  figure.  O is,  called  .the 
vertex,  each  of  the  points  A 
and  A'  is  called  the  cusp, 
the  line  OB  is  the  axis  and 
the  line  A A'  is  called  the  , . (Fig.  33) 

base  of  the  cycloid.  If  a be  the  radius  of  the  generating  circle  then 
with  Ox  and  Oy  as  axes  three  important  forms  of  the"  cycloid  are— 
(a)  Parametric  equations  of  the  cycloid. 

( x=a  (0+sifl  0),  y=a  (1— cos  0),  where  0 is  the  parameter, 

, (6)  Intrinsic  equation  of  the  cycloid  , . 

s~4a  sin  where,?  is  the  arcual  distance  measured  from  the 
vertex  O and  0 is  the  inclination  of  the  tangent  at  any  point  of  the 
cycloid  to  Ox,  the  tangent  at  the  vertex. 

(c)  Relation  between  s and  yl  ' 

sJ==8ay,  where  y is  the  ordinate  of  any  point  P and  s=&rc  OP. 
Also  for  a cycloid  we  have  arc  , 8a  or  arc  OA*=4a  : 
the  height  of  A and  A’  above  x-axis  is  '2d;  ^=0  at  O and 
at  A or  A'.  ■ u " (See  Author's  Integral  Calculus) 
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**§11.  Cycloidal  Motion.  A particle  slides  down  the  arc  of 
a smooth  cycloid,  whose  axis  is  vertical  and  vertex  downwards,  to 
determine  its  motion. 

Let  O be  the  vertex 
of  the  cycloid.  Let  after 
time  t the  particle  be  at 
P , such  that  arc  OPa*s 
and  the  tangent  at  P 
makes  an  angle  ^ with 
the  tangent  to  the  cyc- 
loid at  O.  Then  the 
equation  of  the  cycloid 
is  s=*4a  sin  ^ 

At  P,  the  forces 
acting  on  the  particle 
are  its  weight  mg  acting 
vertically  downwards  and 
the  normal  reaction  .ft  between  the  curve  and  the  particle  acting  in 
the  sense  of  the  inward  drawn  normal  at  ft.  1 

Th«  equations  of  motion  in  the  tangential  and  in«'*Iti 
drawn  normal  directions  are 

m-  e=— mg  sin  <p  ...00  m.  — -ft-m.?  cos'll 

From  («).  = — g sin  \5  or  jjf  = - |j  , from  (i) 

This  is  standard  equation  of  S.H.M.  ’ 

Hence  the  period-  ^ _4w  J(f)  . 

which  is  independent  of  the  amplitude. 

le.  we  find  that  from  whatever  point  the  particle  may  be  allowetJ 
to  slide  down  the  arc  of  a smooth  cycloid  the  period  remains  tee 
same.  This  property  is  known  as  the  Isochronism  of  the  cycloW- 

Soiled  Examples  on  § 10  and  § U. 

Ex.  1 (a).  A particle  slides  down  a smooth  cycloid  wh<*e  **j* 
Is  vertical  and  vertex  downwards.  Find  the  velocity  of  the  partK«e 
and  reaction  on  U at  any  point  of  the  cycloid. 

* (A>ad).  ss-  PaW  **■*•*  ,(r  93 1 


(Bundelkltand  92;  Carhwol87;  RohVkh&iW 
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' Sol,  Let  us  assume 
that  the  particle  starts 
from  the  cusp  at  A from 
test  Let  the  particle  be 
at  P after  time  /,  such 
that  arc  OP*=s,i  where  O 
is  the  vertex  of  the 
cycloid.  . 

.The  forces  acting  on 
the  particle  at  P are  ^ts 
weight  mg  acting  verti- 
cally downwards  and  the 

normal  reaction  R bet-  t 

ween  the  particle  and  the  ^ 35) 

curve  acting  normally  at  P as  shown  in  the  figure. 

Theo  the  equation  of  motion  in  the  tangential  and  inward 
dnwn  normal  directions  are 

m.  ^p=-mjrsiinl  ...(i)  and,  m.  y =.R-mr cos v’;  ...(ii) 
t Also  the  equation  of  cycloid  is  s±4a  sin  ^ ' ...(iii) 

From  (i)  and  (iii)  wc  get'  «*  - £ S. 

Integrating  (<tr/dl)3= -*(g/4a)  $3-fC,. where  C.  is  constant  of 
itegration.  . , , 

Initially  at  A,  j=4n  and  dsJdt^Q,  C=(g/4a)  . 16a2 

^(16a3-**)=^  [16a3— 16a3' sin3  #],  from  (iii) 

or  v5=  = ^ * *6al  co*2  & wtere  velocity  v= -^r 

or  v3=4agcos2^  -—C*v) 

1 Also  from '(iii)  wc  4n  cos  $ 

' " • ' '•'.•.•■from  (ii),  JI=m  [y)  +mg  cos  4=  — ®+mt oosd 

or.»  r j, , , R~2mg cos  <p  ‘ . -.(v) 

' ' Equations  (iv)  and  (v)  give  velocity, and  reaction  at,  any;  point 
P of  the  cycloid.  ri>  - - s 4 

Ex.  1 (b),  la  Ex.  1 (a)  above  find  the  velocity  and  reaction 
at  the  lowest  point..  . j 

Sol.  At  the  lowest  point  O (See  Fig.  35)  above, - wo  ha\e 

‘*-0.  ■ , , -s-  - . 


56  Dynamics  * * * . ' 

- from  (iy)  and  (v)  of  Ex.  1 (a)'  Page  55  we  have  at  tin 
lowest  point,  " ' ' 

the  velocity  **y/(Aag  cos2  0)**2*J(ag)  v 
and  the  reaction  =t2mg  cos  0=2mg.  . ' .r  ■ ^Mr 
Ex.  1 (c).  Pro  re  that  for  a particle,  sliding  dom  the  arc  asfl 
starting  from  the  cusp  of  a smooth  cycloid  whose  rertex  is  lowest, 
the  vortical  velocity  Is  maximum  when  it  has  described  half  the  verti- 
cal height.  ( bundclkhmtd  92;  Gnrhwal  91,  89;  Kanpur  87;  Mtcrnt  UV9Q} 

Sol.  As  in  Ex.  I (a)  we  can  prove  that  the  velocity  v at  any 
point  P is  given  by  (See  result  (iv)  of  Ex.  1 (a)  Page  55J 
V*=*>4ag  cos2  $ ' 

Also  from  Fig.  35  Page .55,  it  is  evident  that  'Vertical  velocity 
«vcos(909-^)  ' 

=vsm^r=K.(say).  ’ , ", 

Then  F2=v2  sin2  ip=*(4og  cos2  sin2  from  (0  , 

=4og  sin2  tf~(l  --sin2  $ ),  V -cos2  J,  sin5  | 

-4 og  (s/4  a)2  (l~(j/4tf)2J,  . y j-4a  sin^ 

",4ag(i&)[1~  ifej 

*.*  s2=8ay,  where  y is  the  height  of  P above  | 
Oi  V2=*gy(2.a~ y)/a=(g/a)  (2 ay^y2).  ’ ’ ' " ' , 

Now  if  V is  maximum  then  V 2 jS  also  maximum.  ■'  7‘ 


$ 


tL 

a (ty, 


(2ay~y2)  ‘ 


g (2a -2y) 


-ve  for  ail  values  ofy. 
f.e.  when  2a-2y^0 


F2  is  max.  when  ^ (F2)-b0 

/.e.  when  /.e.  when  the  particle  has  described  half  tbc 

vertical  height,  remembering  OC^2a.  , 

••Ex. -2.  A particle  sllds  down  the  ire  of  a smooth  ‘ cyc'0 
whose  axis  Is  vertical  and  icrtcx  lowest,  prove  that  the  tlm*  occC^ 
io  falling  down  the  first  half  of  the  srrtlcalhelcht  l*  *4Dfll  *°  t6e 
cf  falling  down  the  second  half.'  ( Bundtlkh*«<i9l ; Garh»al68: Kanpur  ' 
Kumoun  83;  Lucknow  92,  S6;  Punanck^i  93) 
Sol.  Refer  Tig.  35  Page  55.  ir  > r 

Let  O be  the  vertex  and  A the  cusp  of  the  cycloid. 

The  equation  of  the  cjcloid  is  s**4a  «in 
Alio  for  (he  cycloid  - 


...0> 
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- After  time  / let  the  position  of  the  particle  be  at  P,  such  that 
are  OP=s  and  the  tangent  at  P make  an  angle  ^ with  x-axis.  • 

At  A,  s—Aa  and  7=the  height  of  A above  x-axis =2u. 

■ The  forces  acting  on  the  particle  at  P are  its  weight  mg  acting 
vertically  downwards  and  the  normal  reaction  P of  curye ' acting 
normally  at  P as  shown  in  the  figure. 

The  equation  of  motion  in  the  tangential  and  inward 
drawn  normal  senses  are  • 

^ 

m . = -~mg  sin  ^ ...(iii)  and  m . — mg  cos  ...(iv) 

From  (i)  and  (ii)  we  have  dzs!dt2=  — gs/4a . 

Integrating  (dsjdty^—igjAd)  s2-fC,  where  C is  constant  ol 
integration.  ' ‘ 

r"’  As'  A,  s~4a  and  (ds!dt)=Q.  C~(gf4a),16a2  * 

(ds/dty^(gl4a)  (I6a2s2)  ' ' 

or  , ds/dt=*~*/(gl4a)  y/(16a2~-s*),t be  negative  sign  is  due  to 

the  fact  that  x diminishes  as  t increases. 

Integrating,  A-V«)  \ ^ ,.,(v) 

we  get  t**V(4afg)  cos~J  (sJAa)+B,.  where  B is  any  constant. 

- , , Initially,  at  A,  j=4a  and  t=^0,  >/.  -5=0. 

‘t=2s/{alg)  cos-1  (s/4a)=2\/(a/g)  cos'1  iV(Say)/4a),  from  (iii) 
Let  t\  and  t2  be  the  time  taken  in  falling 'first  and  second  hal- 
ves of  the  vertical  distance  i.e.  t\  is  time  taken  in  falling  from 
y»2o  to  y=sa  and  t2  is  the  time  taken  in  falling  from  >’«*o  to  y=0. 

r(Note) 

tt^2\/(a/g)  jcos->  , 

or  hsa2^/(afg)  [cos'*1  (l/y,2)~cos_1,  (i)]  V.  : / 

“2 V(ajg)  nnT0]^iW(a/g)  ■’  ^ ' ■ -* : 

and,”  ^ cos~f  {•v/(8nj,/4o}J^'  ;:i 

T ' ' ’ - “»2 V(a/g)  [cos-*  (C)— cos-1  (MV2)) 

* 2 V(ofg)  [}ir — i =.  Jw V(a!s)- ' J --  r r C 

*\  — 1%.  Hence  proved. 

**Ex.  3.  rA  particle  starts  from  rest  to  the  ciisp  of  a smooth 
cycloid  whose  axis  is  vertical  and  vertex  downwards.  Pro.-e  that 
when  it  has  fallen  through  half  the  distance  meascred  along  the  arc 
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(o  (be  vertex  from  (he  cusp,  (no  thirds  of  the  time  of  desc«l 
have  elapsed  (Bu»de!k haud  V>;  Gorakhpur  91;  Kanpur  91.  S3;  A*1**®** 

lack  now  83;  Jtohllk  hand  III  W 

Sol.  As  in  last  example  we  can  prove  that  the  time  t 
start  to  any  point  P is  given  by 

fi/ow-s*)  **,(See  rcsvU  (v)  Ex' 2 

Let  T be  the  total  time  taken  in  moving  from  the  cusp  to  the 
vertex  Le.  from  r=^  4a  to  ,c=^0,  then  # 

j“_a  vVS-^)  [c0!"  (,H* 

~VW*)  fcos-»  (0)~cos*{J )]« ZViPlx)  f j * — &]=* * 

Again  if  ti  be  the  time  taken  in  travelling  half  the  dot*®* 
measured  along  the  arc  to  the  vertex  from  the  cusp  / e.  h ** 
time  in  moving  from  s=4a  to  s=2o,  then 

«*)  VT IW-ft 


-2 VWg)  [cos-1  (i)~cos->  (l)}-2v'(o/g)  H*-OJ 

* Hence p«>ved- 

Ex.  4.  A particle  oscillates  from  cosp  to  cusp  in  a s»°0^ 
cycloid  whose  axis  Is  serticat  and  vertex  lowest.  : Show  that  t 
velocity  v at  any  point  P Is  eqnal  to  the  resolred  part  of  the  vdoel  J 
V at  the  vertex  along  the  tangent  at  P (.<.  v—  V cos  .. 

(Lucknow  91:  Meerut  91 S:  Rohllkhoni 


Sol.  The  equation  of 
the  cycloid  is 

.r— 4a  sin  ...(i) 

At  P,  the  forces  act- 
ing on  the  particle  are  its 
weight  mg  acting  vertically 
downwards  and  the  normal 
reaction  R acting  in  the 
direction  of  the  inward  - 
drawn  normal  at  P. 

The  equation  of  - 1 
motion  in  the  . tangential  . ; 
direction  is  i 


‘m  . — -mg  sin  <j>~~mg.(xj4a)y  from  (i) 

- . ti'sidl1—  (g/4a)  s.’  • ’ • t 


or 
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Integrating,' (<fc/i*)2—  — (g/4a)  j2-fC,  where  C is  constant  of  inte- 
gration. 

At  the  cusp  at  A,s=4at  velocity  =--(dsjd()^0. 

C=(gI4a)A6a* 

(ds{dt)*=(gl4o)  (J6n2~.r2),  ’ ...(«) 

which  gives  the  velocity  at  P. 

Also  at  the  vertex  O,  s—Q  and  let  velocity  be  V.  Then  from 
(ii)weget  , K2=(.n/4n)  (16oJ)  or  V—2\/(ag). 

Also  from  (i)  we  get  sin  ifi-(s/4a) 

/.  cos  s(=V(l-^!  '/•>"-  J( I-  ,6~i)  ‘’r“s 

* Resolved  part  of  the  velocity  at  0 along  the  tangent  at  P 

.-vafrivw:  -^rr  ^ y(i  «o! - ^ 

■ ' » f « velocity  at  /*,  from'fii).  * Hence  proved. 

**Er.  5.  A heavy  particle  slides  down  a smooth  cycloid 
starting  from  rest  at  the  cusp;  the ‘axis  being  vertical  and  vertex 
downwards,  prove  that  the  magnitude  of  Ihcafcelcrafion  is  equal 
to  g at  etery  point  of  the  path  and  the  •'  pressure  when  the  particle 
arrives  at  the  vertex  is  equal  to  twice  the  weight  of  the  particle. 

- , (Agra  US,  87;  ArnJh  90.  87:  Uiit'dilkhuuil  90;  Gorakhpur  8S;.  Kanpur  86: 

lMckunw  89;  h frer ur  90  S,  87;  I’urviun  hnl  83;  Rohitkhnnd  86) 

< ’ • Sol.  As  in  last  example,  we  have  the  - equations  of  motion 

//If  1 ' ‘ l * ’ ' |'I  ' , V , 

as  = — mgsin^  ...(i);,  m . — *=>R— mg  cos  ^ ••■(«) 

Also  the  equation  of  the  cycloid  is  s~4a  sin  ^ ‘ ••*•(<>*) 

//if  V 1 * 

From  (i)  and  (iii)  we  get  — ^ s. 

Integrating,  (ds}dt)7= —(gj4a)  s*+C,  where  C is  constant  of 
integration. 

Initially  at  the  cusp  at  A;  (see  figure  of  last  example) 

, . r=4n  and  ds/df^O,  C—(g/4a).i6a* 

Hence  (£)’=  4J  — (I6oI-l6nIein,lS),  Ihm(iii) 

so  •.  (dsfdt)  -^Aag  cos*  , •••(it) 

Also  from  (iii),  p=«(<fr/<fy)=4<j  cos  $.  , . , ••  —00 

.*.  normal  acceleration=  — — • i'r0m  0V)  aRd  O’) 

, . . i p 4a  cos  «.’< 

coxV. 
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And  from  (i)  tangential  acce!eration==rf7j/<*7==*-£  sin  4' 
Resultant  acceleration  at  any  point 

^VKtefW+Wpy)  i , 

=VK“5,sio^)H(g-cos^J=g.  • ' Hence  prow. 


Also  from  (ii),  it=m  — \-rttg  cos  ii 
P 


»lWg»'g+.,ri 
Y 4a  cos#  ‘ 

*=mg  cos  cos#~2rtig  cos  #. 

At  the  vertex  l.e.  at  ^=0,  the  normal  reaction  Jt*=2mg 
t=s2  (weight  of  the  particle.).  ' Hence  proved. 

**Ex.  6.  A particle  starts  from  rest  at  any  point  V in  the  arc 
of  a smooth  cycloid  whose  axis  is  vertical  and  vertex  A down  war 
prove  that  the  time  of  descent  to  the  vertex  is  iry/(olg),  where  a * 
radius  of  the  generating  circle.  (Meerut  920. 

Show  also  that  if  the  particle  is  projected  from  P dotvnwar  * 
along  the  curve  with  velocity  equal  to  that  ’with  which  it  reaches 
when  started  from  rest  at  P,  it  will  now  reach  A , in  half  (he 
taken  in  the  proceeding  case.  , . • (Meerut  92  O.t 

Sol.  The  equation  of  the  cycloid  is  s~4a  sin  # - . • 

The  particle  starts  from  rest  from  a point  P,  whose  arc03 
distance  from  the  vertex  A is  b (say) . i.e.  s=*b  -at  P,  the  point  o 
start.  . , , , s . . i ■ 

Then  equation  of  motion  at  any  point  whose  arena!  ttisWflCC 
from  A is  s,  in  tangential  direction  is  ’ .. 

m (d2sldt2)~—mg  sin  # (See  figure  of  Ex.  4 Pe£c  * J 
or  tPjfdt2**  —g  sin  #— — fg/4a)  s,  from  0)  , 

Integrating,  (dsldt)2=  ~~(g/4a)  s2+C,  where  C is  constant  o 
integration.  . ht 

At  the  point  of  start  P;  s=b  and  (ds/dt)=0.  C~(gl4a';,x 


(ds/dt)2=  (gf4a)  (b2-s2) 
(ds/dt)-. 


...(h) 


\p‘— s*) , i t 

V(s(4a)  ->/(b2—s2),  as  s decreases  when 


or  ... 

Integrating, 
of  integration/ - 
At  P,s=b 
' Hence 


ds 


then  . 


t=*2\/(a/g)  cos’'1  (s/£)-fZ>,  where  D is 

and  t—O,  Dr=0. 

r*=2v'(c/g)  cos~‘  (sib) 

At  the  vertex  A,  ^=0  and  let  time'  taken  from  P to 


ortstaii* 


T=2\'(a/g)  cos~l  (0)^rr-</(a/g) 


. -(,S> 
Hence  pro\c6- 
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Also  from  (ii)  velocity  at  A i.e.'  s ~0  is  */(g(4a)lb  ... (iv) 

Second  part.  As  in  last  part  we  have  (d2s/dt2)=-~(g{4a),s 
Integrating,  (dsf<?t)***-~(gf4a)  where  C\  is  constant  of 

integration. 

. At  Py  dsldt~\7(g{4a)  b,  from  (iv)  and  s=5 
. .*.  C,*(g/4a)  (2h2),- ; - - . , . 

- (dsldt)2^(g{4a)  (262~s*)  or  - </(g{4aW(.2b2-s*) 

or  dt=2y/(alg) 

Integrating,  t~2*/(a}g)  cos-1  (sjby/2)+£h  where  Z>,  is  cons- 
tant ofimegration. 

At  P,  s=h,  /— 0,  so  we  have  C=2^/(o/^).^7r -}-£>; 
or  A ='H 77  •'/(<*/£)• 

t=*2y/(afg)  cos-*  (sfbV2)—i*  Vfafg). 

At  the  vertex  A,  s= 0 and  let  time  taken  from  P to  A be  Ti 
then  Tt  =W(a}g)  cos-*  (0) - J W(oJg) ^ \!{a}g) 
or  Tt « l^ViaJg) = }T,  from  (iii) 

or  Ti~iT.  ' Hence  proved. 

Ex*.  7.  "If  a particle  slides  donn  a smooth  cycloid  starting  from 
a point  whose  arcual  distance  from  the  vertex  is  b,  prove  that  its 
speed  at  any  time  / Is  (2nb[T)  sin  (2r7/T),  where  T is  the  time  of 
complete  oscillation  of  the  particle.  fAradh  8V  ; Buudelkhand 92. 91 ; . 

Gorakhpur  90  ; Lucknow  87 ; Meerut  ll  92  ; Purvanchal 89) 

Sol.  The  equation  of  the  cycloid  is  j=4j  sin  $ 

As  in  Ex.  4 Page  58,  the  equation  of  motion  in  the  tangential 

■ • ' d2s  * ft}/*  . 

sense  is  m‘dP-~  ~m&  s‘°  “ 4^  s’  *fom  (0 

or  d2s/<*/2=  — (g/4d)  s *«(>i) 

. . /'*  * '•  ••2rr,‘  • N4a  \ 

P=time  of  complete  oscillation=  -^—■=i2n  Jyjjr] 

or  ’ “ -(»0. 

Integrating  (ii)  we  have  (ds/d/)2=— (£/4o)  where  C is 

constant  of  integration'.  u„  ' " . * . 

( * At  the  point  of  start,  s=b  and  dsJdt-^0,  C*=Cs74a)  h2. 

P-**  '°''3r--V<i.V«WV,r-*>l  -(iv) 

or 

Integrating,  *d(g(4a)  co$->  (r/5)+Ci,  where  C\  is  constant 

of  integration. 

Initially  s=6,  , r=0,_  . Cj=-0  . . - .. 

Hence  y/(g{4a)  t—cos-1  (s/5)  dr  s=*5  cos  \/(g/4a).t. 
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from  (iv)  speed  al  any  time  / is  given  by 

v~-\/(gl4a)\/[h2'~b2  cos2  \j'(gl4a)  /]. 

- sin  V(xJ4a)  tss  b sin  jf,  from  (ii'O 

Hence  pro*4 

**Ex.  8.  A particle  is  piojcctcd  with  velocity  V from  cUS^ 
of  a smooth  imerfed  cycloid  down  the  arc,  show  that  the  time® 
reaching  the  vertex  is  2i/(a/g)  tan~*  [v^o. ?)/'’].  ... 

(Agra  91.  86  ; Btnidtlkhnmi  92.  66  : Gorakhpur  92  *9  • 
A ««*/////  92  : Meerut  I! 93.  M‘9I  : PunanchaW) 
hoi.  The  equation 
of  the  cycloid  is 

s‘~4a  sin  $ ...(i) 

At  any  umc  /,  let 
P be  the  position  of  the 
particle  and  >p  the  angle 
which  the  tangent  at  P 
makes  with  the  tangent 
at  the  vertex  O. 

The  forces  acting 
on  the  particle  arc  its 
weight  mg  acting  verti- 
cally downwards  and 
the  normal  reaction  P 
acting  in  the  sense  of  the  inward  drawn  normal. 

Then  the  equation  of  motion  in  the  tangential  sense  is 

sin  V =■-  J-T*,  from  (i) 

or  dh[dt2~  ~~  (g(4a)  s.  ... 

Integrating,  ( ds(dt)2=s—(g(4a ) jj+C,  where  C is  constant  of 
integration. 

Initially  at  the  cusp  at s=a  and  (dsjilt)**  V (given) 

V2=-(g/4a)  (4<i)2+C  or  C^Vi+Aog-  - ' • "‘(tU 
.*.  (rfr/rf/)1—  C—  (fit 4a)  s2,  where  C is  given  by  (ii).  j . 

ids  \J  g ( 4aC  A ■ * V ' ' 

or  \di ) “*  ■“  l s ) ’ 

or  <*/*=.-  J V(gln)  ea^c/s)-.1),  thcnwalKe  S’S“  '* 
to  the  fact  that  s decreases  as  t increases' 

or  . *— W"t>  : ■ 
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we  have  T- 


If  T be  the  time  of  reaching  the  vertex  O from  the  cusp  A, 

2V(o« 

=2  vw*)  [s-o^y^)] 


.since  sin" 


where 


r=2  V(a/s)  sia-'J(*~?-y..si, 
«2V<«/S)9,  . 

-y(^) « — y(4^) 


= iir— COS-1  -V 

...(iii) 


....  . Sin  8 V(4flg)C) v/(4'1.?) 

or  tan  ’"mr  VU-(4«;/C)i  V(C-4o«) 

= vTV^f«f-4is);  si,KC  from  '<">  C=  ' 4“* 

or  0— tan~J  Iv'C^g)/*']-  , 

from  (iii)  required  ti  me —T^S-v/ (<*/<?)  tan"1  l\/(4ag)jy). 
y-Ex.  8 (a).  Discuss  in  Ex.  8 above  the  case  when  V— 0, 

» ' ( Btutdclkhand  86) 

Hint : Do  as  Ex.  8 above.  • l" 

**£x,  9.  Tiro  particles  are  let  drop  from  the  cusp  of  a cycloid 
down  the  curve  at  an  interval  of  time  t,  prove  that  they  will  meet  in 
time  27ty/(a(g)-\-  '\t. 

(Agra  92 , ll'indtlkhund  91 ; Kanpur  90  ; I'urvitnifted  89  : Boh'dkhand  111  91) 

Sol.  Refer  Fig.  37  Page  62.'  - ’ - * ’ • 

' The  equation  of  the  cycloid  is  - 1 -j=4h  sin  0 '•••(») 

, The  equation  of  motion  in  the  tangential  sense  is 

' m g-s=- ^ - 

Integrating,  (dr/r//)3=  ~(g/4a)  s2+C,  where  C is  constant  of 
integration.  ...  - * ‘ i ;; 

~ At  the  cusp  Ax  where  the  particle  starts  from, 

.y— 4 a -and  (di/dl)~0,  Vi ‘ C—fgficty.lba1  •’ 

•••  " ’ ... 

or  ds{dt=-^y/(g(4a)^(\ea1-sl), 

V s decreases  as  I increases  hence  the  negative  sign,' 

or  V(p/4a)  — — , 

vw  ; v/(I6o3-s3) 
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Integrating,  >/(izj4a)  cos'*  (sJAa)-\-D,  where  D is  cont^i 
of  integration. 

At/1,  j*=4a  and  0,  /,  0=0. 

V(?/4a)  r=acos_l  (5/4a)  or  j=»4a  cos  {y/(gl4a).t}>  •••(*’ 
Let  the  second  particle  meet  the  first  particle  after  T second!  o 
the  release  of  the  second  particle. 

Before  meeting,  the  first  particle  was  in  motion  for  (*+*■ 

seconds. 


The  distance  st  moved  by  the  first  particle  in  (t+DsCC 
—4a  cos  {\/(s/4a)  (/+T)},  from  (ii) 

And  the  distance  j2  moved  .by  the  second  particle  in  T sec. . 
—4a  cos  (V(g/4a)  T).  ' 


(N ett) 


Since  the  particles  meet  each  other, ' si=Sx 

4 a cos  {V(g/4a)  (t+T)}  =4 a cos  {V(gl4a)iT) 
V(g/4o)  {t+T)=2rr^^(g}AayT 
t f T=2n^(4alg)-T 

2T=2*V(Aalg)~t  or  r=  2^  («/*)-!'• 

* Required  timers 7'*H=2»\/(a/£)—(iO+*  jl 

Hence  prove®. 


~2irV(a/£)-Hr, 


*£x.  10.  If  a particle  starts  from  rest  at  a given  P°^ 

..Wl.  .1  . J ... . nrnte 


Cycloid  with  its  axis  vertical  and  i ertex  downwarns  ; pr°re  . 
falls  tfn  of  the  vertical  distance  to  the  lowest  point  In  time  2v(f/* 
sin-'  (1/V»).  "here  a Is' the  radius  of  the  generating  circle.  . - , 

(Agra  91.89;  Kanpur  M 

Sol.  The  equation  of  the  cycloid  is  j=4a  sin  . - - 

Let  the  particle,  start  from  .the  point  A whose  Vertical  hag 


above  the  level  of  the  -vertex 
is  A (say)  i.e. , AL=h.  We. 
are  required  to'  find  the  time 
taken  by  the  particle  "in  mo- 
ving from  A to  D where  the  ‘ 
vertical  depth  of  D below  A 
>s  (1/n)  (A). 

i.e.  DM—h— (A/n) = h (ii—\)Jn. 


(Fig.  38) 

The  equation  or  motion  of  the  particle  in  the  tangential  °lfCC' 
tPs 


or  <PsJdt*  — (g/4a)  s.  ' ' 

Integrating.  (<&/*)*=— (y/4a)  s^+C,  where C is  constant ol 
- integration. 
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At  A%  (dsfdt)  =*»  0 and  s **  \/(Say)  =>  ^(Bah),  V j3*=  Say 
0=  — (g/4o)  (8aA)-fC  or  (8aA) 

A (*/^)J=(g/4a)  (8aA~j2);  - • ' , * 

or  (ds/ &)*=—,  V(ff/4o)  v/(SoA—i'2),  negative  sign  shows  that 

j decreases  as"  / increases, 


or 


Integrating,  V(sl4a)  /=» cos'*  {x/v^(^)H-Z?,  where  Z)  is 
constant  of  integration.  , r . . 


At  r«0  and  s=y(8ah)  as  before.,.  , ,,  ■ 

' ’ ,V  " ' 0=*co S“*  (I)+Z>  or  .0=0 

Hence  tt^2\/(a[g)  cos-1  {six/ (Bah)}.  ...(iii) 

Also  for  a cycloid  we  know  s***Bay  \ or  • s==A/($ay)  • 

.*.  from  (iii),  2y/ '( a/g ) cos-*  Wiy/h)} 

Required  time  from  A to  D=2*S(a/g)  .cos~l 
('  , ;»  i — < since  at D,y={(n~i)f/t)  h 

\ \ ' “’Vote)  COS'*  Ia/{1-(1/«)}H2v/(o/^)  sin-*  (1/V«), 

* co  \f’,-  since ct>s-,'V{l— (!/«)) *ssin-*  (1/-0O. 
^>-®Ex.  ,11.  ;-vA  particle  is  placed  very,  close  to  the"  vertex  of 
smooth^ cycloid  whose  axis  is  vertical  and '‘vertex  upwards  and  is 
allowed  to  run  down  the  curve.  -Show  that  it  leaves  f the  carve  when 
it  is  moving  in  a direction  making  witb  ;the. horizontal  an  angle*  of  -J 
45  . " •.**  i 5.  **•  i‘  * ••  ■«;’  n-(Avadh86;  Bundclkhartd 87) 

lJSol.%  The  equation  of  the  cycloid  is’  j=4a’sinJ^,  , x. 


where  s is  measured  from  the  vertex  V. 

Let  the  particle’ be  at  P after  ‘time  /.  such  that  arc  VP=s  .and 


let - the 'tangent  at  P make  an 
angle  , with  the"  tangent  at 
the  vertex.  ; ■:!  1 

The  forces  acting  on  the 
particle  at  P are  its  weight  mg 
acting  Vertically  downwards 
.and  the  normal  reaction  ft 
acting  normally  at  P as  shown 
in  the  figure. 

• Then  the  equation  of  mo- 
tion in  the  tangential,  and  in- 
ward drawn  normal  directions  s 
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<&/<//= 0,  ■. 


.»(W 


m-^=mf!in'5  -00  ' m.  — -m^co!  <f-R  ...(B) 

P . , 

From  (i)  and  (ii)  wo  get  d*sfdt*~(gj4a)  s.  ' 
j' Integrating,  (dsfdty^(gl4a)  j2-{-C,  where  C is  constant  of 
integration. 

At  the  vertex  V,  r=0  and  */<//= 0,  C-0. 

. . •••  • 

kirt-f-vo  sign  has  been  taken  as  j increases  with  t.  > ' ' 1 ' 

, ds  r.  • -r  n - * 

dF  K s i‘e'  velocity  varies  as  the  distance  meisnrea 

along  the  arc.  v -r  a 

Astin  from  (iv),  i A (<a  sin'  fli,  from  (i) 

•r  {ds[dty~4ag  sin2  0 ' ••• 

Ani  fiom  (i)  we  have  p^ds/Op~i4ac6»  * '''  ' 

■ . .“.  fmm  fi«i\  p __  t*ne  t /HV2  , W (4flg  SIP^^) 

. . _«ro*  yuj,  cos  — -mr  co«  ^g  c07^  ’ 

/ !/•  ;;  } t'*.  fr0o  (v) 

•r  '•  V ’ 'i  ! .-i,  - • Jl-mg  (cos*  ^1— sin2  0)/co s ^ 

" At  the  point  .where,. the  particle  leaves  the  cycloid,  R^< 
hence  cos2  ^—sin2  ^=0  or  , tan  ^=I.,or  </r*=Jjr;'  • Hence  proved.. 

r Ex.  12.,  If  a particle  slides  down  from  rest  ' at  the  vertex  of  } 
cycloid,  whose  axis  is  vertical : and  vertex"  upwards,  show  that  tber 
velocity  at  any, point  is  due  to  fall  from  the  tangent  at  the  vertex. 

Sol.  As  in  the  last  exampleJ  we  ,-can  prove  that  velocity  at 
any  point  P on  the  cycloid  is  given  by,-  J r . j>  (i  .*  tjtii,  - >-  • i v 

5 . . JJ-!  . 

But  for 'a  cycloid  s2=Say,  where  j^is  the  perpendicular  ;dis* 

tance  of  any,point  from  the  tangent  to  /the -cycloid  at  the  vertex. 
Hence  y is  the  depth  of’P  below  the  tangent  at  the  vertex.. 

(ds/dty^(g/4a)  (Say)~2gy  = ‘i  ci_v’i::r 
or  ; ''dsldt<=*  V(2gy)  '•  /'  ’ ' V-V**  -V" 

> . — • =» velocity  acquired  by  a particle  when  it  reaches 

■ P after  falling  from  the  horizontal  level  of  thfc 
vertex  i.e.  from  the  tangent  at  the  vertex' 

. “'-V  'J,.i  Hence  proved.  , 

*****  13.  A particle  is  moving  on  a smooth  curve  under  gravid 
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and  its  velocity  varies  as  the  arena]  distance  from  tbe  highest  point. 

Prove  that  the  enrre  Is  a cycloid.  ' il 

•**  **  v>  » . (Bundelkhand 92;  Purvanchal ' 90;  Rohtlkhand  III  91) 

Also  prove  that  the  particle  will  leave  the  carve  when  moving  in 
a direction  malting  an  angle  of  45®  with  the  vertical.  - *■  *-* 
''.'-Sol.  Let  F be  the 
highest  point  of  the 
curve  and  P the  posi- 
tion of  the  particle  at 
time  t , such  that  arc 
VP*=s.  Let  the  tan- 
gent at\P  be 'inclined 
at  an  anglo  4>  to  the 
tangent  >,at , V.  .'.The 
farces  actiag  oa  the 
particle  at  P are  its,  - _■  , (Fig.  40) 

weight  mg  acting  vertically  downwards  aad  * th®  normal  i reaction  Jt 
acting  normally at  Pas  shown  in  the  figure,  p, .,  Cr 

The  equation  of  motion  in  the  tangential  direction  is 

'v  !,:r  ‘ r,:  . “ I*  ' • • 1 1 1 ' “ 

,:-y  — (0 

And  velocity  at  P*=(ds{dt)^ks  (given)  l , .an,  . i..(ii). 

Differentiating  (ii)  we  have  ~ (Arv),  from  (ii) 

.hi-.. in  jt»  t’l-rt  - <;*  - e «**  --n  or.1 

or  , ) \ dtydi^&s  - _ - ? ‘ 

, -from.  (i),  k2s=g  sin  or  j*4<j  sin  *p,  - where  4a--=g/k2, 

This  equation  represents  a cycloid.*..;-  >'  ■ Hence  proved, . 

For  the  second  part  see  Ex.  1J.- Pages  65—66.  ■ 

**Ex.  34.  A particle  is  placed  very  near  the 'vertex  of  a smo-o 
oth  cycloid  whose  axis  is  vertical  and -vertex-  upwards  'and  Is  {‘allow- 
ed to  run  down  the  carve.  . Prove  that  it  will-  leave  the  curve  when . 
It  has  fallen  through  - half  the  vertical  height  of  the  cycloid. 

’•  - ‘-’i‘'(Agrj  86) 

Also  prove  that  the  latus  rectum , of.  the  .parabola  subsequently 
described  is  eqoa!  to  height  of  the  'cycloid.  And  show  that  it  falls 
upon  the  base  of  the  cycloid  at*  a distance  ($*■+  V3)  a from  the 
centre  of  the  base,  a being  the  radius  of  the  generating  circle. 

1 — ' c ‘ ‘ ’( Bundc&hdnd  $7; 

Sol.'  Thle  equation  of  cycloid  is  sin  f ... {t) 

Also  for  the  cycloid  we  know  s2**8ay  ’ -.(ii) 

The  equation  of  motion  of  the  particle  in  the  tangential  and. 
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normal  sense  can  be  proved  as  in  Ex.  II  Page  65  to  be 
i P5  . . • ' 

m ' di 3 s,n  ^ —O");  « — **mg  cos  t b-R 

From  (i)  and  (iii)  we  have  tPs}dfl*=(g(4a)  s ' • • - 
Integrating,  (dsfdt)***(g{4a)  s*+C,  where  C is  constant  of 
integration. 

At  the  vertex  x=0  and  (dsfdt)^Q  C«0. 

wap-urn  A ■ , ■ -w 

Also  from  (i),  p=,ds/df=4a  cos  v!  ' -C® 


Now  from  (iv),  fi=m«  cos  m — 

p . . . - 

cos  ii~  t — — ; from  (v)  and  (si) 
Y 4o.4fl  cos  ip  ’ . , , 

-»W  COS  *_  Z*g*l!!LpL , from  (0  ' 
16o3cos^  , ; • 

or  R^/ng  (cos2  *S— s»Qa  *&)/cos 

At  the  point  where  the  particle  /eaves  the  curve  A~0,  so  we 
have  cos2  sin3  or  tan\fi—!  ’ for  • 

From  (i)  and  (ii),  s'™  ~ „2<,  s(ns 

If  the  depth  of  the  point  Q (say)  where'the  particle  leaves 
the  curve  be  yi  below  the  vertex,  then?  ’ * * M ’ 
yt~2a  sin3  lw,  as  tS=$»r  at  Q . 

—2 a (})— oc=faaIf  the  vertical  height  of  cycloid* 
Also  from  (i)  and  (v)  we  have  (ds/dt)^4ag  sin3  f 

If  V,  be  the  velocity  of  the  particle  when  it  ''leaves  the 
curve  at  Q,  then  from  (vii)  we  have  • 

vt***4ag  sin3  Qn),  since  ib^irr  at  O , ... 

or  * v,2=2ag  ; t.  - .V 

Beyond  {?  the  particle  describes  a parabolic  path  with’  fr  45 

velocity  of  projection  and  (—Jjt)  as  angle  of  projection.'  ‘ f 

latus  rectum  of  this  parabola^  “2u3  cos3  a_ 

\ ■ . - ?»- xifcM  « zxtoeit  • fnOT (Viii)  -- 

^ , ..  g - ■ 

==2o==  height  of  the  cycloid.  , 

Again  if  0 be  taken  as  origin,  the  horizontal  and  vertical 
lines  through  Q as  x and  y-axes,  then  the  equation  of.  the  P*1*' 
bolic  path  is  - , _ - • 
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...(xi) 


2 (2ag)  0)  ’ 

from  (vii)  vli=2og 
°r  x— (x*/2a).  ...00 

Since  Q is  at  a height  above  the  base  of  the  cycloid  therefore 
the  co-ordinates  of  the  point  where  the  particle  strikes  the  base  can 
be  taken  as  (xi,  —a),  where  Xj  is  the  horizontal  distance  of  the  point 
from  Q.  (Note) 

the  point  (X|,  —a)  lies  on  (ix),  so  we  have 
: ' —a®— xt— (xi2/2o)  or  X|*-h2<fXi— 2aJ«0 

or  - x,«-H-2aiV(4aH8a5)J=-«±o\/3 

or  xl«=ay'3— a,  negative  values  of  Xi  being  inadmissible 

0r  , ,x|E=a(V  3-1).  ...(x). 

Now  the  parametric  equations  of  the  cycloid  referred  to  vertex 
as  origin  are 

*—a  (0-f  sin  0)  and  y~a\  1 —cos  6),  where  0 is  the  parameter 
Also  from  Differential  Calculus  we  know,  that 
i dy  dyldO  o'sinfl  • 

**." |H  E’“S755s=r(i+rore)-“l“" J 

or  ■ or  6=2 

t . . The  horizontal  distance  of  Q from  the  vertex 

="a  (fl-j-sin  0)'*=a  (2^-fsin  2 tfi),  from  (xi) 

. =*tf  (2.Jw+sin  Jtr),  since  at  Q 
=c({jr+l).  Hence  proved. 

The  horizontal  distance  from  the  vertex  of  the  point  where 
the  particle  strikes  the  base ; t * ' : " 

. *x,'+«(|w+l)=a(\/3-l)-f-fl  (}w+l),  from  (x) 

=e(V3-f-Jff)r"  Hence  proved. 

> ■ >5.  • Two  particles  connected  by  a fine  string  are  constra- 

ined to  mote  in  a cycloidal  tnbe  In 
a vertical . plane,  the  axis  of  the 
cycloid  being  vertical  and  sertex 
upwards  ;-prove;  that  the  “tension 
of  the  string  is  constant  throughout 
the  motion. 

Sol. , .The  equation  of  the 
cycloid  is  s='4a  sin  «£, 
where  s is  measured  from  the 
vertex  V.  ’*  J 

After  time  t,  let  the  parti- 
Cits  be  at  P and  Q such  that  the 
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tangents  at  P and  Q to  the  cycloid  mate  angles  and  & withtfe 
tangent  at  the  vertex.  Let  the  masses  of  the  particles  at  P and  Q& 
im  and  m2  respectively.  Let  arc  VP**s  and  arc  VQ~s-\-l 
arc  PQ~=l^)engih  of  the  string.  Let  T be  the  tension  in  the  string. 
The  equation  of  motion  of  the  particle  of  mass  wj  in  tbetw- 
&s 

gential  direction  is  jp«*r-fmjg  sin 

or  ''■“£+&• from(i) ' 
or  3P“5J+ . ..  -f 

And  the  equation  of  motion  of  the  particle  of  mass  rtti 
tangential  direction  is  m2  sin  $2~T  ' ' 


m2 


. <Ps 
dt *’ 


•m*g  ( 


*<£+/)  r 

4<2  «2 

Subtracting  (iii)  from  (ii),  we  have 
gl  , T.T 
4a  m2  or 


from  (i)  at  0 
vc  have  s- s’n  ^ 

...(SO 


\mi  W 4o 


Hence  pnfl 


»ved. 


Exercise  on  § JO— § 11  ' 

Ex.  A particle  starts  from  rest  from  the  c asp  of  a 
cycloid  down  its  arc,  axis  being  vertical  «nd  vertex  lowest  5 ® 
that  the  particle'  will  reach  the  lowest  point  in  time  *V( al&* 
pressure  on  the  curve  will  be 
twice  the  weight  of.  the  par- 
ticle at  that  time. 

*§12.  Cycloidal  7P«du- 

1 Utn.  (Gorakhpur  86  ; Lucknow  VO) 

Let  arc  AVB r„  be  an.  arc 
of  a cycloid  and  let  arc  OA 
and  arc  OB  bo  the  evolutes  of 
AVB.  Arcs  OA  and  OB  are 
also  cycloids  such  that  arc  (Fig.  42) 


Cycloidal  Pendulum 
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CM  ware  OB^arc  AV**£a,  if  a be  the  radius  of  gtnarating  circle  of 
the  cycloid  AVB. 

Let  OV~*4a  and  th*  upper  tnd  of  th*  string  of  length  Am  be 
attached  at  0 and  P be  the  bob  of  man  m (say). . Tho  string  is  wrapt 
round  OA  or  OB.  The  bob  is  then  allowed  to  fall  and  as  it  falls  the 
■string  wraps  or  unwraps  itselfabouti  OA  and  OB.  Then  straight 
portion  PQ  of  the  string  always  remaining  tangent  to  the  evolute 
OA  or  OB  and  normal  to  the  involute  -AVB.  Hence  P describes  the 
involute  AVB  as  QP~*zsc  OA. 

Thus  we  see  that  the  bob  moves  on  the  cycloid  Tinder  gravity 
,and  tension  of  the  string  which  is  along  the  normal  at  P.  The 
motion  is  oscillatory  and  the  period  is  Avrfxa}g).  This  period  being 
independent  of  the  amplitude,  the  cycloidal  pendulum  (s  perfectly 
bochronomous.  .....  , , , . . ,, 

, In  the  case  of  simple  'pendulum  the  period  2irrf(l/g)  it  obtained 
when  we  suppose  that  6 is  small.  . (See  § 7 Result  (iv)  Pago  42).  If 

0 is  not  small  we  can,  not  take  8 for  sin  B and  the  period ‘will  be 
given  in  terms  of  the  amplitude  of  vibration. 

Thus  Simple  pendulum  Is  approximately  isochronomous. 

Hence  cycloidal  pendulum  is  perfectly  isochronomous  whereas 
tho  simple  pendulum  is  approximately  so.  ' 1 V*  ‘ * 

' Motion  on  corns  other  than  circle  and  cycloid. 

1 Ex.  L A particle  falls  from  rest  from  the  vertex  of  an  Inverted 

catenary.  • 'Prove  that  - the  particle  will  leave  the  curve  when  the  path 
described  fa  times  'the  vertical  distance  through -which 'It  has 
fallen.  - 


xSol.  V be  . tho 
vertex  of  the  catenary  and 
AO  A bo  its  directrix.  Let 
the  axis  of  the . catenary 
meet  its  • directrix  at  O. 
Let  VO=~c.  *.&'  ■ — > 

Let  P be  the  posi- 
tion of  the  particle  at 
time  t.  Let  arc  VP^s 
and  tho  angle  which  the 
tangent  at  P makes  with 
the  directrix  A'OA  ,be 
Then  the  intrinsic  equa- 
tion of-  th«  *at#nary.,  can 
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be  written  as  j»*<r  lan 

Let  r be  the  velocity  of  the  particle  at  P.  The  forces  acting  ®a 
the  particle  at  P are  (i)  its  weight  mg  acting  vertically  dowflfftw 
and  (ii)  the  normal  reaction  R between  the  particle  and  the  catenary. 
The  equations  of  the  motion  in  the  tangential  and  inward  drs*11 

normal  sense  at  P arc  m.  sin 


m.  — **mg  sin 


From  (i)  we  have  tan  tp^s/c  which  gives 

sin  ^=»a/V(s3-F e2)  and  cos  ^«e/V(r1+f3) 

Now  from  (ii)  we  get  ~J=»g  sin  from  (i*)- 

Multiplying  both  sides  by  2 (dj/df)  and  integrating,  we  have 

(ds/diy*'~.g^(3*+&)+xt  ; "A> 

where  K is  constant  of  integration.  n d 

Initially  the  particle  was  at  the  vertex  K where  aC 
dsfdf^O  (given).  - . : 

' ■*.  From  (v)  we  get  0«2 gc+K  or  ‘A'~~-2gc7  * 

From  (v)  we  have 


<d!!d,y„2sVI.^+^)~2i;c=2slV^+^~^  ■ 
=.2?  [vYc3  tan3  y'+^-cJ-'^yc  (see  *-» 


Also  from  (i)  we  have  p—dsjd<p~c  sec1  »J> 


Now  the  particle  will  leave  the  curve  at  the  point  where 
and  if  that  point  be  0 (say),  then  at  £?  let  and  so  fro®  l 
(vi)  and  (vii)  at  Q we  have 

m [2gcJs5ts'?r m *'~0,  pu,,in*-R=‘0'  -’,“!!' 

or  2(sec^j—l)s=sec  or5  see 

or  • cos  $,==1/2  or’  ’ , 

At  £,  where  the  particle  leaves  the  curve,  we  have  ■ ... 
$ss0,*“ff/3.  „ ,.  ■.  "’V' 

Also  from  (i)  if  j<=ri  at  Q,  then  we  have  ' ^ , • 

Sibs'c  tan  (r-/3)«c\/3.  ' . ; 

Again  we  know  depth  of  any  point  "on  the  'catenary 
directrix  is  given  by>=c  sec  \ ' ^ ,{ 

depth  of  V below  directrix^  c see  Owe  r _ . 
and  depth  of  Q below  directrix=*c  sec  (»r/3)=»2e'  . ... 

' ‘ depth  of  0 below  F=>2e~  c«c,  which  is  the  vertical 
tance  through  which  the  particle  has  fallen  '-and  it  is  denoted^ 
zi.  then  zi**c. 


...(«*)  ' 
below 
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, Solved  Exs.  on  Motion  on  Other  Plane  Cum* 

From  (ix)  and  (x)  weget  ri  i.e.  at  Q,  where  the 

particle  leaves  the  given  catenary,  the  path  dcscribed=‘v/3  times  the 
vertical  distance  fallen  through.  Hence  proved. 

Ex.  2.  A particle  slides  down  a catenary,  whose  plane  Is  ver. 
tical  and  vertex  upwards,  the  velocity  at  any  point  being  due  to  the 
fall  from  the  directrix,  prote  that  the  pressure  at  any  point  varies 
Inversely  as  the  distance  of  that  point  from  the  directrix. 

Sol  Refer  Fig.  , 43  Page  7J, 

As  in  result  (Iii) , of  last  example,  we  can  get 

m cos  fi—R,  ...(i) 

where  the  symbols  have  the  same  meaning  as  in  Ex.  I above,  (we 
arc  to  show  it  in  the  exam.)’ 

Also  we  are  given  that  velocity  v at  any  point  is  due  to  fall 
from  the  directrix.  So  'if  y be  the  depth  of  any  position  P of  the 
particle  below  the  directrix  and  tp  be  the  angle  which  the  tangent 
at  P makes  with  directrix,  of  thecatenary  y=c  tan  <f> , then  we 
know  y is  given  by  y~c  see  </.  ...(ii) 

(See  Author's  Statics,  chapter  on  Catenary) 


vJ=2g  (y)  (Note) 

or  v3=2gc  sec  <p,\fTom  (ii)  , ...(iii) 

• Also, for- the  catenary  j=‘c  tan  >p,  we  have  , . 

.*  ' ' ; f==ds(dp=c  sec^tp ,,  . , , ..-.(iv) 

•V  From  (i)  at  any  position  P of  the  particle  we  have  pressure 
, „ . ..  , , A=/wgcos  *4— m (e3//»),. _ . .■  r 

ov  ' R=*mg  cos  p~  mA^c.  sfc.  'Q  from  (iii)  and  (iv) 

",,  , c secJ\6 

cos  >p—2mg  cos  <p=  ~mg  cos  >/<  : 


_ mg  mg  e j tng  c 

-sec  ip  c sec  ^-  ■ >’ 


, from  (ii) 


ie‘  'r.  . Racily  • . « ■ 

i.e.  pressure  R at  any  point  /*  varies  inversely  as  the’  distance  y 
of  P from  the  directrix.  . - ' Hence  proved, 

, Mx.  3.  , A smooth  parabolic  tube  placed,  vertex  downwards  in 
a Vertical  plane,  a particle  of  weight  IF  slides  down  the  tube  ; from 
rest  under  thc  inGuence  of  gravity, 1 Find  In  any  position  the  reac- 
tion of  the  tube,  h being  the  height  above  vertex  from  which  It 
slides. 
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Sol.  Lei  V be  the  vertex,  Vx  the  axis  aod  Vy  oe  tto-WI* 
at  the  vertex  of  the  parabolic  tube.  Let  the  equation  of  tW 
bola  be  y***4ax. 


(Fig.  44), 

Let  P be  any  position  of  the  given  particle.  Lctthc  tangcJ* 
at  P to  the  parabola  make  an  angle  ^ with  x-axia.  Let  the  p*rt'c5 
start  from  A,  such  that  height  of  A above  V is  h.  ,,  Forces  action  * 
P are  the  weight  W and  the  normal  reaction  R.  \ ' 

The  equations  of  motion  in  the  tangential ' and  inward  dr** 
dv  ' 

normal  sense  are  m =*  — fV cos  yi  ''  * ' #,.(ii) 


and  m — =~R—W  sin^S,'  ...(i® 

, . . **  - - ( Jv) 

where  mg-*  W ■ or  m—JV/g.  ■ 

From  (ii).  end  (iv),  -21  ^ 3 . ;,V  .«» V5,”  5 
or  2v  dvza—2g  dx.  .rn.* 

Integrating,  r3^  — 2gx-f  C,  where  C is  const,  of  integration-  ^ 
- Initially  at  A,  and  the  particle  starts  from , rest,  *°  ^ 

ax  a.  * y , - r 


Solved  Exs.  on  Motion  on  Other  Plane  Curves 

rve  have  0=~2 sh+C  _ or  C-=2g!t. 
ys«-2fx+2fh<=2r  (h-x). 

dy  . dy  2a 

Ajsin  from  (i),  2 y or  = y • 
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— (vi) 


And 


--j  g). i—  c» 


tPy/dxi^-da’/y1  -<vli) 

radio#  of  curvature  p at 

[HWWg  _ (‘+W . from  (vi),  (vii) 


(ePyldx2)  •wm'~  -4o3fy*' 
, numerically 


■ <y>-M<x2)’/2 

?? 


(Note) 

-w(viii) 


— (4a*-M«J),/2/4aJ,  from  (i)  1 
or  p=2  (x+n)5'2/*1'2 

Again  from  (vi)  wo  have  tan  ^*=2 a/y 

8,n  * ft°m  ® 
or  ain  **•“■/(«/(*+ a)J  > • 

Substituting  values  of  m,  *2,  p and  sin  ^ from  (iv),  (v),  (viii) 
and  (ix)  in  (iii)  vra  havr 

W 2 g (h  x)o*  2'  i.tx>  .Vtf_ 

K r ' '27(*-H>)57a  ^ " 


which  gives  the  required  reaction. 


BV«  {■(*— JC)  , . 1 >y.l.>‘+a>V£ 


Ans. 


Exercise# 

Ex.l.  A particle  describes  a smooth  curve  under  gravity  in 

a vertical  plane.  - If  the  arcual  distance  travelled  in  time  t varies  a 
sinh  nt,  find  the  shape  of  the  curve. 

Ex.  2.  A particle  slides  on  the  curve  xJ=*=4tf  (y—a) 
velocity  due  to  a fall  from  the  horizontal  ix-axis,  the  y-^xis  g 

vertically  downwards.- 'Find  the  pressure  cm  the  curve  a any  , 

and  the  time  of  sliding  fcom  y =6  to  y***.  - : ’ 
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Ex.  3.  A particle  moi  cs  on  the  outside  of  on  ellipse  d 
eccentricity  e whose  major  axis  is  vertical,  starting  ^ 1 
the  highest  point.  Show  that  it  will  leave  the  curve  at  a point  *fcoSJ 
eccentric  angle  is  <f>t  where  r5  cos3  3 cos  ^—2. 

(BurMandVO;  X***  9!) 


SOME  IMPORTANT  SOLVED  EXAMPLES 

**Ex.  1.  A hcaty  head  slides  on  a smooth  fixed  circulsr 
of  radios  a.  It  Is  projected  from  the  lowest  point  will  sel°C3,f 
sufficient  to  carry  It  to  the  highest  point,  proic  ihat  the  T* 
through  the  bead  in  time  r will  turn  through  an  angle  ^ 

2 tan“*  fsinh  / ■\/(g/a))  and  that  the  head  will  lake  an  infinite 

iAg~  «:<*** *u'l" 

jLUfMnr.Ms.nf"'*'*™ 


to  reach  the  highest  point. 


Sol.  A is  the  lowest  point 
of  the  bead.  Let  tb?  bead  be  at  P 
after  time  /,  such  that  /_AOP—0 
and  arc  AP—s;  Q being  the  centre 
of  the  circular  wire. 

The  equations  oF  motion  m 
the  tangential  direction  is 
d2x 

mdfi- 


D' 


~ ~mg  sin  6 


or  o {d16jdi'v)~—g  sin  $t  since  s~aB. 

Integrating,  a Xd0/di)2~2ga  cos  fl+C,. where  C is  constant 

integration.  - - • • * ! ' 

Given  at  the  highest  point  B,  velocity  a (dff/dO^O  - 


U. 


a (d$Jdt)~Q  at  6= 

0=2 go  cos  n+  C or  , C=2gn  ■ 

(a  ddjdff^ga  (J  +cos  &)=*4ga  cos2  }0 
a {dBfdO—ZVM  cos  \0 
dt=W(fifS)  sec  \0  dO. 


...(*> 
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Integrating  we  find  that  time  t to  reach  the  point  P from  A is 

given  by  tMViofc)  P scc  W ^ . 

■ * ■*«  >•  - J(-0 

~ Viols)  [tog  (tan  10+ Sec  $0) 

*=  V(o/s)  (log  (tan  |0+ sec  i 0)) . _ 
or  t=V(o/g)  sinh'1  (tan  J0),  since  sinh"1  x=log  (x+-\/(l+*2)} 
or  . sinh  {fv'Gr/a)}— ta n \0 

or . . , 0=2  tan-*  (sinh  iiVig(o)).  ' Hence  proved. 

\ Also  if  T be  the  time  to  reach  the  highest  point  from  A,  then 

from  (i)  we  get  r=  i V(afg)  f * sec  * 6 rfO 

J »-o 

^Wiofs)  [fog  {tan  (|0)+scc  . 

~*'"*hV\p[&)  [log  (tan  Jw+sec  Itt)— log  (tan  O+secO)] 

'** iViofg ) (log  co— log  l]=co,  Hence  proved. 

**Ex.  2.  The  middle  point  of  a bridge*  in  the  form  of  a circular 
arc  on  a canal  of  width  20  metres  Is  at  a height  2-5  metres  from  either  .. 
end.  . Find  the  maximum  speed  at. which  a car  can  safely  pass  over 
the  bridge  if  height  of  the  C.G.  of  the  car  he  0.75  metres  above  the 
point  of  contact  of  the  wheels  with  the 'ground.  'j. 

■ Sol.  ADB  is  .the  bridge  (with . Das  its  highest  point)  in  the 
form  of  a circular  r are,  with  0 as, centre.  Let  .v  be  the  radius  of  this . . 
circular  arc.  ‘ ' 

, ; , Given  CD=2*5  metres,'  AB-20  metres.  V ? . - /’  v <•  * ; * » 

. -flC= 10  metres,  C is  the  mid-point. of  AB. . * 

.Now  OC~Op~CD=^x,~(2-S)  and  OB^x^OD.  - .....  . 

•*-  In  A OBC,  OB^O&  bCB2 
le.  ^=(x-(2-5)]2+(iO)J 

or  5x=6'25+ 100= 106*25 
or  x=21*25  metres.’  -■  , — ^ 

Let  G be  the  C.G.  of  the  car, 
then  height  of  G above  the 
bridge—fG— 0'75  ‘ V metres  and 

therefore'  1 . ; k 

OG  ~ £>E+£G«x+0:75 1 * t , 

=21  *25+ 0*75 =22-  metres. 

The  forces  acting  on  the  car 
of  mass  m (say)  are  its  weight  mg 
acting  vertically  downwards  and 
the  normal  reaction  acting  in-', 
the  direction  as  shown  .in-  the 
%»rc:  ' ’ ‘ ' (FI*;  45) 
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The  equation  of  motion  id  the  inward  drawn  son ari 

sense  is  =*ntg  cos  ff—JR,  • 

p 

where  P=OG*=22  metres  =*  2200  cm s, 

nr  tnV*  ' mv* 

ur  2200  ^ms  005  B~R  0r  K=mS  <*>5  goo- 

The  car  will  leave  contact  with  the  bridge  when  *«<>  (Ko11] 

and  therefore  if  the  car  passes  safely  over  the  bridge  then  2?  &ovw 
not  vanish  i.e.  R ^ 0 c . ’ ’ 

nS™B~m>  >°  or  £x<*€0.r  ■ 

: . Ma « value  of  ^=*2200  g cos  6,  when  cos  is  max. 

=*2200  g,  ■/  max.  value 'of  ces 

■*2200  x 981  5 . . 

\ value  of  «'=V<2200x981)cm3/see.  " 1 !i  ,*"*  V 

=14-7  metres/sec. ’nearly. ; 

\^y  ^x^3)  A cycloid  Is  placed  w/fh  its  axis  Vertical  and  rfxteX 
Dp  wards  and  a heavy  particle  is  projected  from  the  cusp  pp  tbe  co* 
cave  aide  of  the  curve  with  velocity  V(2ghj  prove  that  the  1*°®, 
rectum'  of  the  parabola  described  after  leaving  tbc  are  fs  (A2/2* ['  , 
where  a is  the  radius  of  the  generating  circle.  (RoWkhand«V 

Sol.  The  equation  of  the  cycloid  Vs  s **4a  sin  *&-, . V . 

After  time  t let  - the  particle  be  at  Psuch  that  arc  VP** 5 sC 
the  tangent  at  P mate  an  angle  j£  with  the  tangent  at  the  vertex 

The  equations  of  motion 
in  the  tangential  and  inward 
drawn  normal 'senses  are 


dh—. 


m.  — cos  - ...(iii) 

where  R is , the  normal  reac- 
tion at  P. 


; ..  .',^.(Fig.'47),V'-  • •' 

From  (i)  and  (ii)  we  get  d2s{dt*—(gl4a)j  ■<  ' 

Integrating.  (di!dt)*~(g/4a)  s*+C.  where  C i*  the  constant  of 
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At  the  cusp  at  A , ds/dt—\/(2gh)  and  s~4a 
*'  • .V  '2 gh‘t^4ag+’C  or  ' C=2g  (Ji—2a) 

(d!r/rf/)2  =* (g/4n) ‘s1 + 2g  (A-2o).\  ^ ^ ' ...(iv) 

Also  the  -particle  leaves 'the  cycloid  when  R^O  and  let 

yt 

« the  point  Then  from  (iii)  we  have  — —g  cos 

**'■*'  . ' - P • 


(g!4o)  sH2g  (k~2a) 


— =g  cos  from  (i)  and  (iv) 


' Or/4**)  (4n  sin  IQ24 -2g  (A~2o) 


'-^.cos  from  (i) 


or  4c,g-  sin3  >fn+2g  (A— 2a)=s4ogrco&  >fi\  : ‘ 

or  h~2a*=2a  (cos3  sin2  v5|)=2ocos  2»£i'  ' ■' 
or  h*=2a  (1  *f  cos  2^j)*=4a  cos2 

or  cos2  <pi  ~h{4a  and  sin2  l —cos2  1— (fi/4a)  ...(v) 

Also  if  vj  be  the  velocity  at  the  point  wheie  the  particle  leaves 
contact  we  have  from  (iv) 

vi2==,0?/4fl)  (-to  sin  ^i)*+2g  (h— 2a),  v from  (i)  s*=4a  sin  V» 
-4cj  sin2  h+2g  (h~2a)~4ag  [l-(k/4a)]+2g  (A -2a),  from  (v) 
0r  , " Vj2=gA.  . m ...(v) 

Beyond  this  point  the  particle  describes  a parabolic  path  with 
velocity  of  projection  vt  and  angle  of  projection  (— ^i),  hence  the 
required  latus  rectum  *=  ~2“-  cos2  {—Jn) 

* S 


«=»  from  (v)  and  (vi) 

=A2/(2a).  " ‘ Hence  proved. 

EXERCISES  ON  CONSTRAINED  MOTION 
Ex.  1.  A particle  moves  on  the  inner  side  of  a smooth  circu- 
lar hoop  of  radius  a whose  plane  is  vertical.  It  is  projected  from 
the  bottom  with  velocity  insufficient  to  carry  it  round  the  hoop  and 
comes  oft  at  angular  ‘distance  x from  the  highest  point.  Show  that 
it  crosses  the  vertical’  diameter  of  the  hoop  at  a distance  \a  sec3  a 
(V— cos  a)2  (1+2  cos  a)  below  the  top  of  the  hoop. 

Ex.  2.  A particle  at  the  end  of  a string  of  length  /,  the  upper 
tod  of  which  is  fixed,  is  projected  horizontally  with  the  velocity 
V(ngO-  If  the  string  becomes  slack  before  the  particle  reaches  the 
top  of  the  circle  show  that  it  does  so  at  a height  (l+«)  above  the 
lowest  point.  Prove  also  that  the  vertex  of  the  parabola  that  it  after- 
wards describes  is  higher  than  the  point  of  projection  by 
/ 0+n)2  (8-/0/54. 
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Ex.  3.  If  a pendulum,  beating  seconds  at  the  foot  of  a mono- 
tain  loses  9 seconds  a day  when  taken  to  its  summit ; -find  the  he# 
of  the  mountain  assuming  the  radius  of  the  earth  to  be  6400  kilo- 
metres and  neglecting  the  attraction  of  the  mountain:/-  - - 

(Hint.  Apply  S=  — (n(r)  a.  Here  n=24x60*60, 
8/=— 9)  .. 

Ex.  4.  The  radius  of  a circular  bridge  over  "a  stream  is  51 
Show  that  in  order  that  a cyclist  may  cross  the  bridge  without  lea«® 
contact  with  it  at  the  highest  point  his  speed  should  not  exceed 
miles  per  hour,  it  being  given  that  the  height  of  the  centre  of 
of  the  rider  and  his  machine  is  2}  ft.  above  the  ground. 

[one  mile=l  x 1760  x 3 feet ; ‘g**=32  ft./sec1] 

(Hint.  See  Ex.  2 Page  77).  ._/*  ".s': 


P(K,0) 


■ y-4  Central  Orbits 

§ K • Definitions.  ; y . 

. > Central  Force.'  If  a force' (Galways' directed  towards  a fixed 
point  it  is  called  a central  force  and, this  fixed  point  is  known  as-  the 
* centre  of  force'  - • , 

Central  Orbit.  The  path  described  ^)'  a particle  moving . under 
the  action  of  a central  force  is  defined  as  the  * central ^ orbit'  and  it 
is  a plane  cur,e.-  ~ ' ' 

-*§  2.  Differential  Eqaation  of  a Central  Orbit,  (Polar  form). 

( - {Agra  91,  s8;  Avadh  93, 91  \Garhwal  91,  89;  Gorakhpur  91,-89;  - 
* ' Meerut  92;  Purvanchal  92,  90;  Rohilkhand  90) . 

Suppose  a particle  moves  in  a. , 
pjanecurvc under  an  acceleration' 
f-  which  is  always  directed  towards' 
a;  fixed  point  0 in  the  .plane.  - Let, 
ox  be  a fixed  line  in.the  plane  of 

the  orbit.  1 

Let  the  position  of  a particle 
at  time  r be  P (r.’  0)'  referred  to  O 
as  pole  and  Ox  as  initial  line: 

Since  the  acceleration  F is 
always  directed  towards  0,  .lienee 

the  particle  has  only  radial  accele-  • (Fig.l)  * “ 

ration  (towards  O)  of  magnitude  /’•and  no  transverse  accelera- 
tion. (Note) 

**•  The-equation/of  motion  in  the  radial ‘and  transverse 
directions  are  • l F - } s • ^ , (i) 

and  ...pi) : 

Integrating  (ii).  wc  get  r*^«constant=h  (say).  ' ..  (hi) 

Now  from  (i),  (ii)  and  (ui)  we  are  to  get , a relation  between 
rand  0 which' will  be’ the  equation  (polar)  of  ,he  central  orbit. 
This  can  be  easily  obtained  by  putting  !/«. 

dr_  j dir-  ■,  1 da  d0_ 

dt  ' u\  df.  r“  ux  di  • dt  r 


' •J.'.tJrdui 
dt  “““  a*  dO  \ 

- * _ . da 

: * --*  55'as,'“  - 


zS  f.  *-I  l 


from  yj  ; y ’ 

. V ••♦<**) 

'*  ' 39/co/I 


2 
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d>‘  d(  ' " dO<  A do  I d'i  I dl 


_ . <f*M  ft 

h3o'?r- 


'Y  0 *=»  hjr*,  from  pii) 
_ I 


■ .:fr) 


'Substituting  the  values  of  $ and  r from  fit!)  and  (v)  in  (i). 


we  get 


-AV 


4*u 


48*- 

4*u 


■Gy--* .. 


ft’U>^+ftV=F  or  ^+o=i. 


....  . 40*  • ' -M1 

which  is  the  required  differential  equation  of  the  central  orbit  »o 
polar  form  as  it  is  satisfied  by  the  coordinates  fu,  0)  of  a point  on 
the  orbit.-  ‘ ►,  , . - » 

§ 3.  Differential  equation  of  a central  orbit.  (Pedal  form). 

(Avadh  92-  Gorakhpur  92,  90;  Luhkrwu  M) 
We  tnow.ifpbe  the  length  of  the  perpendicular',  drawn  fr°®, 
the  pole  (or  origin)  to  the  tangent  to  a1  curve  at 1 any  point  f(r,  eft 

then  ‘ a.  » + 1(±V 
, P*  r*  +r<Uo) 


...See  Fig.  1 Page  I of  this  Cb- 
Putting  u=  L;  Wo  ),'ave  * =_  J.  drj  r..  • r"  ■ 

r 40  r*  4B  y*  

The  above  equation  reduces  to 


Differentiating  (i)  with  respect  to  e,  we  get 


-.11  - 


.(i) 


-4  — -2u  d-  +2““  .‘22? 

p*  dB  + • -nr. 


4«  _td*u.. 
40  * </0i  f 


or'  - -L±=(i^  +u\a“' 

'•  •;  _ p*  as.--  U*.+“M  _ •. 

:.n—.  - “(pi? •)  :,(er ,p-'^f};'A^m<yj)"of{2 above 

-h  ~vnndrfa/rf8-(-l/r*j(*/d9). 

or  —-i=£  d'  „.  ft*  dp  _ 

P*  40  *-A*  40’*'.  p*  < dr  CT^' ’ ~ *'  ...(h) 

which  is  the  required  differential  equation!  of  the  central  orbit  in 

4ne  pedal  form.  ' ’ ‘ ^ 

^..5  4.  Areal  Velocity.  >*  -v. 

’ •***  P (r»  an£*  C (e  f Sr,  O-H50)  be  the  two'  ’ neighbouring 


Areal  Velocity  3 

P«iti0M  of  the  particle,  at  times  and  moving  dong  a 


Then  in  time  Sr,  the  sectorial  area  OP Q swept  out  by  OP 


(Note) 


0+40 


— \*OP.OQ  sin  8s 
=i-r.(r+Sr)  sin  50  ; , 

= JrIS0,  fo  a first  approxi- 
t . mation 
Rate  of  description  of 
the  sectorial  area  'OPQ  as 
radius  vector  passes  through 
OP^.Lim  Mrfjei.,,,  . 

. . . Sr-vO^  5/  I,  , , 

~V!6^\hl  from  (iti)  of  § 2 
,•  = constant,. ,as  h is  .con* 

!am-  ...(i)  . , . _ . ■ 

Hence  this  rate  of  descrip-,  ',  , (Fig* 2) 

hon  of  the  sectorial  area  is  constant  or  in  other  words ‘the  sectorial 

wr  U °Ut  ra<*,us  vector  to  the  centre  of  force  increases 
uniformly  per, unit  of  time'. , , 

. This  ratp  of  description  of  sectorial  area  is  defined  as  the 
areal  velocity  of  pirttcle  ot  P about  the  fixed  point  O.  ' ' 

O on  ^°scctor,a*  area  Of>Q~lr.(base.PQ).  perpendicular  from 

' Rate  of  description  of  the  sectorial  area  OPQ 
-*■:  ;1  j**™  Tim  fj.^g.fperp.  from  O on  PQ )] 

3r->o[  r'“8t  ■ “ f 

Lim  j 


o[f  • !r-(perp-  ^mOouPQi^ 


(Note) 

, Now  as  ^-*0,  Q-+  P and  secant  /’^-►tangent  at  P to  the  curve 
andso(perp.  from  O on  PQ),*p  and  ^=-*1. 

. - ' *’  ' - 1 .-I'  1 . 'i  s*  ' *"l 

* * ”0D1  '*•)  wc  get  rate  of  description  of  sectorial  area  OPQ 

. ...(Bo 

From  (il  and  (iiiHvcgtt  }* -}►/>.  - - 

?r  'l  ~VP  or  r=b/p  ...(iv) 

■v.  the  linear  velocity  varies  inversely  as  the , perpendicular  from  she  , 

■ centre  upon  the  Vjns.nt  t a th} path,  ' 1 ‘ 

Cor.-’Wc  kntm  '-i-Tttp  rr  ,.,t  :},vfpt  .■ 
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964- 44 


or 


v*  I 
V ~ P' 


A {%-)’■  (rfn)’-  •>*'**-  7 

(See  Author**  DiflercflfUl  slrah”) 


or  *-»[**.  f?“V]  ' :.w 

Momentum  and  Angular  Momentum  ' "• 

Momentum  If  r he  the  velocity  at  any  instant  t of  the  paf'»- 
cleof  mass  m moving  in  a curse,  then, me  iicalMit*  fa**r 
momentum  or  momentum. 


Angular  Momcntam  The  angular  momentum  of  n particle  d 
and  instant  t about  a point  O is  the  moment  of  its  linear  momen- 
tum at  that  instant  about  O 

From  Fig,  2 Page  3,  we  have  angular  momentum  of  d|C  I*1' 
fide  at  J*  (or  at  the  instant  /) 

**  (mv)  p,  where  /» ® OL 
from  <iv) 

^constant. 

•§  5.  Elliptic  Orbit.  (Centre  of  force  bein'*  thr  fnem). 

A pardde  moves  in  an  ellipse  under  d force  which  is  always 
directed  towards  Its  focus,  to  find  the  law  of  force,  the  velocity  at  any 
point  of  its  path  and  the  periodic  time. 

(.Agra  89  ; Avadh  9t,  89  ; Gorakhpur  92,  90.  89 ; 

Purvanchal  93  ; Rohilkhand  92, 91  j 

We  know  the  polar  equation  of  the  ellipse  referred  to  focus  as 
pole  is  -p  =I-fe  cos  0,  where  / is  the  semi-Jatus  rectum  and  e < 1 


«^(I4-ecos0)//.  where  u^-l/r  - 


e . . c i*u 

T ,"n0-dv’ 


-j-  COS0 


...Hi) 


Also  we  know  that  the  differential  equation  of  central  orbit  is 


tPu  • ; ‘ • 
r«*  +M 


~ COS  0 f. 


“ r 

*.h*i>* 


t +e  cos  0 
~T~‘  ’ 


-i**r 


. [Set  s 2 (Vi)  PJ£f  2) 
F 

T vu»  o t-  — ~ — - ~ , 

/ i h*u*:- 

1. 

I ***  A* u*  "■  ~~  7 **  *“£**• 

The  acceleration  F varies  inversely  as  * the  square  of  the 
distance  of  the  particle  from  the  focus’  (Agra  89 ; Avadh  91) 


or 


- *or  ‘..F«  y Cp,  where  j- 


Hyperbolic  and  Parabolic  Orbits 


5 


Also  from  p~h'/l  we  get  k=*tf(pxl).  _ ..  (iii) 

Again  we  know  that  the  velocity  of  the  particle  at  any  point 
in  a centra!  orbit  is  given  by.  - ’ 


=/** 


U I, J: 


...See  Cor.  § 4'Page  3 


J .*  j u from  (i),  (ii),  (iti) 

» «(/*//)  Jl  -f.2e  cos  0-f-e*  cos*  0-f  e*  sin  0] 

“0*/0  U +2e  cos  d+e2]  ■ . 

«(/*//)  [2  (1  +e  cos  0)+(«*-DJ 


’i  r . '/i ; ,1  j*2  |l+gcose|  _ J 

wbcre-2o  is  the  major  axis  the  ellipse.  - 

[~Here  / 
u L 


••  (iv) 


- °a  (l~fD 


=a(L— e*)  or 


lz£l 

I 


i] 


Again  if  T be  the  periodic  time  ft?,  the  time  taken  by  the 
particle  in  describing  the  whole  arc  .of  the, ellipse,  then  jh  T 
■rcab,  where  r.ab  is  the  area  of  the  ellipse  and  the  rate  of 

(See  § 4 Pages  2-3) 
h**=pl and  I^b'/a 


description  of  the  arc  is  1 h. 

or  ’ _.  T=(2*ab)lh=(Z7tab)lW(ni)h 

or  ’ ‘ T=  - - ' ~ -bra3'2  ‘ 

Vh*  (**/«*)}  V/*  " -.  (v) 

t.e.  time  period  is  proportional  to  a *'*. 

. Also  r*.,42?-2fS5ii  ««»' 

• _ 2j*  - . 

* e.  square  of  periodic  time  varies  as'the  cube  of  the  major  axis. 

, - , ...  . , f (Gorak-ltpur  9tt) 

5 6.  Hyperbolic  and  Parabolic  orbits.  (Centre  of  force  being 
the  focus).  {Robilkhaud  92) 

(a)  Hyperbolic  orbit.  If  the  path  traced  out  by  the  particle 
be  a hyperbola  when  it  is  moving  under  the  action  of  a force 
which  is  always  directed 'towards  its  ' focus,  then  also  we  shall 
proceed  as  in  § 5 Pages  4>5.  The  only,  difference  being  that  here 
we  have  /_*  a*  (e*  — l)  f ^ 

a a ‘ 

Hence  in  the  case  of  the  hyperbolic  orbit  ne  shall  hate 
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(b)  Parabolic  orbit.  In  thf»  caac  we  ihall  have  e>*l  att<^ 
therefore  v.c  have  v*-~#»(2/r). 

Thus  in  this  case  we  have  F*>n[r*  and  v*-»2 p}r.  ^ 

•§  7.  /f  particle  moves  nlt/t  a central  acceleration  pl(dlstanet) , 
to  find  the  path  and  discuss  the  three  possible  eases. 

(Avadh  VO;  Gorakhpur  vt) 

Since  the  acceleration  is  central,  so  the  orbit  of  the 
is  a central  one  and%  also  we  nre  given  that  F~pjr\  where  r i* 
distance  of  the  particle  from  the  centre. 

X The  differential  equation  of  the  path  in  the  pcdAl  f000  '* 


or 


h*dp  „ /* 

Pd?  ~F  r" 

A*  , /*  , 

pJp-Jrdr. 


....See  5 3 2 


Inlegrating,  — ^ = — -jr+c  or  “ 7"  +c”  —ffl 
where  ct  is  constant  of  integration,  is  the  required  path. 


Also  from  5 4 Pages  2-3  we  know  that  h**pv. 

From  (i)  we  have  v*~  ~=*  -fCi  ' ...(ill 

Now  we  know  that  the  pedal  equations  referred  to  ^ 

pole  of  ellipse,  parabola  ancTtharbran  mot  hypctbola  whic 
nearer  to  the  pole  (l.e.  focus)  are- 

^ = — —I;  p»=ar  and  -f-1  (Note) 

' p*  r ‘ p r ' the 

respectively,  where  2a,  2b  are  the  lengths  of  the‘semi-axes  m ^ 
case  of  ellipse,  4a  is  the  length  of  latus  rectum  in  the  case 

parabola  and  2<r,  26  are  the  lengths  of  transverse  and  com  t . 
axes  in  the  case  of  hyperbola. 

Now  three  cases  arise : 


Case  I.  Elliptic  rath.  . ' ' r the 

Comparing  the  equation  (ii)  with  the  pedal  equation  ol 

ellipse  viz.  «=  y — 1,  we  get  ’ ’ . 
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From  («),  for  the  elliptic  path,  we^bavq 

‘ kx  2ft  ft  [ 2 ' '11 

' ‘ p * r a ■ a J ' '.••(u‘0 

Also  from  (iti)  it  is  evident  that  e*  < (2 p(r)t  for  ' tfie  elliptic 
path.  ■ ' t-"  • ••  ‘ ' ,v’1 

Case  II.  Parabolic  Path  '■  ; ’ 

Comparing  the  equation  (ii)with  the  pedal  equation  of  the 
parabola  vi*.. p*=«r  ...  , (Note) 

, , , b'  ■ 2 p 

«gtt  ■ ■ 

From  (ii),  for  the  parabolic  path,  we  have 
2a** 


and  Ci— 0 f.e.  Aa=*2a^>  ct=*0. 


• h*=2of»,-  p*=ef 
A=2^/r,for  the  parabolic  path.  :..(iv) 

Case  HI.  1 Hyperbolic  Path.  - ' 

Comparing  the  equation  (ii)  with  the  pedal  equation  of  the 


hyperbola  vie.  * b*/p*=*(2o/rj-fl»  we  get  ; - s > 

..  . 2«  1 . ><r  ,C*  a 

From  (ti),  for  the  hyperbolic  path,  we  have  . " 

P'  r “ - *1?]  a}  .•  ••■••(*) 
Prom  here  it  is  evident  that  r*>(2{tfr)  for  the  hyperbolic 
path.  } ’*  j 

from  above  three  cases  we  conclude  that  — -f-ct 

\ p*  f 

always  represents  a conic  section  referred  to  the  focus  as  pole 
(Here  pole  is  also  the  centre  of.  force)  ,and  it  represents  an 
ellipse,  parabola  or  hyperbola  according  as  cx  >,  *=  or  <0,  /f. 
according  as  c,  is  positive,  zero  or  negative. 

Also  we  conclude  here  that  . 

(I)  : If  r*  < {2fi.fr),  then’tbe  path  is  elliptic, 

(H).  If »>s»{2/*/r),  then  the  patb  is  parabolic, 
and  (til)  If  v*  > (2p/r),  then  the  path  is  hyperbolic. 

Solved  Examples  on  § I to  § 7.  - ^ 

„ *£*•  I (*)•  A particle  moves  in  a conic  //r*»  I-f-e  cos  C,  mftr 

a force  which  is  always  directed  towards  the  ' focus.  ‘Find  the  taw 
of  force  and  the  velocity  of  the  particle  at  any  tiw* 


g . Dynamics 

Solution.  Do  us  In  § 5 and  5 S PagM  4-6. 

Ex,  I (b).  A particle  mores  fn  tin  elliptic  orbit 
1 -tt)/() +<■  cos  0)  with  one  of  tbc  fed  us  force  centre.  • 
the  Ian  of  force.  • 

Solution.  The  given  equation  can  be  rerwillen  as 

(l+c  cos  (l)/(a  (I  -»•>]=  u,  where  »=I/r 
du  — f sin  0 d*u  ^ ~e  cos  0 - , 

***  dO^*  a VO*  a (t-€r)  . , 

AI*o  we  know  that  differential  equation  of  central  othit 

...See  5 2 (vi) 


a (l 

— 1 
a<l 


d’u  , F 
20*  +W==  AV 
e cos  0 , I *-  e cos 


«<t- 

F 

/»37T* 


F 

* /;’  /4s 


ft* 


I 


t 

V T ‘ 


F oc  1/r  /.e.  the  required  force 'varies  inversely  a *the  squaf* 
of ^he  distance.  , 2AP ' 

*tx.  \ (c).  A particle  describes  the  curre  r,=*a'*  cos  nO  va&et 
* force  Fto  the  pole-  Find  the  I»it  of  force-  r ' q. 

( Avodh  ?3,  92;  Gorakhpur  92,  89;  Kumaun  92, 90»  **> 
Solution.  -The  curve  is  r"*o"  cos  «9  - .<  > * *•''  " 


t J 


1 aifiC  COS  «B, 


u=I/r, 


Differentiating  both  sides  w.r.  to  0,  we  get 

0=0"  (— rt  sin  nO)-f-w»'*  ~ cos  nO^j  ' 

nff,  ■■  ■ >-  • - _ >*  ;*;j  •.  Jt  1 

-:j._  .a-..  WJ>  to  0,  we  get  • 


du 

. do" 


=on  sec*  nO+«  tan*  nD,.from  (j).  -• 1 

The  differential  equation  of  the'path’is  ^ 


or  (i»/  sec*  nO+u  t an*  nQ)-f-u= 
or  « (n+1)  sec*  nO**  * 


AV  {*’ 
~~rteiPu 
putting  the  value  of 


F^lPu*  (n-f  I)  sec*,nO=  p-  (»+-!)  yens 
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-F“  r’«v;  T> 


F cc  • 


, f 

i.e.  the  force  F varies  inversely  as  (2«-f  3)rd  power  of  the  distance 
from  the  pole. , . «•  . w -{■  ■ *- T' . " 1 

Ex  1 (d).  A particle  describes  the  carve  r,=o3  cos  20  under 
a force  directed  to  the  pole,- show  that  the  force  , is i , proportional  to 
1/r7.  ‘ (Agra  91,  89;  Gorakhpur  91) 

Solution.' w Do  as  Ex.  1 fc)  above.  Here  ny* 2.  _ . 

-Ex.  1 (c).  A particle  describes  the  path  r*=a*  cos  40,  under  a 
force  which  is  aiways  directed. towards  the  ' pole,  find' the  law  of 
force  and  the  velocity  at  any  point. 


u under  the 


or  an  attractive 

central  force  acting  at  a fixed  point,  describes  a circular  orbit  passing 
tbrotigh'that  fixed  point."  k r ' ' } " ' "*  **  'VJ'  (. Bundelkhand  91) 

Solotion.  Do  as  Ex.  l.fc)  above. . __ . 

,,,  *Ex.  2 (a).  A particle  describes  a circle,  pole  on  its  circum- 
ference, under  a force  P to  the  pole’  * Find  the  law  of  force.  , 

1 ^ y\i')~  > > (Bundelkhand 92) 

Solution.  - Tfte  equation  of  the  circle  with  pole'on  its-  circum- 
ference is  r=a  cos  0 or,  I/a«ncos0  n * ...(i) 


-a  cos  fi 
=au  cos  G. 


Differentiating  both  sides  of  above  w.r.;to  0,  we  geV 
0=u^c°s  0+au(~sin0)  or  ^ =u  tan  0. 

11  Differentiating  again  both  sides  w.r.  to  G»  we  get  ' 

, ’d*u‘ , -du 


..  («) 


tPlt  . 1 . r . , * 

=*  ~ sec5  0+u  tan*  0,  from  (i)  and  (ii)  :t'A  ’ 

“*  ~~  sec*  0+  -i-  sec  0 tan*  0,  from  (i) 

« ~ secO  (sec*  8-ftan*  i-sec0(sec*04sec*  0—1) 

" Wu'  1 '' 

. “ IT  scc  0 (2  scc*  - 


...rih) 
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Also  the  differential  equation  of  the  path  "is  -Tw‘*A,ii, 


~ see  0 (2  sec*  0— !)+»=*  ^rom  ^ 


- sec  0 


(2  scc>0-l)+  tec  0=  frD“  (l) 


2.  see5  0=  ,4.  or  F=  4 to»)’  W,r®  W 


F=2a'AV. 


’ Wu* 
2o*/i* 


or  Feci 


i t.  the  force  F varies  inversely  as  the  fifth  power  .of  lhe,  l'!* 


from  the  pole.  , , , ,« 

Ex.  2 (b).  A particle  describes  the  card)’ old  r=ff(H’c0 
under  a central  force  to  the  pole.  Find  the  law  or  force. 

Solotion.  The  curve  is  r=<r  (1  -f  cos  0)  or  «— */lfl  *• 

1 1 


- sec*  |0; 


a (2  cos*  40)  2o 
where  «=*!//■.  ' 

Differentiating  both  sides  of  (i)  with  respect  to  0,  we  get 
du  1 « ...  sec*  lOtaniO 

50  ** 2 a2  scc  *°’sec ,an  *B‘  *** Ta 

Again  differentiating  both  sides  with  respect  to  0,  wC 

5^  “ 55  t*"*  i°'s'c'  ‘“-i+tan  I0-2s«*  J°  ,s0  )9'41 


..HI 


1 


sec*  i0+sec*  |0  tan*  JOJ. 


• ...oo 


. . d'tt  , JL 

The  differentia!  equation  of  the  path  is  ^ t +u= 


or  tA-  = [J  sec*  *B-f-sec*  *0  tan*  10J+  5-  fsec*  *0}, 
" ■ , front 


- TJ1  li;SK'  i9+  *“*  l®+« 


- H sec*  $04- sec*  $0],  y I-f  fan*  : 


Solved  Examples  on  Laws  of  Force  „ 

*_/•'  . F^ia'  <k'“'>=3c»u>=3ahyr\  a=1/f 

' Power" of thedistance  from  the'pole^^^,*11^6^61^  as  fourth 

, ^ ***  « £3r  ,bn:i7ftL.  ** 

Solution  Th.„  • (Gorakhpur  90;  Lucknow  S9) 

Where o ,™;  C“™ »'-«•-*« of  J-**.-..  ...(i) 

.'  , Differ“,i*‘i»*  both  sides  of(i,  with  respect  to  0.  we  get 
; ■ ■ 0"°f”'"^+““cot«e*'«-  b 

or  . 7 ' * • **  - 

, ^0  ™~-u  cot  cc.  - ’ a - 

A S?  ‘ ‘ • ‘ • • -c  -00 

. w do  cot  “■ — (-«  cot  „)  (cot  x)>  froni  (U) 

or  «/*«  • ' '••••.  , . , 

^Ji=«cot«a. 

Tbc  differential equation  of  the  path  is  if? 

Or  r-  • • d0‘  W" 

0r  « Cot1  a j-w  ^ ^ r 

1 , A V * fr.0m  ,(»»)  putting  the  value  of  ~ 

or  r_»,  **  * - - * -dO11  • 

“W  (cot'  C+D^/.V  cosec,  — • **_««■  «.  „ B_ 

of  ,hed“tan«/trim  Vari“  as  the  third  power 

(»»nd  „ *rc  CTntta«,7^(,'Jr”Cr1Jb',>tlre  “SaI*r  sP,r«I 

Llr17  - *"*■  *- * 

solution.  Do  ««  c.  , . , , 

' Er-4.  a ‘ .a!’ov''  of “««'"» have  i 

",hereu=l/r.  - ™ l*r»-o,.in  20  or  A*  sin  28=1,  - ...(|) 

r,  h0-^  S,d“  °.f  ™ w*th  respect  to  e,  we  get 

L do  20+2C  cos  20  J„0  or  * i.  eo,  20  ...(ii) 

Brenda, ing  again/we  ge,*?  -J  iooseC  » 


n 


or 


dhi  ‘ ~r~  - - • 

-*-■*•»+*  '■ 

"c°l’2o+,  ” 0r',,,:  « 'P-fuL- F 

" ?<i+2  cosrc’ 2HVi/vA%;  / 

^Vr,c  OOSK‘20+11^.,,  ,)’  •' 

Fv(.  a from  (i)  . .. 

Poi vcr  or  th  . > f.e  th  ' V 

f°r«EAo\  ^::r  '^r'M  «’“•  •*< 

.O',a",»«^aio;-Weg,ei.!,^  ■ . 

rcmiai^a,ion.,  ,_*■  ""a*" 

rtb‘P“lhii'£u.i:.  Jr 
. a cOs/l  BO^-cosJ,  „0  . _ <*•  • /iv* 


or 

or 


or 


or 

or 
or  " 


' ‘IIC 

COJfi /.oV'SS^o 

1 ' “^r,l>0“(OaodVi;i 

°r  : 


rjn  +,>c°sh„oa  _£  •-’ay  , y 

/•/  • • 

■ Eat.  6.  m^5Poic.-  n?4  'nverse/y  a : - - j- 


* rorre>'i>M at' 

D/m,  4 0e  curve  ,v  - r°rcc.  - , „ ' ; v 

. ""a- 3.'  •■’•,;’v"',res'’ec"o8.«s« 

fi’/Tor  vi  s'c'“  /-»  I • f - - £ 

■ --M;. 


<JU* 


Solved  Examp'es  on  Laws  of  Force 


Th:  differential  equation  of  the  path'is 
1 


. d-tt 


+«*■ 


F 

A*«* 


- — sech*  ~ tanb  -7^  + 

",  y 2,  . y2 


tanh  - 


F 


ilanh  ^[l-scch*^]^, 


- Jv  - r'om  <’>■  ,H> 


JO* 

V2~ 

'F 
h*u* 

« (tanh*  ^/y2)]=F//iV,  from  (i)  ' . 

or  //  [a*u*J»=F//i*a5,  from  (i) 

or  F~h*a'u'~{h‘ial)!r*  ’ 1 ‘ 

or  Fxfl/r5)  /.ft  the  force  vanes  inversely  ;as  the  fifth 

power  of  the  distance  from  the  pole.  5 Ans. 

Ex.  7.  A particle  de^cri»*«  the  curve  r9  cos  n0=o'  under  a 
force  F to  the  pole.  Find  the  Iom  of  force.  t ' * 

Solution.  The’curve  is  r"  cos  /,0=a"  or  c'u'^co’s  nO, 
where  to®  I /r. 

Taking  logarithm  of  both  sides,  we  get 
: rt  log  o-fn  log  W'-log  cos  n0_  . , ( n 

Differentiating  both  sides  with  respect  to  0,  wc  get 
n du  —nsinuO  M ' -du 

dO 


0) 


,u  d 0 


cos  nO 


«-r  u tan  n't.- 


Differentiating  again,1 ^ 
d*u  - ' r 

. 5o>  1 


du  ‘ 


•1  * 


-on  sec*  flD,  from  (ii), 


The  differential  equation  of  the ’path  is--^  = £*U»J 

‘ f d*tf 
, putting  the  value  or  ^ 


or  . \ (u  tan*  nd  ~u  1 sec5  nO)  -i-w= 


F 

' A’TiV 


jjjfii'  ***«  (1  — «)  sec*  nO  =m  (I  — n)  [l/o*/#*]3,  from  (i) 

' V(i'-^n)  ' '•  l"r 


F=A*  (1— n)  u* 

F=>  /•>-■  ie.Fx  r'*-* 

Ex.  8 A particle  describes  the  curve  ait- 


force  F to  the  pole. . 


9 cSe+i  ande-  * 


Find  the  la  *r  of  force. 

cosh  it  — 2 


Solution^  ‘The  curvets 

\ co*b  U + I 
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or 


fcoshO-H)— 3 


(cosh  t>-H)  cosh  0+1 

Differentiating  both  sides  vv.r.  to  0,  we  get 

— sinh  0 1 3 sinh  0 

[ (cosh  0-4-0*  J 


dQ 


3 (cosh  O+l)1 


I.  (cosh  0+lj* 

Differentiating  again,  we  get 

,£ " f fcosh  0 + n*  cosh  0-sinh  0.2  (cc^ho+lisyl 

gji  j|  Tjsran? 

tPu  _3  r (cosh  04-1)  cosh  0—2  sinh1  0 
a I.  (cosh  0+ 1 j1  J 


rfO* 


3 ^cosh*  04- cosh  P-  2 (cosh*  0 — 1)*] 


(cosh  G+l)1 
_3  [24  cosh  0— cosh1  0") 
“ o [ (cosh  O+l)*""  *’ 

ff |tf  ^ 2f  2— cosh  o *1 
30s”  a (.(cosh  0+1)*  J 


’ 3 /cosh  04  l)f2"^ 
V (coslTO+1) 


The  differential  equation  of  the  path  is  4 ““  ££> 


1 r^osb  °J  1+  _L [SSLhJ -21  I from  (ii) 
a L(cosh04-1)»  r o\  cosh  041  J,-A*h*  , , 

_ Jf  M2~cosh  014-fcosh  0—2)  fcosh  O-^JX  1 
"cl  . '"(cosh  040*  ’ ' ' J 

1 T 6—3  cosh  Q 4 cosh*  0 - cosh  0—2  "1 
<**••  ’ “ (cosh  0 + 1 )*  . ' ’ f J 


F 

A*u* 


(coshO  + J)* 

’6—3  cosh  04  cosh*  0 - cosh  0—2 
' (colh0+l)* 

> 1 rcosh*  0-4  cosh  044  1 , 1 [ cosh  0 -2  T 
“ a l_  (cosh  04-1)*  r J 7"  a [cosh  041  J 
“(1 /«)(«»]*.  from  «j  s 

or  F=h*au*=h‘a/r*'  ’.or,,  Foz(i/rt).  * . ' ,j, 

•Ex.  9 (a),  ir  the  law  of  force  is  P—fi/r9,  show  that  the  P 
Is  a circle.  ( ■ * - ’ 1 ' r f - * (Gorokhpuf 

Solution.  The  differential  equation  of  a central  orbit  is 

d3u  - p - , ' ' • v • ■ V c - n ■-  ' 

36>  +”-  “'J hm  F~  fi 

. ' tPu  , HU9  - 1 “ - - » 

♦ Jo*+"=/£? 


A* 


- aua^u , ,-’du  .'tu.--'‘dur 
2d0dv'+2u 


d o ft* ; 


do  • 


'»■»  multiplying  both  sides  by  2 JQ 
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So.vcd  Example  on  Laws  of  Force 

.Integrating,  .2  £ +C.  where  C is  constant  of 

integration.  ''  »r>  * 

' Choosing  du}dO~ 0 when  h~0  we  have  C— 0 \ 

and  tEen  ^)*+ tt—aW*  where  o’ •*' 

or  or  3J~«V< <W-1) 

or  ft.  — 

, , , a v'(osu*(~ ) ) - , ' 

f rfu  • 

Integrating,  O+C.-J  , 

r (1/a)  sec£lan_T*  putting  au  = sen  z 
J (1/a)  sec  z. tan  z 

i,  1 ' ' «(  <fc=r =sec-*  (au) 


or  cu=sec  (04-C,)  or  o/r=$ec  (04-C,) 
or  t .,r=acos  (6-f-CM,  which  represents  a circle. 

’ Ex.  9 ib).  If  the  central  force  varies  as  the  distance  from  a 
Cied  point,  then  show  that  the  orbit  Is  ft  conic,  centre' being  the  pole. 

n - 1 (Kumaun  91) 

Hffat : Do  as  Ex.  9 (a)  above. 

Ex.  10.  In  sn  orbit  described  under  a force  to  a centre,  the 
velocity  at  any  point  Is  inversely  proportional  to  the  distance^  of  t 
point  from  the  centre  of  force/  Show  that  the  path  is  an  e^niango  ar 
spiral.  ‘ < ' *’•  ' ' \ ’ / ..  % 

Solution.  Let  v be  the  velocity  or  the  particle  at -any  point 
at  a distance  r from  the  centre  of  force  ,v  *TJien  according  to  e 


given  problem,  we  have  v~  ~. 

. r ‘ r.i  . „ -j  . ' T*' 

Also  we  know  v=^  ~ , . . (ij) 

where  p is  the  length  of  the  perpendicular  from  pole  to  the  tan- 
gent at  any  point  of  the  path. , P 

/.  From  (ij'and  (ii),  we  have  „ or  r 

or  p~ar,  . _ ..  r where  a=h/f*  j 

But’psiar  is  the  pedal  equation  oi  an  equiangular  spiral. 

* -Hence  proved. 
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Dynamics 


39/00)1 


' E*.  n.  A r«"c,e  (0'  ma5?) 

-O''  ■ »"d  « for"  ,s  t££,id“  w-[t- 

} v/(,<  sin  a cos  a)  rSCC  • of , fold 

Solution  The  particle  is  moving  under  th 1 j]mht  u » 

jt  (say)  which  is  always  in  the  direction  pcrp  icllii 

radius  vector,  therefore  the  radial  component  of  ns  acre  (|, 
r— rtf*  = 0.  i •*  ' 

Also  the  equation  of  the  equiangular  spiral  is 
, 0 cot  a , 
r — rte 

...  f=a  cot  «,e°  COt  ad-(r  cot  a)  0,  front  <M  (in) 
or  ff=r/(r  cot  a)  ■ , t a>/r  ' 

•.  From  (i),  we  have  r*=r[r/(r.cot  «)l*-(r>  r ...  - 

Integrating,  we  get  log  r=(tan*«)  log  r+ °?,  ,*  , 
is  constant  of  integration.  * (:v) 

tnn*  n tan* « . 

or  log  r = 1og  [(r)  c)  o - 

From  (Hi),  we  have  0=fcrtan  ®)/(r  cot 

r(tan*a  + 1)^£  ' "c** 


sec*  * 

r*tf  = c tan  a r,ia“  K'r  ‘/l=c  ,an  x:r  * ’ 
Also  the  force  F is  always  in  the  direction  p P 
the  radius  vector,  so  we  have  . ' ' * 1 

±-f*( 

1 ^ . see*  a,  r 

or  T37"t“n” 


Ur'0)  = F 


(Note) 


or 


1 ‘‘sec*  a — 1 , 

F = — e tan  a sec*  « r 1 


. sec*  a— 2 tan*  a fro_,  /;vt 
or  F =c  tan  « sec*  «.r  c r . «rom  Ijv; 

. sec*  * — 2+ tan*  a 
= e*  tan«sec*«tr 


or 


, 2 sec*  a— 3 j 

=»c*  tan*  sec* a r , . tan  * 

f n r“  scc  ° where  »«  =<*  tan  « sec  a 


sec*  *"1 


39/CO/2  ' Solved  Examples  on  Equation  of  Orbit 
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From  /4=rc'  tan  a sec*  &,  wc  get  c=* v/fa  cot  a cos*  a).  ,..(vi) 

Now  rate  of  description  of  sectorial  area 

=\h~\r*6 

Hk  fan  ar-5'^  a,  from  (v) 


* • o cos  a)  rSCC* Hence  proved. 

, , *Ex.  12.  The  Telocity  at  any  point  of  a central  orbit  Is  1/nth 
of  what  It  would  be  for  a circular  orbit  at  the  same  distance.  Show 
, 2n*+l 


that  central  force  varies  as  lfr 


orbit  Is 


n*-f  n3— 1 


1 and  that  the  eqoatloo'  of  the 


COS  (n*-l)  0. 


Solution.  Let  v and  v,  be  the  velocities  at  a distance  r from 
The  centre  of  force  under  the  .ame  central  force  F in  the  central 
orbit  and  circular  orbit  respectively. 

' (given)  - ■ : * ...(i) 

AIsp  ..  v^/tas r or  Vi*  ~rF  or  n*v* =/'/',  from  (i)  (Note) 

or  , {v3« -£  where  «=»!//■  , . . .... 

’ 4 ' uii1  . • ...(11) 

- ■■■"'[(»  r'l’s--.rr-'ff»i'-"r 

or  F/u=A*n*  [{dii/d8)3-f  u*].  ...(iii) 

differentiating  both  sides  w.r.  to  0^  we  get 

1 dF  F du  ->J du  d*u  , - # dul  '■ 

, . , , « do  m*  do  ~h  ” i2  do;  do*  i"2  do  I . 

dF  dF  du 


(Note) 


± 

h'tr  . 


(Note) 


dF ^ (2n*~M)  F 

* ~du  u ” ' 


. >dF 
.or  v 


. - , da  1 

=(2n*+l)  — * 


Integrating  we  have  log  F*=(2na+\)  log  u-rlog 
F‘ 


where  log  c is  const  ant ’of  integration.  *>»  -t  ' 

’ ’ - ?»vw+i  - 


u.  Fx  l/r2"’+1  Hence  proved. 
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Again* putting  F*cun  **  it*  wc  get 


2n* 

eu 

A*n* 


2ft* 

r 

■(*)'  +*  or  155) 


sr-F*M 


or  (</»/</!>)' =ii’  i«2”’  2u2“,_2 -2],  puilins 


2V-Z. 


or 


dir 


Put 


-I 


-!v 


»rf0.  . - 

)*-i3  • 

n*~l  «*-! 
ff  u .“SCC  z, 

then  (n* — 1)  ff1*'**  un  di/«sec  z tan  z 

sec  z tan  z </z 


(Ktftf) 


or 


d«= 


<7 


ft*  — ] ft*— 2 


, (iv)  becomes — 


stc  z tan  z dz  _ 


, . n*-I  «*— 1 /r/J**”1  l*-11 

(ft*  — I)  a u v((tf 

or  -“c  * 1“  ? * - 1)  W»  or  *-W-  i> S- 

seczVlsec*  z-1]  ••  ' . i0Cb 

Integrating  we  have  0,  choosme  z °,nr 

mariner  that  constant  of  integration  is  zero 
or  <ec  z-(n* -I)  0 or  a1  ” *«sec  ffl*-*!!  ® 
n*  — I _«*-!. 


or 


*»*-!  y-i 


sec  (ft*  —I)  0. 


cos  (n*- 1)0. 
Emche*  <u»  $ J — $ " 


Hen<#  Pf0V< 
nfl  ondff 


-ed 


Ex.  I.  A particle  describes  the  curve  r-=os»n  1 
force  F to  the  pol'-  tfte  5aw.  °r  *«>«*.  - . . . # r,linflWi  *« 

' tFundelkhnnd  <*!  • **  ntr*)1 

Am.'  F * [{7nfaa'rs\-V^-~  ' . 

s pfl  + & 


stfl 


rA, 


Ex.  t A narticie  describes  the  curve  r-r’d  co* 
under  a force  Flo  the  pole,  , Find  the  law  of  force  j ut-*' 

< {Purronchal  93)  Ap*-  • js 

Ex  3 A parfrcJe  describes  a curve  whose 
a!  rr*G*4  *,  under  a force  to  the  pole.  Find  the  Jawoi  jfr* 


Ex  4 A particle  describes  the  curve  r***=o*  !/'* 


force  F to  the  pcie  Find  the  law  of  force. 


An*. 

cos  22 
Am. 


Apse  and  Apsidal  Distance 
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Ex.  5.  I£the  central  force  varies  as  the  distance  from  a fixed 
point.  Find  the  equation  of  the  orbit.1  , ! (Rohilkhand 91) 
:§  8.  Apse.  Apsidal  distance  and  Apsidal  angle.  ..  . 

. Definition.  • An  apse  is  a point  on  the  central  or' It  at  which  the 
radius  vector  drawn  from  the' centre  of force  is  a normal  to  the  crbtt. 

■ ■ (Kumaun  88) 

, Thus  the  radius  vector  drawn  . from  the  centre  of , force  to  an 
apse  has  a maximum  or  minimum  value  and  also  the  direction  of 
velocity  at  an  apse  is  perpendicular  to  the  radius  vector  at  an 
apse.  * ’ « ‘ ' * 

From  the  above  definition  of  an  apse  we  find  that  at  an  apse 
the  radius  vector  r is  maximum  or.  minimum  t.e.  u is  minimum  or 
maximum,  since  ir  = |/r.  Also  we  known  is  maximum  or  mini- 
um if  • duldQzeQ. 

Also  wc  know  that  for  any  curve, 

' 1 r lduY  i ' 

“ p 9 + \rf8/  ...See  § 3 (i)  Page  2 

where  p is  the  length  of  the  perpendicular  from  the  origin  to  the 
tangent  at  any  point. 

/.  At  an  apse,  we  have  !//?*= a\  V,  du}dd**C 

OT  , lip*— l r9,  v ,a«J/r. 

or  p~r,  which  provcs  that  at  an  apse' the  radius 

vector  is  perpendicular  to  the  tangent  thereat. 

Apsidal  distance.'  The  length  of  the 'radius  vector  at  an  apse  Is 
called  the  apsidal  distance;  -•  'J,:*  r • ~ ‘ ‘ 

i * . Apsidal  angle.  , The  angle , between  two  apsidal  distances  is 
called  the  apsidal  angle. 

Note. ' There  are  riot  more  than  two  apsidal  distances  • T 
Solved  Examples  on  § 8.  ' 

Ex.  1.  A particle  punes  under  a force 

mu  {3au*-~  2 (o*— a*},  a>  b 

and  is  projected  from  an  apse  at.  a distance  f a+b)  with  velocity 
\ip(a  +6).  Show  that  the  equation  of  Its  path  [s  b cos  8. 

. - (Agra  91) 

Sointlon.  We  know  that  the  differential  equation  of  the  path  is 
d*u  F 

Vu*  — W 

Here /i  {3cu*~2  fo* ’-£>*)  u*}. 

From  to  we  get  ~t  -f-«  * (u*  b')  «*}  , 


20  “ ’ Dynamics  ' ' ' ’ ‘ 

or  hx  {3<ml— 2 (a'-M)  t*')*; 

Mnltiplying  both  sides  by  2 du/rf&  and  integrating,  we  have 

[(^y +«*  V/*  -(li) 

where  e is  constant  of  integration. 

Initially  r-a+b  i.e.  u=l/(o-f  b),  r=(V/*)/(ff+^)» 

From  (ii), 

/*  « rft,  l ‘ 1 r 2a  _ (o!z^]+r 

(sw*  0+  (^wJ  ;i  iG+w,  } . 

Hence  from  (u),  p [(<fuM9)*4;U,I=/i  [2flu^— (tP—J?)  ^ 
or  (du/d0)*=2ou»- (o*  - b*)  id-u*.  L - 1 

..  f dr, 

Ah°«U-1  /r.  *>35— ....  , 

. _ 1 ldr\'  2a  (c'-f]  __L 

• • Fran-  (oi),  we  get  -j.  ^ ~ -pr^  r‘ 

or  (g^y=2ar— (o*— **)— r*— f- (r— o)*‘  ' 1 

or  or-  “TtpcrrST 

Integrating,  cos-1  [(r~a)/A]-=0+c,. 

Initially,  r— n-f  A,  0=0,  so  from  (iv)  wc  get  civ^*,  ' 

. From  (iv),  cos-1  [{r— n)/£j==0  or  [(r  - a)lb]r=coS  ° 

or  r=o+&  cos  0 is  the  required  equation  of  .the  path.-  1 . 

Ex.  2.  ‘ A particle  mores  with  a central  acceleration  /*  ( [r ^ r* 
being  projected  from  an  apse  at  8 distance  ■ a with  , Telocity  ■ 

Prore  that  it  describes  the  corre  r * (2-f  cos  -^30) =3flf-  • , ,qi) 
(Kumaun  Z9;Funonchar'f  ' 

Solution.  The  differential  equation  of  the  path  is 

-m  ‘ ' :.(u 

d0*.r  av  , . t;  • 

HmT~r(r+  +«V)  , • 

From  (i),  we  ge!  A>  4 +«*“  ) 

Multiplying  both  aides  by  2 da/do  end  integrating,  we  brnt, 

; ,'»;4  [(<7aM0)'+nI]=2|,(-in->+lu'»,)+r- 
where  c inconstant  of  integration. 
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’ "'2v'M  10lJ  VI  tr,  npv) 

■:■  as'ss^e^H*.: 

V*  From  («),  we  get  \ ' 

^[(Mr 'hfr^+^l+w" 

Jo./rfill*  I J 

- “ laJ  ”~  J-  +n»««4-4g'-AT».:»--‘|a,a1-^V-l  - 

- BC  -X--  v V3/ 


~*2y/3  &udn 


(Note) 


~<ft  }.  ,,  - 


■*v/3 


or  _ — <ft  ■ *i  , : 

, ,j,.,  Vtt-/*]  ~ v3  ?*»  Putting  «z*aV3-  — =r 

"y 

A0drrom(iii,,wehaVC  cos-t  (/V3/-VJ  - " C‘“° 

z rr,V3>  * <*»>- 

**  0**— c*r)  being  i^V®°T*88  witfl ' central  acceieratioa 

* 

■!  , r'"9^}  ss:  ^r‘id/i90;  Ktanmm  90; 'iuefewiv  89; 
Solution  ' Tked-ir  90:  9 A AoMft W 90) 

^ 1,Ir=rential  equation  of  the  path  iV  ' 


rf-u  , 
.+■- 


F . 
AV 


- •ij  ■ - * V d 


• CO 
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A From  (>).  we  get  ^ +“=£r(;r  ~ jr)  ' 

or  *’  (®  +“)”'* 

Multiplying  both ‘sidej  by  2 (dufdd)  and  integrating.  wc  £{t 

where  cx  is  constant  of  integration.  . *’ 

Initially  r~c  i.e.  u—  I /e,  *=c?V(h*)  and  duldd=0. 

From  (ii),  wc  get  c*  (f/x)=fc,|^{-^J=2^  [ ^ 1 

/.  = and  Ci=0.  1 ^ 1 

From  (ii),  we  get  [*~  6u*  t 

- i,lsr),-sr7w  + »l“^.'.‘.I,|f 

- ’-i  [-J+lcV-eVl-  X-  [— I)’+<9/,6)1 

« -(sr-  * ' 


c*dJL  --  1 

</e 


±4^EV(1-(W-3)*J 
..  1 6c‘u»</u 


4</0‘ 


„.(iii) 


- VI*— (4c4fl*--3)*J 

Integrating,  we  get'  cos“*  (4c4«*— 3)**40 +<j* 

Initially  t/=s>I/e,8=0,  e,=0. 

. '-From  (iii),  we  have  - cos-*  (4c4 «*— 3)*=48  _ 

4e4u4— 3=cos  46  or  - 4c4a4»3+cos  40 

4c4«r4  (3-rcos  48),.  ' *V  u^lfr  . 

. «=r*  ;3+(2  cos*  20-1)],  v - cos  2A=2  cos?  A- * 

-4cW4  (2+2  cos*  20]  =r4  (2+2  (2  cos*  0 — 1)*3 
— r*  [2+2  (4  cos4  4— ‘4  cos*  0+l)J 
4c4— 4r4  [2  cos4  8 — 2 cos*  0 + 1)  * /. 

-4r4  (cos4  0 + (cos4  8-2  cos*  0 + 1)]  . 

-4r*[cos*0+ll-ct»«0)«]  (ISo!  ; 

>-4r*  [cos4  8 + sin4  0J«=4  [(r  co*  0)4+(r  sin  8/J  . 

c4— x4+y4,  V x—rcos  6,  y—r  sin  0.  Hence  prove 
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%Ex.  4. ' A ' particle  mores  with  a central  acceleration 
frt /(distance)1]  and  projected  from  the  apse  at  a distance  *o*  with  * 
relocity  eqnal  *©  ft  times  that  which  would  be  acqnired  in  falling 
front  infinity,  show  that  the  other  npsidal  distance  Is  ff/y'fn1— 1). 

If  n *»  . and  particle  be  projected  in  any  direction,  show  that 
the  path  is  a circle  passing  through  the  centre  of  force. 

. . (Rohilkhami  91) 

Solution.  It  is  given  that  the  particle  is  projected  from  the 
apse  at  a distance  a with' a velocity  equal  to  n times  that' which 
would  be  acquired  io  falling  from  infinity  under  the  given  accele- 
ration, 

, ■ , If  v be  the  velocity  at  e distance  x from  the  centre,  then 

v =*- jr,thc  negative  sign  indicates  that  the  particle  is 
moving  towards  the  centre. 

— If  V be  the  velocity  from  infinity  to  a distance  a from  the 

enure.  'p  J. 

>’•  The  velocity  of  the  particle  . . . ,»  , . (lf 


’ 1 ' *-  ^nV^ny/ (fi/ld*)  . **  ..  fj) 

Now  the  differential  equation  of  the  path  of  the  particle,  is 

*?+  * ~d'n 
rfe*  +«-  r 


'AV,'",aB»TTWV 

ot  ;»'($ +“)-**•■’'  ■ 

Multiplying  both  sides  by  2 rfu/dQ  and  integrating,  we  get 

which  Cis  constant  of  integration.  * ■ **,  ■*■' 


•Ini,;a"y  i. 

••  From(,ii)'S.‘ -/■’[?]«  i+c. 

A «nd  C=.^(n>—  I)/(2o«,  ’ 
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From  wt  e« 

or  (<fo/c?9)»  4 u»  ■*  fl  MVJ[^  -f-  i )] 

or 

Also  at  any  apse  du/rfO—O,  to  from  (iv)  the  apsidfll  dIsUe 
are  given  by  a*u4  — aW+tn’- 1)'*® 

or  (rf-Ijf'-fl'nVHo'-P.  V «s,,/r*  . . ft 

Let  rt*  and  rt*  be  the  roots  of  this  quadratic  equation  UJ 
Then  r,*  ^’—product  of  the  roots 
or  V,rs-.oVv'(n,'-J)' 

But  one  or  the  apsidal  distaoces  is  u.  Let  rt 
arjcsoVs/ln’  — I)  or  r,«a/V('I,“’l)* 

If  from  (iv).  wc  have 

(du/dO)*«(l/aM  [a V - a *u*  J ~ a*u4  - u* - u*  (a*u*  *») 

„ <fu 

5^7ta*i?^T) 

Integrating,  sec-1  (au)«0.f  C,._  J 

Initially  u^\fa  and  0=*O,  * C|«0. 

Hence  ae«rHou)*=G  or  autsjecO  or  o/r=*« 
or  r«=a  cos  0,  which  is  polar  equation  of  a circle'  passing 
the  pole  (f.e.  the  centre  of  force;. 


Hence 


«</0. 


. throus*1 


e flccehf*' 


tion  (p/r*)+fte  projected  from  an  apse  at  a distance  a * 
city  i/(p)fa  Prove  that  at  any  subsequent  time  /,  r=>o— i)1  ' 


Solution.  The  path'  is  given  by  +w= 
Here  F—(n(r*)+f^  /uA-f/. 

From  (»),  we  got 


F 
hzu 1 


.JO 


d*u 


j d'u 

Uo* 


+w 


db*  T. 

1 ' Multiplying  both  sides  of  this  by 

we  get  **-A*  l(duJd0p+ti')^nu*~2fu-Hct 

where  e is  constant  of  integration. 


ij^pu+Ar'- 


'V  {dti/M).  an 6 


Initially  r-=a  i.e.  u^l/a,  v = vW®  and  dufdd^O  (at  an  afs  ' 

Front  (li).  We6«t  4 =/i'J  4- 1™ '4-' —2/a-t-r  ■- 

u i l4?  J a-  . 
ti’rs/A  and  c*=2ja.  , , * - ’ 
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From  0|).  set  [(35)’ v +2/“-  ..  (iii) 
Also  we  know  r*  (dQ(dt)=h  or  dO'dt^fm*.  ... (iv) 
. Now  from  (iii),  we  get 

“ [far  • %^fa  (Now 

0r  <*  )’(s?)’+1,‘ j ^ +»&.  from  (hr) 

or  ; 

*-  (Note) 

or {%)'-V‘-V'.  v r~±*B4£  -*-^7, 

01  -jjr  “t/(2 fWte-r)  or  =>V(2/)*. 

Integrating  both  sides,  we  get 

— 2\/(a— r)=>V(2/)  /+ex,  where  ctis  constant  of  in  tegration. 
Initially  r-=u,/^0,  /.  cx=0.  ' 

Hence,  we  get  , — 2\/(fl-r)«=V(2/>  ■ 

Squaring  both  sides,  we  get  .4  (a— r)=2/i*. 
or  V ->«{//»  ' or  r^d—\ftK  Hence  proved. 

Ex,  5 (b). ; A panicle  mores  with  a central 1 acceleration  which 
varies  inversely  as  the  cube  of  ibe  distance.  If  It  be.  projected  from 
an  apse  at  a distance  a from  the  origin  with  a Velocity  which  Is  y/2 
times  the  velocity  for  a circle  of  radios  a,  show  that  the  equation 
to  its  path  is  r cos  (0/v'2)=»a.  1 ' , (Avadh  89;  Gorakhpur  92) 

Solution.'  Let  rt  be  the  velocity  for  a circle  of  radius  a with 
a central  acceleration  varying  inversely  as  (distance)1.  . ^ 


. iThcn^ 


V . the  inward  drawn  normal  &cc.—r*/(> 


- vf^nfd*'  or ..  Vj-fvV)/'1; 

If  va  be  the  velocity  of  projection,  then  >j=f  (given) 


Now  the  diirercntial  equation  of  the  path  is  -• 

d*u  . t F / f 

da*  /*?■•  "'hem  f7-  — /'uJ*  * v I/r 


X 


Dynamics 


■to-* 


tftr  ‘r’*'  to? 

Multiplying  both  sides  by  2 t/u/rfO  am!  integrating,  "c 
s'  * A-(( du}db)'+ u*) - 2/*(}i u*)  + c. 

Initially  r=o,  (r.  i/»l/a,  rfn/rfO-0  end  *«»,«=  VW’1’ 
From  (it),  we  have 

+c. , 

/i'«*2j*  and  c*»^/q*. 


.-.  Frora(ii).  wcgrt2|i|^j)  +i?|  (**+  ? ) 

f » ■'+—*  (-+  y (i*  -') 


Vi-a't') 


a f/a 


^rf0- 


(Nctf) 

„ (i») 


Vd-a'u1) 

Integrating,  we  have  sin"1  (au)=D/V2-f  c,» 
where  et  is  constant  of  integration. 

Initially  u=l/a  and  0=0, 

From  (iii),  we  get  sin"1  (ou)*»$ rs+(0/v^)  , 

or  <=u=sin  ('104-  ~2)  -cos  ^2)  ••  ■ 

or  a=>r  cos  (0/V2)  is  the  equation  of  the  path.  . 

, ■ v>  r 

Ex.  6.  • A particle  mores  under  a repulsive  force  I ■=*  ^isunecj  J 

and  Is  projected  from  «n  apse  at’  n distance  ‘a\  with  (j,e 

show  that  the  equation  to  the'  path  is  r cos  p0=o,  tSa 
angle  0 described  in  time ‘f*  is  (I/p)  tan"1  (pFt/o),  . -i  ; ' 
Where  p*=(.i-f  a»F*)ja*K*.  " . .... 

• • ’ • {Agra  92:  Gorakhpur  91;  Kumaun  88;  RbhUkhand  *0 

Solution.  The  difTerential  equation  or  the* path  is 
' S+1-/S&  . F-- £—,.«•( Tbc  force  is  rrpuis.«) 

01  or '■’( 

Multiplying  both  sides  by  2 e/i//rf9  and  integrating,  we  get  • 

^feUdafdttf-ru’l^-nui+C!,  ..  , » 

where  C*  is  constant’of  integration.  - ’ ‘ ; 

Initially  v=K,i:=a  he.  u=l/a,  rfu/</Q=0.  ‘ 

.\  F*^**(0+(i/o»)]=-(M/a*)+C, 
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/iJ=a=^andC1-r*+'T  ; 


, ***+!* 


From  (i),  we  get  c*K* 


iisM-: 


a'Vi+fi 


'+«*« 


^ * 


(! 

a 


d«\*  an'*-r/i 

~ o'V* 


/tu* 

a*F*  ' 


- »/» dQ. 


dO  considering  that  u decreases  as  0 increases 

or  1 •’ ~a  du 
t.  ! Vl I— oV; 

Integrating  we  get,.  *=  cos"*  (au) «=p0+ Ct.  ...(») 

Initially u=l fa,  0*0,  ■ Ca~  0.» 

1 . - From  (ii),  we  get  cos*1  (du)~/?0  or  «/=*cos  />9 
or  o=»r  cos  p6,  V w«*1/r.  Hence  proved. 

Also  we  know  r}0*=h  ' ■ < ■ ...See  § 2 (iii)  Page  I 

or  hdt^t'd 0 

Qr  cV.  <ft*=a*  sec* pQrfQ,  \t'hic*a*V*  and  r cos  p0**o 

Integrating  we  get  aV  r==  ^j-C,  , 

Initially  6«0,~f«0.  C,= o’ 

’*’*  * - 'pVt**a  tan  pO  - "or  1 p0»=tan-1  ( pP>/o)‘  '•  ’ ' 

. • , v . i , , . i , p a , \ m } . . , ..  Hence  proved. 

Ex.  7.  A . particle;  .moTcs  with  a central  acceleration 
X*(8™*-f  oV)  It  ]s  projected  with  tclocity  9*  from  an  apse  at  a 
distance  Ja  from  the  origin,  show  that  equation  to  its  path  is 
’■  ~ 1..' 6’  *i.  j 

..  otV6  . . . « ;•  . « 
Solution. , Here  *F* »»X*  (8mA + q*«*).  , . 7 

**•  Thc  differential  equation  of  the  path  is 

d’u 


i +u= 


or  *(£ +")“* 


A'o*  0^.,3o''+,' 


(8fl4-a4a*j. 


• X*  (8gb*-Fo*«al 


2R 


Dvnamics 


Multiplying  both  sides  by  2 du/dQ  and  integrating  we  ,.j 

»*=A*  [(<&’ w,]=*2A*  [Sau+ia'u'l+c, 
where  c is  constant  of  integration. 

Initially  r=$a  or  .h*=3/<i,  du}dQ= 0 and  »*=  4 

From  (i),  we  get  (9\)'~h'  [9/o>]=2a’  124+i-OlJ  • 
A»=9n!A*  and  <;=.-(  15/2J).'  . 

* ' V 

From  (i),  we  have  , . 

9W  l(duld0)'+u'-]=2if  [8 fliT+|flV]-(I  W 
or  9a'  (dujdO)'  = 1 6au+ia‘u,-( 1 5/2)  -90V 

or  18oJ(/u//0)’=:o'u*-18o>u«-F32ou-i-15 

^oV-oV+oV-oV-noV-H^  (Nol!) 

roo-l)+a’»*  (w-D-n^^ii) 

=(ou- 1)  [dW+oV-lVrw+IIJ  --.om-l-ISl 

=<otr-l)  [0V-0V+20V-20U  . 

«(<m— 1)  toV  (TO-  l)+2a"  (,m_|,J  (0II_1)] 

.»(ou-l)’(oV+2ou-)5)  ■ 

=(ou -1)«  (ou-3)  (ou+5) ; 

or  3V2a'i‘  \/[(o»--3)  (ou+5)] 

oo 


fl  du 


( CU  — l)v/Ka“  — ■ 4)  (OU+oJl 

Now  put  ffu+5  = (au-r-3)  2*  or  au^ 


’3V2 


&+J  aryi  then  loW*" 


and  get  the  result.  . ••  • - ' -i(dH‘ 

•E<.  8.  A particle  moving  with  a centra!  accelew  ' y, 

tancc)*  Is  projected  from  an  apse  at  a distance  a with 
show  that  the  path  is  , r.  • . 

r^iaajSaa'.J-- 

according  as  Vis  < or  > the  velocity  from  Inflnity.  . • 
Solution.  The  differential  equation  of  the  path  is ' *. 

=/iu»  (given) 


TTit  • where  F= 
- </e*  ^ >,2ut 


tt*u 


- mT5  or  h' 
h*ul 


I£H: 
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Multiplying  both  sides  by  2 dajddaod  integrating,  we  have 

where  C is  constant  of  integration. 

Inifally  r*=d  t.e.  u**\}a,  </u/*/0=*d  and  v*=K.  ' 1 - 

From  (i)  \vc  have  FJ=«/rJ  (lfal)+C  , 

A*~o*F*  and  C=  rs-0»/a*)«{a*F*-/0/«* 

•\  From  (i),  we  have  • ’ r • 


or  - %<  ni*  . . 

ItfOl  aU'*  <?F*~ 

" . isr-isw  «-'••> 

} ‘'Now  here  the  central  acceleration  is  ^/(distance)*. 

‘ • The  acceleration  at  a distance  x from  tbc  centre  of  force 
« given  by  » ~ or  v </»».«— /**“*  dx , ' ' * 

>'•  v </*=»'— ji  | \ x~ 5 dxt  whfcreF,  is  the  velocity  from 

...»  , * j * j*  ^infinity  to x>=a 

or  W=x[i«**^-=/i«a*  -or  i n'r(‘/°V  \ ...(,•») 

Now  two  cases  arise  according  as  F<or>  velocity  irom  infinity 
he.  according  as  F <or>'F,  . • ' 
i.e.  accordingas  F*<or>  V*  or  F*  <or>  (ft/n*)  ffom(lH) 
ft.  according  as  n’F1  <or>'/*. 

Case  1.  *-lf  a*V* c/i,  then  from  (i'O,  we  have  , . 

Iu  ■ S fij)  ) f J ' ! I ’ (Note) 


Integrating,  re  have  cosh'1  (au)^  Q+Cit  ^ 


(W) 


» »>  convtirt  of  integration'. 


30  Dynamics 

Initially  u=l /a,  0=0,  V Cx— 0. 


Initially  u=l/fl,o=u,  . w i 

/.  From  (iv),  we  have  an  - cosh  ^ ~ ay  J 

rcosh[yj^)o]=fl.  v ; 


Case  II.  . If  then  from  (ii)l  we  have 

/ dn' 

' rfO 


r-5) = vo-^V  ; 


—a  (fa  ■ s/(n4»-pV,,n  !!'•’- 
Vfl-a'a»)’=  o'' 

jW i2zde4ft. 


i . 


Integrating,  we  have  cos"1  (ou)> 
where  C,  is  constant  of  integration. 

Initially  u— 1/a.  0=0,  # 1 

j.  From  (v),  we  have  au  =cos  * J 


..(v) 


0^*==° 


Hcncc  prDl 


jved- 


icncc  r- 

L aK  ' 1 , r3 a*y,+8^  , 

Ex.  9.  A particle  mores  order  a central  f°r“*  tbe  •«•*«  0 
It  is  projected  from  an  apse  at  a duta.ce  , » apsldal  «>•*’ 

force  with  velocity  sf(10X).  . Shon.h.l.the  ^cood  P 
Is  half  the  Brst,  and  that  the  equation  to  the  pa 

2r=o[l+secb  ^j"|  ; “ ‘ 

Solution.  The  differential  equation  or  the  path  H 
....  c _ . R/7U*1.R1' 


i +„_  F..  , where  F=\  (3a’i/*+8eu'l.  6,V'D 
-Mt  /i’u' 


d7U 


•jtu  ‘ X f3oau,  + 8ou*l 
4-11=  -■  eng — ' — 


35-,+t‘“;:^Th?- 
rd’u 


Mrf? +„Vmjo’u’+8o].  . 

or  * I d8*  I , . ....  it  pet 

Multiplying  both  sides  by  2 rfo/rfe  and  .ntegr.lt  g. 

where  C is  constant  or  integration. 

Initially  r-,u  or  u-  I/O.  duWO«0  ard  r - s/<'n  > 
!0X-/»Ml/«,l"2Xfl  + 81+C 

or  lOdi**  un-i  - s>- 
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From  (i),  we  get  !n„*x  [(rf„/rfo)>+o>].=2i  [<A.>+8m,]-8>. 
5<J>  t(t/o/rfO)*+e>]=oV+8mt-4 
1 


^^1-a’uJ+8a;|-4 


-u*=>  [oV-f  8au— 4— 5o*«*] 


=[aV-oV-4a,u,+4ou+4ffu-4J/Ja’  (Note) 
=■[0*0*  (at,- 1 )-4au  (ou-I)+4  (ou-  |)]/5g< 

_ f«t"  - f lio’ii*-  4m,  -t-4)  fair  - 1 V an  -?)* 

5os  - ~5-s 

<#0  ^ (a»— 21^(00-))  . 

<M  “ , ■ rVS  , ■ , ..  (ii) 


_1_2 d"  ( ,1  .. 

' (au-2)v'(au- 1)  ~ or 


2'  = ' dO. 


(7^l)>  V51 

puttings—  1 «=?/*,  • a du=2t  dt 

2dt  J 

■ (t’-o  “ vsda' 

Integrating  we  get'2  tanh-rr^lO/v/Sj+C,.  ....(iii) 

Initially  u-I/i,  ,=o.  Also  0-0,  C,-0. 

.Fr<™  OH)  we  get  2 tanh->  r»0/v/3  or'r=.tonh  (6/2^) 
Now  cosh  — „ i+tanh1  W2\/n  I+r* 

V5  l-tanh'l(l/2V?)  . H7;  * 

' - ■ ‘ s * V. , r=taoh  (OI2y/S) 

as 

=n  (<W|)/(2— Gtt)  , , 

•*ech  (0V5),  V »**!/' 

. 2r«fl-f-£rsech  (9/^/5)=ff  il+3ech  (6/\/5j]  5s  the 

required  equation  of  the  path.  , - 

Also  we  know  that  at  an  apse  </u/o’n=0. 

?\  Fr°m  fi>)  at  an  apse,  we  get  fo«-2)  \/(au- 1)=6 
'•  *u<=2/a,  1/a /e  e=e$o,  o. 

Thus  the  other  apsidal  distance  is  $'a  as'one'  apsidal  distance 
firet****  ^ence  the'other  apsidal  distance  is  half  of  the 

^ Ap,rtlcle  SabIfCf  to  a central  force  per  unit  of  mass 
JL  '‘-a  2 Q is  projected  at  the  distance  a 

TC  J (vV)  a in  a direction  *t  right  angles  to  the  initial 
* *ce  that  the  path  Is  the  curve  r*-a*  cos'  6+h*  sin*  0.  - 

1 ' ‘'"ji-’r  tj>  . . ,:{Rohilklumd 90) 


2— ou1  ■ j.  _ 

— psech  (0/V5 ).  . or  ?r-C?  •, 
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Solution.  The  differential  equation  of  the  path  Is 


M +u~  L * whcrc  <2  (a'+b')v'~l3'W 


dW  /,V  ‘ wncrc  ' 1 K T< 
(T'u  - m * ,t  {2  (o'-hP)  fc»+3aW) 
r/01  ***  AV 


*1$  J uj  -i*  (2  {«'+»’) 

Multiplying  both  sides  by  2 dufdfi  and  integrating,  wt  get 

r*«A*  ((rfu/d0)*4u*3-2/.  (2  VJ+C  “ ‘ 

Initially  r**a  or  u~l/a,  <&//J0«O  and 

.•.  From  (i),  we  set  ~ «A>  £-•  J [—£-  ~ ? J 4f' 

[ o'  u‘  u‘  J , 

J.  From  (i),  vve  cet/i  j 

fo! +>*)<•• -o*4  V 


Putting  «-  i.  or  --  J-  ^ in  (ti),  '«  S'" 


• I o*M  1 

'IrfO/  r.  ,* 


r*  (*/«)«-<■•  («'+W-»V-t‘  No(t) 


= _„'A*_!r>-J(o«  '•A'H’+tJ  <“■ 
-Ci  (<t'-A>)]>-[r>-}  (a’-l- /’’)}’ 


vTO  (n>-A’fj*-(r>-i  (n’+A5]]1)  3<,8_  ' 

■VUi  <^£‘W-T'l  ^ putting^-} 


' n ' ‘v  2rdr^ 

or  ■ cos-'  [2t/(u«-A')]=2»+C,.  , ’ ..  '•  • -<"l! 

Now  when  Q*=0,  r«<T  ie.  /»o»-  j i 

From  (in),  we  get  cos-1  (I )=04C,  or  . Ci*=0 

From  flitl,' we  have  • * ' ' * - * *.  »■  ■*, "* 

' cor-1  [2//(a*-**))=20  ’ ,*  6r  ‘ 2r  =(«*-Wc0S  20  , 
or  ‘ 2 [r*— j A*)  cos  2$‘  ” ; 

or  2r*=o*  < 1 4 cos  20)  J- A*  (1 —cos  20) ~a*  (2  cos*  6) 4**  (2  650  ' 
or  r*=  c*  cos*  04  A*  sin*  0 is  the  required  equation  of  the  path* 


39/CO/3 


Solved  Examples  on -Apses 
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**Ex.  H.  A particle  moves 'with  a central  acceleration 
it  is  projected  at  z distance  a with  a velocity  \/(25/7} 
times  the  velocity  for  a circle  at  that  distance  and,  at  an  Inclination 
tan-*  (4/3)  to  the  radios  vector,  show  that  its  path  is  the  carve  ^ 

-~r  > ,r  -'v-;  ; 4r*pfl*=3^*/(  1-6)*.  . / - U - 

Solotion.  Let  tx  be  the  velocity  for  a circle  at  distance  a. 

<>  \JL'  *■'  >'  ' 
Then  we  know  • — = normal  acceleration” 


,f 


lilt  -ll  t f 1 ^ t fl*  i 1 .V  . ‘ I , 

•i*'=su  It  — -o-.  -r  >■ , at  a distance  a /K,  . . 

a (a5-, , .8  , J.:, . *t\,  - (Note) 


..ali-ZfcM 


'velocity  of  projection  of  the  particle=V(25/7j  vi  (given) 


Cl) 


Now  the  differentia!  equation  of  the  path  is 
( Vi *■'  +“=  Jfip  .'where  f=fi  (u‘-Jo*u’) " 

- &+*- 

Multiplying  both  sides  by  2 du/dO  an  cl  integrating,  we  get 

t’-r  [i^-iTi/ejayj+c,.  ...(«) 

Initially  rs3fl'/.e,-i/=  arid 

. 'V?0  initially  *'4''  ^tan-’  (4/3)  (given^  “ r * *, ' ^ ’ 

°o  so  we  ca’n'provc'that  sin‘^=4/5:! 

V " v*~  .Initially  from  "p»r : in  VVweget  \ J ' \ -..(xiO 

wberep,  is  the  initial  vaiue  of  p.  * * ‘ ’ ^ * 1 1 1 

(S)V- 

*•  (air''- 

•* • Trom  (1*0,  initially  we'  haveV~  ’ • " ' "• 
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(du\’  , , . a'u>  af<f  4 

Irf-J  +“'”-4—  -4T+3? 


Putting  u » 1 /r  or  dtr/<f|-*(— |/rf)  (</<7d0),'in  (iv),  we  Srt  ( 


r4\rfo)  ~ 4r*  45?7«+3a*°r  r Irf?  ) ^ 4S 

dr  48oV*  fjjjj'™i:!aV-o<+64r,-48aV  . 


<£- f 


=r64r*-,*).f-lVr>fc'-4r')  „ 

=(4r’-<i«)  fl6r‘+4a’rH<T,)-13a''  M'  ' 
*=t4r'-a')  (I6r‘-8iiV+<H) 

=(4r*-o«)  (4r,-n’)'=(4r,-fl*)’ 

4V3  or.^-=(4r>— fl*)’/',  latine  scuart  root  o'  both  > * ■ 


4v/3  or  </'■ 


•v/3o  dt  _ 


(4?*— «*)*/*  D“y  c 

putting  4r*-  0**=!' 

Inte  rating,  we  pet  3^- » ...(*) 
Initially  0=0,  r—a  fl,»3o*, 

•••  • From  (y),J^  <i  ( - i3)=B+C  - or  C- T 


•*•  From  (»),  we  have-  WO-1  or 
or  3o’™n  -6)'(4r,-a’)  or  4r»-o,=?o,/(l- B)’’ 

is  the  required  equation  of  .the  path.,  - .j  . ♦•*  ».  " ■'<  , ,.«e 

Er.  12.  Tf  the  law  of  force  be  rfu*  - V *' d . the  *\  to 

be  projected  from  an  apse  at. a distance  5a  with  velocity 
y/(S  7)  of  that  in  a circle 'at  the’same'distance,  ,rbow,  tb*t  _ e; ; 
h the  limacon  . t~a  (3+2  cos,0).  > f ^ 

Solation.  As  in  the  last  example  we  ran  'show  that  d *j 
the  velocity  for  a circle  at  the  same  distance,  then  rl  , 

1 »»*  “ i:  MO  a i/ 

5a  "’'‘lfre?  . ,97  (5yi>=r  , ■ ;-■■■■'•  /: 

-.Ml*'  J.  : 10al  ' ''  - ‘ '■ ' 35fl  ' r / - 7 M. 

or  ’ “rsSpi  “ I T 65?'  TMW' 

If  V be  the  velocity  of  projection  of  the  particle, , then 

’=  «'  ’■’“ifif?,  .:••(» 

Now  the  differential  equation  of  the  path  is 


=s-I 

■,_5 


Solved  Examples  bn  Apses 

.iS  fc»|2  («•-.* 

do* : 

-i! '+1,0= 
do*  * 
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ti*p* 

«u-  orn'15u-  - 

Multiplying  both  sides  by  2 </«/*  and  integrating,  we  get 

v*=fts  H"3— C10/9J  “ i“*J+c  -CO 

Initially  #«l/S«,  */<M»0  and  t-rfQ&fb  flom  W 
From  (ii),  we  get ' • i 

& {sfe-I? X ISi*}  +c 


au*), 


and  C= 


215? 


♦ 2/» 

' 125*1 


*]- 


Uo. 


i i (!' 

uuuu-  j/jj1  3 ‘13  1 ( 25o*  1,9.  ■ t , 

•••  From  (ii),  we  bave|j{(;|) 
or  Udld0)'iu'=2a[3^-\m‘,\.  or  (^/u/t/0)'=(inn,--5nW-a,- 
5 .Putting  uii/r,du/d0=(-rl/rWdO),  we  get-..  - 

1 (dr\*  «o_5o'f Srl-~  ■' 

, ...  r*'</0_>  r‘-,  r* 

{ • (i/rfej*  » 66f~Sa*-r'^4a'~  (r  -3o)* 

-dr 


tt . 


(Note) 


V((2a)«^(r:-3o)lJ 

Integrating,  we  get  cor-1  ((r-3a)/2aJ«8;+C,{^ 

Initially.  r=5a,0s=O,  ’ ’ C^O 

So  we  have  co  3tf)/2o]*a0  .or  r-r3o<=2acos 

or  r«n  (3+2  cos  0)  is  the  require  .'  equation  of  t be  pat 
*Ex.  13  A particle  sobiect  to  /force  producing  an  *c& 
tlon  m (r+2o)/r5  towards: the  origin „H  projected  fom- 
(o,  0)  with  a velocity  equal  to  Velocity  front,  loSai  y . 

COS-'  2 with  the  initial  line  ; show  that'  the  equation  to  tbc  path 

if  , \ 2_  x-  a (1+2  sip  Oj;  r ;*  j v 

' Solution!  The  differential  equation 'of  the  path  is  . '. 

d*u  t V-'0:  ’ ' “>>+20)7^  (^+2flus) 

^••Whcrc-Fr  f» 

or  +u-  £j"!±2m|S> 


(u*.+2oS*J.~’ 

»*  -WiV  '*  ^ \d&  ‘ J ' . . ’ .V. 

Multiplying  both  sides  by  2 rAr/rfO  and  xntcgrnt'Og^we  ^ 

n-A*  {(~y+u*| ~2n  iot>]+c  ^ V • W* 
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964-44 


Now  the  velocity  of  projection  of  the  particle  is  equal  to  the 
velocity  acquired  by  a particle  in  failing  from  inCnily  to  the  potei 
of  projection  under  given  acceleration  and  let  »,  be  the  velocity 
thus  acquired.  ' - , 


dv 

7 dx  ’ 


(Noli) 


‘[??  + 5“] 


«r  ■ - 

o;  «--*[- 

, V-JWPa").  • - - • 

Also  from  "p=r  sin  we  have  initially  p0=<r  8,n  &•’  * 

where  Po  and  ait  the  initial  values  of  p and  4 which  have  their 

usual  meanings.  (See  Autho.s  Differential  CrfcuW 

Now  ^o~cot~s  2 (given)  or  cot  ^0=2  -A  sin 
P,='o  sin  s40-n/v5  \ 

Also  we  know ~ = J-  + )’=»’+  ■'.(£ )’ 

; /.  Initially  (</i//</8)*+u**  -1  > _A,  from  (ii) 

. . r P*\  r-  . 

..  From  (i),  initially  we  have  ■ - 

(S^  “f  f?-] +2'‘_f55!'+,  2^+  c-,  ’ ‘ , . - 

, V Itt~pf3a  and  C= 0.  ^ < 

. From  (i),  we  have  ^■((^)’q-i,eJ=2pH«5iHea'] 

or  rj  (</»/</0)»=2oii»+3a'ii<-ii*  ' . .■  • ,< 

„ > f*Y  2<r  , 3a1.  . 1-  ‘ "l  du L£ 

“?C-.P"t“"<  .Tjlrfe  7 ‘'8 

or  (dr/d0)1=2ar+3a‘—r^4<t1-(r—a)"  ' " ‘ 

°r  . , , V[(2a*(r-a)Sr,”'^?:. 

Integrating,  we  get ! sjn~l  F(r*-fl)/(2«)j=0+Ci.'* 

Initially.  - 0«*0,  r=*0. , .*.>  C,«=0.-  ..  ,,  • ,,  *'  *- 

A ain*1  [(r—a)}2d]=B  or  r~o  «2a  sin  6 ' 
or  r— n (|  -f2  sin  0)  is  the  required  equation  of  the  path. 


Solved  Examples  on  Apses 
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**Ex.  14.  A pirticle  describes  an  orbit  with  a central  accele- 
ration fii^~ to*  being  projected  from  an  apse  at  a distance  a with 
Telocity  equal  to  that  front  infiaity,  show  that  Its  path  is 
r^a  cosh  (0/n),  where 

‘i  s*$\  '.  ■ • u*.  ‘ • (Garhwal  89;  RokHkhand 92) 

FVove  that  it  will  be  at  a distance  r at  the  end  of  time 

XRohlikhand  92) 

Solation.  The  differential  equation  of  the  path  is  i 

. . . — . jju  - ' \i  f,  - ~ • ‘ ' " ..  ' ’ 

30*  (given) 

w - : 

Multiplying  both  sides' by  2 (dufdO)  and  integrating,  ty?  have 

where  C is  constant  of  integration.  '•**•  "*  * * 

Now  the  velocity  of  projection  of  the  particle  is  equal  to  the 
velocity  acquired  by  a particle  falling  from  infinity  to  the  point 
<>f  projection  under  given  acceleration  and  let  be  the  velocity 

thus  acquired.  \ t , V i*  * - V) •*  ' ’ '■  t V-'  i • >'  “ * 1 

- ^1$°  acceleration  at  any  point, is  given  by.  ,f*;  i .»•*;  . * - 

' r'  (Nf»> 

or  .^u(-£+£)i  _ 

°r  ■ ;..oo 

? k „ * .Thus  we  have  initially  r— a 'oT,u=ljd,  <f«/<f9=0  'and'  v— »v 
given  by.(h).,,r %t  d ,3_,  h S[.s  r. ^ * *•»  cy 

■i'A^om-{'0,  Ve  w'.V-*5  “ E*  ?c 

C=o  1 »nd:.;,SA>=7.-(>/2 a»)' 
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*•“?  »>■»*«*  £[(£)*  +y]_n, 

[(du/i/O)’ + u»  j = - XaV 


-}XU* 


(n’+o  u'-u’j,  V X (n'+l)- 


.2a*(» 


$)’= 

Kir- 

(r> 

r*  WO  I 


■^(1-aVl 


C/f’)  fl -laVr'il  \ . J_ 


Ju  1 * 


r *-rfO 


•a*) 


dr 


»sb'  (0/nj  is  the  required 


n:H  - UI  . V(r*- 
Integrating,  cosh-»  (r/a)=(0/n)-f  C,. 

Initially  r*^OaO,  so  c/»0.^ 

•*.  ^sh'1  (r/a)=0/n  or  r=a  cosb' 

equation  of  the  path.  , 

■ Second  part : Do  yourself.  • , 

1S  tn*  orbit  the  force  is  'pu*  (3-J-2a?«*)  I iftbe 

particle  be  projected  at  a distance  a with  a veJadtyVfV**)  ia* 
uirection  making  «n  angle  tan~t(J)w|th  the  radius,  show  that  U* 

eqnatiop  to  the  path  Is  r**a  taii'e.  • . J " - 

Solution  The  differential  equation  of  the  path  is 

. : ..where  F*=pu%  (3+2a,fc,J 


i +«-  cTr 


F " 


S+«-«£fisafic 


...O') 


* / • .* » 
Multiplying  both  sides  by  2 rfu/rfQ  and  integrating',  we  get 

. * r*=a*  l(Ju[dO)*+u']~fl  [3u»4-qVJ+:C 

, - Also  from  "p~r  sin  we  have  initially  p0=*a  *sin  +7  wbcr* 

P.  and  *e  are  the  initial  valuea  of  p and  A which  have  (their  usu" 
meanings.  t J 'f  J \ , '(Sec  Author’s  Differential  Calculus) 
Now  ^=tan-1  1$),  given  or  tan  <£,«=  j ^ ' ' sjn  I fy/S. 

•>  P.=«a  sin  *,=a/V3-  f ' ...(>>) 

*'*.  I'*,  1 ( dr \*  J.  . 


Also  we  know  that 
Ax  * Initially 


— — JL'i  1 /rfrV  7c , du\* 

p1  r»  T^lajJ  ~u+{dii) 


+«** 


* f?.  from  (itj  ; 


Solved  Examples  on  Apses 
Also  initially  S«vcn.  : J-  >• : v 3 < • - 

From  (i),  we  ge'<  n J l+V j [31F+OVJ+  jj- 

. U)  ”^+,,V+5'-  .7"  
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(38  V 


~ 7 db:  s 


t(^) 


<=d9 


{Note) 

(Note) 


or  ' ’cPs-*(tf*)«e+C1.  ,1'  ' - 

Initially  B=I/a  and  let6=ijr,‘so  that  C^O. 

A cot~*  (ua)=Q  or  o«=«cot  0 or  r=*a  tan  0 is  the  required 
equation  of  the  path.  . / } . k'"r 

Ex.  16.  A particle' is  projected  from  an  apse  at  a distance  a 
o^ith  the  velocity  from  infinity  under  the  action  of  a central  accele- 
ration /*/r**+*.  Prove  that  the  equation  of  the  path  is  r"— o"  cos  nO. 

*"  " '•  ' ' =V  , (Meerut,  87) 

Solution.  If  v be  the  velocity  of  the  particle,  moving  under 
'he  action  of  the  given . acceleration,  at „ a distance  from  the 
centre  of  force,  then  ^ negative  sign  shows  that  x 

decreases  as  time  increases.  1 •,  . . ,.i;  * 

' ’ If  K be  the  velocity  of  projection  at:  anapse  *ta  ^*s_ 
<a**e<lhen  {rvrfr-fP  dx  ‘ : ’ l'": 

*-J’  ■ Aria  ft. 


RJ_.T  *»•-_- 

2n+2L3^J«-  t2«+2)o,"^;i 


' ^“P/Kn+Do^f^.^  } 

Also  the  differential  equation  of  the  path  is 

?'*  \'r.  ^ 

<0*  . . . . 


, ...(*) 


Here 


"Cv'  From  (ii),  werget;  **«' 


<ft*T7~;AW,  •'*** 


Multiplying  both  sides,  by  2 <fu/d0  and  integrating.  we  get 
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where  Q is  constant  of  integration.  ' ’ 1 ‘ 

Initially  r=»o,  i.e.  u=»l/a,  du/d0^0,  r=*K  , , 

•••  Fr°m  om.  [?]  - jgi-J*  +c‘ . 


(n+l)  a1—  -''’(ot)  “ (-„+l,i» 

^a,"M/[(n+l)  a1"]  and  Ct«0, 

From  (iii).wc  Sel 


4^-3^  +C„  from  (!) 


fS+B 


Now  H=  -*«,* 


(duydO)*-f  t/*=u**+*  <**«. 

dr  ... 
dO  r*  dO 
1 fdr\ * j ' 1 tf*"  ' 
r*"+* 


M 


F«”n(iv),  2. 

:(%Y 


dr 

d0  ~ ***  r=T  ' v* 

• Potting  r”~R.  we  get  nr"-1  dr^dR.  r 


-±  — ' or  : 


y*-1  dr 


=d0. 


From  (vj,  we  get  - 


-dR 


,Ti  “» 


WUfV-Jt’] 

Integrating,  cos-1  (i?/fl")=n0-f  c*  or  cos’*1  XrJ*/o*)=o9+Cl' 
Initially  r=*a,  8«0,  r<c=0.  •"  5 

'Cos-1  or  r"=«<j’*-cos  «0  is  the  requited  c<lu 

tion  of  the  path.  . * _ '}^  . . *j 

•Ex.  17.  A particle  is  acted  on  by  a 'central  repnlsir*^°r^ 
which  varies  as  the  nth  power  of  the  distance)  If  the  *-  reloc  " 
any  point  be  equal  to  that  which  wouJd  be  acqnired'yrt  /alii0? 
the  centre  to  the  point;  show  that  the  equation  io  the  path  is 
form  cos  i\n+3)  6*=constant."'i  ” ' 

Solntion.  According  to  the  problem  the'velocity  of 
tion  is  equal  to  the  velocity  which  would  be  ‘ acquired  in  »*  ^ 
from  the  centre  of  force  to  the  point  of  the  projection.  Let  F ^ 
the  velocity  of  projection  and  a be.  the  distance  of  ( the  -point 
projection  from  the  centre  of  force.  ’ ' 

Now  the  equation  of  motion  of  the  particle,  falling  rroca 
centre  of  force  is  " , r »';,**  ’ 
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. * , , , ' 2jw***  ..  **  , 

* * « + l - - ■ • n . 

■ w‘^Jii'r"e”,'jLl  'iu.a*ior  °f  ,he  p?.«>  ^ 

do*  ~^u=*  jtipi  * where  JT«»— /*r"s= — tar*w 


d2u 

'dn* 


+«= 


, —tar* 
h*u* 


negative 'sign 
' '7j*  ' • *j ' 


..•(0 


(Note) 

repulsion 


n-u‘  /,* 

or  ' ,,  f d*it  ,1 

, * I rf0i  +UJ  “ — /ur*-» 

Multiplying  both'jida  by  2 a**'  «nd  i„,egra.i„g,  wa  have 

w.  +c; 

l>«e  e ■,  coDMaot  of  integration.  • . •■v- 

Initially  v=rgiven  by  (i)  and  r=a 


.(Hi) 


: Fr»m  (ii),  wc  gc,  (/.„  V*'  r 

. • ' ■ = ' . 

or  2/tan+l  f ( 

. «+t  * -fa+I)  *c>  fr,oni  (>)• 

" C=,0andfrom,(ii),  webavc 

\ trfa/  1-  2,1 ' . - • /'M* 


■(Note) 


_ 2A 

(n+I) 

r -f--  - • (du\*^  , ,2« 

*-(n4-l)  ifM-l,  r ( <yo  J 

' "bare  X*-  At-r2,‘ 

t X*  — y'fl 
-dz 


- u * 


4 \ / dtA*  ' ’ 2 

- i ,J'W  ;"=??.  -«*,  where  X*r 


-£/»+>)/*  fh,  , 

7»*=S^  (Nole)  •'-  (.H) 
- ---  1 . v'l**— z*)  **$  («-f*3)  </0,  '■  putting  z 

InteSraH„l  " l V*  ' v '•  («W)  «<**<■ <*>-*. 

Chi  i v;  *™  CM~!  «*>-»  (a+3)  o+c,.  - 

•••  COS-.  <IA  “ ■>*’ a way  th'ai  C.-O,  •' 

>r.  , »i"+3)  0 or  *=*  <=°>  tt  (»+3)  0)  - 

>r 1 ^ r(*+i)/t  ^ - ~“A  ct»  (i  (n-f-3)’  0),  where  «=»l/r 

Ex.  18.  a b f G}=l/X= constant.'  • Hence  proved. 

’(“/(distance)1  and  Js  mass  m moves  under  a central  force 

Projected  at  a distance  a from  the  centre  of 
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force  with  the  velocity  which  at  angie  a to  the  radios  w old  be 
acquired  by  a fall  from  rest  at  infinity  to  the  point  of  projection, 
prove  that  the  orbit  Is  an  equiangular  spiral.,  . , * 

Solution.  Here  the  velocity  of  projection  is  given  to  be  tfaa 
which  would  be  acquired  by  the  particle  falling  from  rest  at  in- 
finity to  the  point  of  projection.  Let  V be  the  velocity  of  pr°icC' 
tion. 

Now  the  equation  of  motion  of  the  particle  falling  from  rest 
to  infinity  fs  mv  ^ or  v dv=*—j*x~*  dx 

■ J>*~*  £*■■**,  °t 

Now  the  differential  equation  of  the  path  is 
d*u  F u ' i ' 

dU‘  +u“  whcrc.  F=  ,,-  -(.u3  (given)  , , . 


or 

' Multiplying  both  sides  by  2 (rfu/rfO)  and  integrating  we  get 

,’-'’,[(s5)’+"‘>2'4  +c-  ...oo 

where  C is  constant  of  integration. 

Initially  and  u**l/a,  where  u=l/r.  “ 

/.  fn~ £ +c  o'  £ -.  $■  +C,  from  (i) 

' , C«0  and  so  from  (ii),  we  get  ■ , 

1 ~ v'nh1  ' *'  ' .'..(iii) 

1 1 , l/dri*  ' fduS* 

Again  we  know p - p (if) 

Let  p9  be  the  initial  value  of  p and  also  we  know  that- 

p9~r  sio  ^ and  initially  r»o,  **a  (given)  ^ 

p,»-aiin«.  ■ - 

...  - From  (iv)  .he  initial  valur  or  i,  - jr^T. 

• From  (iii)  initially,  we  have 

*in'«I  or  (j/o'-*1/  rom(i) 

H-p  iin*«  ’’  ' ( 

. (iii)  retJnc  ({rfu/rf! j)*-( 


or 


» U1 


cot*  * 
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- Integrating,  log  (cot  a)  D+Cy  •. 
where  Ct  is  constant  or  integrarion. 

^Initially  u=l/a  and  0—0,  ’ Cy=log(lla) 

»*.  From  (v).  We' get  log  tt=*—  (cot  log'(l/a) 

or  • log  (au)=— (cot  aj.B’or  au=e~ltot  *ha 
or  fl/r='e*'lco,  >>•*  or  r=e  e* tct  which  is  an  equiangular  spiral. 

Ex.  19.  A particle  Is  projected  from  an  apse  at  a- distance  a 
with  a Telocity  from  infinity,  the  acceleration  being  >i«7,  show  that 
the  equation  to  its  path  Is  r* «=<i*  cos  2B.  .•  ( Purvanchal  90) 

- Solution.  :'As  in  last  fexample,  we  can  have  the  equation  of 

motion  as  y ~ = — Jt  or'  2v  2y.x~1  dx 

> dx-  X?  . • . , « 


.*.  jK  2v  dvw— j XT1  dx, 
where  V is  the  velocity  of  projection.  ' _ ( \ - 

", ' . . ...a) 

Now  the  differentia)  equation  of  the  path  is ; 

• 3$ .+“=  i?p  ■ 'vherc  (S‘ven). , 

w ' * - 

Multiplying  both  sides  by  2 duJdO  and ' integrating,  we  get 

where  C is  constant  of  integration. 

Initially  y given  (jj  and  w«l/<z.  Also  at  an  apse 
**.  From  (ii),  >ve  have  (!/«*)+  c' 

” " ' &~^]=&+C.from<i) 

•*«  h*«i --'and 

* ! a - • 

0r  ' t*/<U)«+«>-a'i.*.  or  -<Ui> 

Also  ut=ifr  . du  - 1 dr 

Substituting  there  values  of  u and  rfv/dO  in  (lii).  « S'* 

1 III'  \'  a<  I 
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or  ~77m  ^ =20’ whefe  r=r*' 
v V(c‘— :-) 


Integrating,  we  have  cos-1  frfaJ)=2fl+Ci.  . . 

Initially  r=*a  i.e.  z*=-r*—a?  and  0=0  (say)-  Then  i 
•.  TOS-1  (i/o>)=26  or  r=o>  cos  20  or  rWcosZB., 

- Hence  proved 


"Ex.  29.  • If  the  •cetlcr»!ion  it  i distance  r is  n’r' 
particle  is  projected  at  a distance  a from,  the  centre  of  0IC* 
velocity  vr(;t/2fl<),  prove  that  the  orbit  is  a circle  thtnog  ^ 
. diameter  a coscc  a,  where  a is  ’ the'  inclination  of  the  oirec 
projection  to  the  radins  vector. 

Solution.  The  differential  equation  of  the  path  is 


+*-  • 'v>>erc  F=  =l‘“*  <6'veo>  , 

Multiplying  both  sides  by  2 ifu/dO  and  integrating,  we  &aVC 

where  C is  constant  of  integration.  * *v* 

Initially  r«o  I e.  u=l/o  and  given 

Ah0  wc  k"0'v  F - ,-r  + F {%)'*■  “’+  {x)‘  •••<«) 

Also  let  p,  be  the  initial  value  of  p.  Then  from  (ii)  we  $et  lbe 
Initial  value  of  +“*»•  y£i>  where  />,= initial  value  of ‘r^°^ 

■ ~H(a  tin  *)*,  •.*  andr-flO0^^!^ 
From  (i)  initially,  We  get  * . - * , *'  / 

Sin*  «)/2«  •** 


From  (i),  we  get 


Now 
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Inh^n"'”8,  ®Ct  *°r*  W « «»ec  a)]=o-f  c . 

The  e„r,““lnd-°:,::“ (S3y)-  The”  (Note, 

centre  of  ■ 1 through  the  pole  (/.<?. 

Ex.  2.  * i,,.,..,  Hence  proved. 

le.  P««cle  is  .teestoo  ' , '*taral  lenS,b  a*  initially 

's  Projected  horizontally  i„  , ?•  . "',h  ,hc  s(r'"Sjvst  tight  and  it 

”'lb  a kinetic  energy  Jiff  ,?10"  P'V'^ie-lnr  to  the  string 
*mt  its  extension  k\ahJ2  p lbe  p°tcn,lal  energy  of  the  string, 
*”ee  is  eqnal  to  3lI  . , P 0Te  tbat  the -second  npsidal  dis- 


Solution. 


Tension  ,n  the  elastic  string  when  its  extension  is 

3“/v'2- 


_3X 


J.V  *7  . J 

"a  • * by  Hooke’s  Law 


Now  not  ■ V2’  Wber?-*  15  the  modulus  of  elasticity. 

“Hsnm  onho  v'7y0f‘h'-S,rinS  'I 

-}ro+?X  1 3n  ndflMl  ten5,0DS) * extension  produced 
={9/4,  a/2^  V2-  lil,CC  inili«Hy  tension -0  ■ 

““'j ' 'rhC  *b™  its 

Now  it  is  giyoo  ,,  .“e" ,s  ,bt  “ass  of  the  particle.  - 

•t  ‘J'0?  !”  Wc  ba™  Jme/lt'l  “"at-potentiai . energy  of 

-fij . 

“ h'u*  * where  wf  - L*  ' 


(r-o)  /7e.  tension  at  the  point 

(Note) 


: x (r--o)iWhw„'b'  *«*'”»«•  »=ngth  is  r 

...  *“ arn  . h*amu,'l  i 

ll"PWnghoih,i*.J..r,‘* 


- ....  - Vd6>  1 / 

- ^hit'plying  both  sides  1 o ^ ”*  1 ' =■  / ••  • ' 

' ,t=Ai  ff Alt.  .y1rf"W°  at'ti  integrating,  „e  get' 

on  — ' A’  ‘ 
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Initially  r=a  i.e.  u—  l/a  and  dufdQ—^,  since  the  particle^ 
projected  at  right  angles  to  the  string.  Also  initially  yn 
by  (i). 

J.  From  (ii)  initially  we  have 


9aX  __  hJ  _ Xo  c 
2m  a1  m ' 


C“7oX/2m. 


2m 

A*c*9tf*X/2m  and  _ 

From  (ii),  we  have  . ’ v 

9a’\]/Ju\'  1 = 2X  r_£. LI  + ^ 

2Srlirie)  +“7  am\  u„  2i/* I 2™  ... 


Also  we  know  that  at  ao  apse  r7ir/rf0=O,  so  from  (in')  w 
that  the  apsidal  distances  are  given  by  - * _•  < 


find 


9c*X 


I*)* 


2X 

cm 


2m 
W 
2- 

9o*«,=4aw  ■— 


(-4.  M,  m 

{_•  u 2if*  | 2cm 

4cw-2+7fl*«* 


(Not«) 


_r'  9ir<«,-7o*«,-4oa42“0  ^ 

2r«-4cr3-7aVJ4-9a,=0,  putting  u**ljr  and  simp 

2r«-2ar*-.2cr*+2aV*-9aV*+9fl«~0  - 

2rs  (r  — c)— 2ar*  (r— a)— 9a*  (r1— a1)— 0 
(r-a)  [2r3— 2cr*-9a*  (M  o)]=0  • 

(r -a)  [2ra-6cr*+4ar*^ UaV-f  3clr -9fl3] ^0 
(r-a)  [2r*  (r— 3c)^-4ar  (r~3a)+3as  (r-~3<*)]~ 

(r-a)  (r  — 3a)  (2r,4-4ar+3a1)=0, 


(No*) 


3a. 


. * i.t  which  gives  r-=  a a^dr  ^ 
, „ But  r=c  is  the’glven  apsidal  distance,  hence  r^3a  .£,^ve<j. 
required  apsidal  distance.  ‘ --  ~ - /Hence  ^ 

*"Ejc.  22  ' Show  that  only  law  for  a ’ central  attracti0® 


.focitr 


• ' L. 

»hlch  the  velocity  Inacircle  at  n distance  'Is  equal  to  rtfjf 

wwtlrnl  In  f.lltnn  f.Mn  tnflnltv  i.  ■ « that  °* 


•qnlretJ  in  falling  from  infinity  to  the  distance  is 
he.  ; , /•,  \ , , f . (jj 

Solotion.  Let  F be  the  central  attraction  and  F—f  W *’  i( 


For  the  particle  falling  from  infinity  under  this  law  when 


_ indertnis  if 

“distance  r from  the  centre’ of  force,  the  e piation  of  mo*i 

'%  - -/Hr)  i ' J?  .(«»■') 
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- Integrating  ‘ v^-^/OO-KV ...  ••  (”) 

wlrreC  is  constant  of  integration.’. 

! j Again  if  v be  the  velocity  of  theparticle  moving  in  a circle 
at  a distance  r,  then  inthe  inward  normal  direction,  the  equation 

of  motion  is  — =/'  (r),  where  p=r  for  the  circle 

P 

l.e.  . v*B*rf  _(r)  ’ 5 - - . ? 

Now  according  to  the  problem  the  velocities  given  by  (it) 
and  (iii)  are  equal,  so  we  have  . r/'(r)=—2/(r)+C 
qr‘  r*/'  (r)+2r/(r)=*Cr,  multiplying  each  term  by  >.  (Note) 

Integrating  we  get  /■y(r)=|Cr24-C, 
or  • / (r)«*C+(C,1/ri)  -■ 


A J differentiating  both  sides. 

2C  - 

A From  (i)  we  have  F*»f'  (r)=  — yg\  or  F oc  1/r3. 

> . . - , . , Hence  proved. 

**Ex.  23.  A particle  acted  on  by  a repulsive  central  force 
ftr/ir*  -9c*)*  is  projected  from  an  apse  at  a distance  c with  velocity 
\/(/*/8c*).  Find  the  eqnation  of  its  path  and  show  that  the  time  to 

the  casp  is  (4/3)rtcV(2/jO.  ’ 1 *-  - 5 _ ! 

Solution  The  differential  equation  (pedal  form)  of  the  path  is 


■ ■ tbc  fom  ^inE  rcPu,sive- 

P*  dr  (r*— 9c1)3  • 


’ >* 


p3  dr 

h'  . 

dP  = - 


Integrating  we  get—  *»  - — ~ 

..  2F  , 2 tr 


9c2; 


+c, 

"where  C is  constant. 


+«.  where  C,=-2C, 
Initially  at  an  apse  p »r=c  (given)  and 
....  'ft  t»-  V - ‘v  • *’ ' 

***  a*=(1/8)m  and  C,«0 
' . **_  „ v;  ^ 

“ p*”  fTT^i +Q  reduces  to— t“gc,_r^ 


48  Dynamics  : l 45/CO/5 

or  8p*«9c*~-r*,  which  is  the  required  pedal  equation  of  tte 
path  and  its  cusp  is  obtained  by  putting  p«*0  in  this  equation. 

.\  At  the  cusp  we  get  9c*~-r*=*0  or  ' r*»3c.  rl. 

We  arc  to  find  the  time  taken  by  the  particle -.in  rnwag 
from  r^eto  r=3e.  : 

Now  we  know  pv=a/t 

or  IL  — — ca  <{■*  & 1 dr, 

p ~~  ~ dt  dr*  dt  cos^ dt 


cos 


dr 

l7t 


hdt= 


cos  d' 


dr** 


- dr 


kdtBa  Vu-tm'v 


VO~»»n*  $) 

p=r  sin  £ 


(Note) 


« -77?— ,T.  Where  8p*-9t>-r*is  the  cum  • 

vlr  — />*) 

...  / V(h)  vw-r*) 

V(rT-T<»c‘-r*jj  * 

V(9u*-r»)  dr  r VrSc’-fr'^c*))  * 
Vl*ri-9c*+r»)  “ ..  3</(r'-c')  • 

If  rY  be  tbe  required  (ime  from  r=e  to  re*  3 c,  lben  we  E 

hdt=iu  . 

J...  3V(r*— -c*)  . - ' 7 ’ I ' ■ ' ■ ' 

V(8c]-8c.  sin*  6)  8c*  sin  0 cos  0 dS  ■ 


3l/(8c’  sin*  0) 


. purring  r1— c*» 


jgtUsiu*  ^ 


, doge*  sine  cos 

rt  |"'*  cos*  9 
3 h' 


f»f*  8 c*  s»n  6 cos*  6 dO 
**1,  3 sin  0 

or  htx*=>\c*  } in  *”  1. 

or  , • /ir^Jnc*  .or  VU/*!  ri=*I nc\.  V /»***}/«  fPf0V* 
or  ti=W(Wi'C*=W(Wnc'.  HcnCCpr°!S,‘ 

•Ex.  24.  A particle  motes  With  central  acceleration  (Mu*+ 
and  the  relocitf  of  projection  at  distance  R Is  V ; sbow  th* 

’ - . n'.  ' 1 


X 

if  7-  it* 


particle  will  ultimately  go  off  to  Infinity  if  V*  > ^ + 

Solof  "on.  The  differential  equation  or  the  path'  is 

d*u  . • t'F  « '»  t 

3§.*+""M T* 

Here  f ^ ()r  t J * 


39/CO/4  ! 
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From  (i),  we  get 
XQV  * **«*  ’ i°r-  A*  -FuJsr/t+Xl/.  r„ 

WSto*. wi  have 

htr.e ^constant of  initiation/  ='  ' ' { ■■■  <»■ 
and'  ‘vUy.*  ’ 


•••  Prom(, ’i),  weget  ^=||Li4__il  ’ 

'd  (i?  “ jf^ajTCj  , r„;  11  < 

35  ""^rn.  yW'-dJer  ;.y  f.  C,~ ..  i v \i,a 

or  jrt±>2  ■ Vl  ■**-*>&  smh, 


■ ^P^^'lfesszn-'  *5n**Z 

^grating, Tre  get  V*  ’^V*  ^ 

i°s  j (u+  _jii )’+)/( u+iv- "c,1*.  ’^_V ' 'yV " v '"■ 5 
;5*  • “»n  <!•  y + x-a*  t*-**/')}  ''  ■••-!•. 

-W  l.r-  . ‘V.  T ''V'ft-A*)  ■:•' 


Now , . ■■•  -"'••••■  i- -i  to-r^W ; ,;.tiv) 

™°,w  at  m5ai,„  w , , ...  * ,.  ' 

* infinity jf  *-  - 0?  rT,®0  soothe.  particle  will*- 

Va“a  of0only  irCl  is  positive,  ; .. 

a , V-  & '■■'•'-»  .1."  • ; r ■ , 

' ^ > 0,  from  (iii)  , . s.  ^ 

’ V ’•** 

£»f'  ~ xst.#  ’ Hence ' proved-  J’jr' 


Jo 


Dynamics 


964-44 


Excrfctses  bn  § 8 

Ex- 1.  A particle -moving  under  a constant  force  from  a 
centre  is  projected  in  ja  direction  perpendicular  to  the  .radius 
vector  with  velocity  acquired  in  falling  to.the  point  of  project*00  . 
from  the  centre,  show  that  its  path  is  (a/r)**=  cos'*  (50)  a°d  that 
the  particle  will  ultimately  move  in  a straight  line  through  the 
origin  in  the  same  way  as  if  the  path  had  always  been  this  lt°c*  , : 

If  th^velocity  of  projection  be  double  that  in  the  previous.' 
case,  show  that  the  pa  * 

$0±=tan“l 
Ex.  2.  A particle 

being  projected  from  n{)<v  ot  « uuwuvw  » ......  

city  for  a circle  at  the  distance’ ; find  the  'other  apsidal  i distant 
and  show  that  the  equation  to  the  path  is  1 ' 

}0»tan-‘  (/v^Ml/VJ)  tan-1  Wit),  i where 3fl ~r)’ 
Ex.  3.  A particle  acted  on  by  a central  force  f*/r*  \ 

ted  with  velocity  vW*»  act  an  angle  n[4  with  its  initial  distance 
from  the  centre  of  force  ; prove  that  the  orbit  is  * r^ae~*- 

, • .•  (Agra  *9) 

Ex.  4.  A particle  of  mass  m is  attached  to  a fixed  point  , W t 
•'a*  elastic  string  of  natural  length  a,  the  i coefficient  of  -elastic!  y 
being  rtmg.  It  is  projected  from  an  apse  at  a distance  o 
velocity  */{2pgh) ; show  that  tj»e  other  apsidal  distance  is  fHve(a 
by  the  equation  nr*  (r— a)‘~2pha  (V+b)=0.  a).’  v . 

Ex.  5.  A particle  is  projected  with  velocity  ‘fon3 

a point  P in  a field  of  attractive  force  plr*  to  a point  O djsta pcc  , 
c from  P,  where /'denotes  the  distance  from  0.\,  1 ; ,~'7c  ~ i • 1 
If  the  ’direction  of  projection  makes  an  angle  45°  with  * * 
prove  that  the  orbit  is  cardioid  and  the  particle  will  arrive  at  ” 
after  a, time  {(3/4)«-2},V(3c*/m).  . . x,  . ..  ,„,j  ; 

Ex.  6.  If  the  law  of  force  is  p (Su*-f  8c*a*)  and  the  particle  : 
is  projected  from  an  apse  at  a distance  c with  velocity  3V p!c» 
prove  that  the  orbit  is  r=c  cos  (20/3)'. ' V.  , L ‘ 

Ex.  7.  If  a particle  is  projected  from  an  apse  at  a ‘ distance 
o with  the  velocity  of  projection  VWfc**/ 2),  under  the  ’ action  of 
a central  force /ui5,  find  the  orbit. {Garhwdl  91;  Meerut  92) 
Ex.  8.  A particle  moves  under  * a centra]  '.“attractive  f°rCC 
varying  inversely  as  the  fifth  power  of,,  the  distance  from  *hc 
centre  of  force.  It  is  projected  from  an  'apse  ‘at  afdisfance  ‘o’  wltb 


V[(r-0)/o]-(l/V3)  tan-1  Vl(r-fl)/3«]| 


moves  with  central  acceleration  p \ 

, _ ■ i ' , 

^ •wii'P  the  veio* 
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velocity  equal  to  times  of  that  which  , would  be  acquired  in 
falling  from  infinity.  show.that  the  other  apsidal  distance  is  a;~. 

Ex,  9.  Prove  that  the  time  required  to  describe  an  arc  of  a 
parabola  under  the  force  (ifrs  to  the  focus,  starling  from  the  axis, 

where  a is  the  apsidal  distance  and  o is  measured  from  the  axis. 

<■  Ex.  10.  A particle  moves  under  a central  attractive  force 
rfrZ-  If  it  i<  projected  from  an  apse  at,  a distance  V with  a 
velocity  {2ja)i/(ftl3)r  show  that  the  orbit  is,/-  cos  (0/2 )=a.  Find 
the  time  from  the  apse  to  r=2a(s/‘l.  . - (Kuwun ' 2) 

Ex.  11.  If  the  law.of  force  be  2/t  ) and  the  particle 

^.Prpjcc|ed  from  an  apse  at  a distance  a with  velocity  y/p!ot 
s ow  that  it  will  be  at  a distance  r.from  the  centre  after  a time 

2^/^  | r y/(rS  ~a>) + o5  coslr* 

^ Ex.  12.  A particle  moves  under  central  force  for  attraction 
^ f per  unit  mass  and  if  it  describes  "an  ellipse  prove  that  the 
square  of  the  periodic  time  is  proportional  to  cube  of  semi-major 


x.  13.  A particle  moves  under  a central  force  of  attraction 
S* Unit  mass*  show  that  the  periodic  time  is  given  by 
VP,  where  ‘o’  js  the  semi-major  axis  of  the  ellipse, 
tation*  ^ Particle  moves  ia  an  orbit  under  a central  accele- 
anri  n ,DS  thc  radiu!»  vector  r ; obtain  the  'equation  of  energy 

angular  momentum.  ' ' 

*fr  CompIcte  following  sentences 
vector  descr^,gsartic!c  is  movinS  under  a central  force,  the  radius 

Us  pSft  vSesaDgUlar  VCf0City  projectile  about  the  focus  of 

hyitflii!6.'  ?h°'v  that  a Particle  can  describe  a rectangular 
and  show  „”d"a  rorce  from  a fixed  centre  varying  as  distance 
Centre  tat..  • ,he  lime  ,l,c  radius  veclor  to  the  particle  from  the 
by  tan  0~,™cS,WMpins  out  =»  angle  0 from  the  vertex  is  given 
1 (rV /<).  where  {t  is  the  acceleration  at  unit  distance. 

( Rohilkhattd  87) 

Mm  *■'' 17- . A particle  moving  under  a central  force  from  the 
'is projected  in  a direction  perpendicular  to  the  radius 
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.39, ’CO/4 


vector* with  the  velocity  acquired*tn  falling" to  the'  point  of  pt°* 
jeetion  from  the  centre.  Show  that  its  path  is  ’*  il  ;i 

' ( T ) •“ C0S*  ( ’J ; * (G'arhwa!  90;  Gorakhpur  92\ 
Ex.  18.  If  the  central  acceleration'. is  . ,/x/r5,  -J”0^ 

Velocities  at  the  two  apsidal  distances  satisfy  the  relation  V\  + * 
s=2A*//*,  where  h is  related  by  the  relation' 

..  ->  . \A'gra  88  i'KuniamfWPunMMW- 

Ex.  19.  A phrticle  moves  with"'  a*  ’central . ‘ 
^/(distance)*,  it  is  projected  with  velocity 'F  at  a distance  A.  , 
the  centre  of  force.  Show  that  the  path  Is' a rectangular  byptf 


if  the  angle  of  projection  is  sin" 


. yll J 


And  the  periodic  time  is  f— — — ] - fpurvanchd  92) 

\ yttrr-  ) /'), ,\.r. 


Planetary  Motion 


§1.  Newton’s  Law  of  Attraction. 

According  to  Newton,  the  mutual  attraction  between  two 
particles  of  masses  m3  and  ma  and  at  a distance  r apart  is  y 'Zj—, 
where  y is  called  the  constant  of  gravitation.  . 

motion  of  all  planets  in  the  solar  system  are  governed  by 
IkLy Therefore  the  motion  of  all  planets  (including  earth) 
°e  suri  or  the  motion  of  moon  (the  satellite  of  the  earth) 
. "te  e3rth  is  governed  by  this  law. 

§ 2.  Motion  under  the  inverse  square  law. 

* show  that  the  path  of  a particle  which  Is  moving  in  : such  a 
,Sr.that  its  accderatlon  is  always  directed  to  a fixed  -point  and 
JfrfJ  m/( distance )*  is  a conic  section  and  to  discuss  the  three 
cases  that  may  arise. 

♦Vi*  *Sl'nc?  thc  acceleration  is  always  directed  to  a fixed  point,  so 
mis  is  a case  of  central  orbit  and  here  • F*=pfr\  given. 

The  differential  equation  of  the  path  in  Iho  pedal  form  is 

. *p»  dr  r~~  r» 

. ...(See  Chapter  on  Central  Orbits) 

r ■ 4p—?s  *• 

Integrating  we  have 

f*  , h'  Zp  " 

V”_7'+c  or  p,-  y+c‘- 
where  e,  is  constant  orintegralion. 

0 wc  “tow  from  Chapter  on  Central  Orbits  that  h-pr 
From  (i),  we  have  v>»*l  =?C+c, 

\i  p*  f 1 1 

pole  of  ei!?™1 °w  ,ba' ,he  P«J»I  equations  referred  to  focus  as 

.nearer  the  Kn, re  Sf  forcia  anti  lba‘  b'3nch  of  byPerboIa  wtacb ■ h 

orceare 


£ 

P’ 


...(0 


"~1 ! 


and 


r+i 


(Note) 


SSStffS  ta'jh  T,Z'£C‘  crKm,:ax“  iD- ,bc 


rectum  in  the  case  of  parabola 
■ 39/PM/ 1 


Dynamics 

find  2a,  2b  arc  the  lengths  of  transverse  and  conjugate  axes  in  tbs 
case  of  hyperbola. 

Now  three  cases  arise  i — 

Case  I.  Elliptic  Path. 

Comparing  .the  equation  (ii)  with  the  pedal  equation  of 
p,  r . *.  we  get  = 

...  . ix 


ellipse  viz. 


and  cjtai—fi- 


-I 


..  From  (ii)  for  the  elliptic  path,  we  have 

• v*«£=2;*  4 f2  n 

T'T^LTTJ  , 

Also  from  [(2/r)-(l/fl)]  it  fe  evident  that 
v'<(2/»/r),  for  the  elliptic  path. 

Case  H:  Parnbollc  Path. 

Comparing  the  equation  (H)  with  the  pedal  equation'  of 
parabola  viz.  p'=ar  te.  we  gct  'sod  fi*0 

or  A*~2a/i,  Ci^aO. 

• » From  (ii)  for  the  parabolic  path,  we  have 

V "“/»*  or*  • p%=ar 

-or  ' , V*~(2pfr),  for  the  parabolic  path.* 

Case  III.  Hyperbolic  Path. 

Comparing  the  equation- (ii)  with  the  pedal  cquat*00  of(6< 
hyperbola  viz.  --22+1.  we  get 

**•  h^fxb^a  and  e,=*^/o. 

*•  From  (ii)  for  the  hyperbolic  path,  we  have 

r 2 11  . • ' 

Also  from’  v*«»p  +jpj  it  is  evident  tnnt  v*  > ~r  A,f  tbe 
hyperbolic  path.*  ’ • 

From  above  three  cases  we  conclude  that  the  equation  . 

• , ’ v*=(2 /g/rj+c,.-  , . 

always  represents  a conic  section  referred  to  the  focus  as  P01C 
(Here  pole  is  also  the  centre  of  force)  and  it  represents  an 
parabola  or  hyperbola  according  as  c,  is  positive,' zero  or  negative. 
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Hence  we  have 

* 0)  if  v1**/*  [(2/r)— (I/a)],  then  the  path  is  elliptic, 

(ii)  if  v’=2^/r,  then  the  path  is  parabolic, 

«ad  (iii)  ifv*«/t  C(2fr)+(l/a)],  then  the  path  is  hyperbolic. 

Also  we  conclude  that 

<i)  if  v*  < (2 fijr),  then  the  path  is  elliptic,  ' 

(ii)  if  v’—  (2/i/r),  then  the  path  is  parabolic, 
and  (Hi)  if  Vs  > (2/i/r),  then  the  path  is  hyperbolic.  . , 

Note.  * The  velocity  at  any  point  is  independent  of  the  direc- 
tion of  the  velocity.  . 

Again  we  have  proved  above  that 

fi)  h'—p  /*/,  f°r  the  elliptic  path, 

(ii)  for  the  parabolic  path, 

and  (iii)  (6*/c)=W,  for  the  hyperbolic  path;  > 

Here  l is  the  semi-latns  rectum  in  all  the  cases. 


Hence  in  all  the  three  cases  we  have 

A*=/x/  or  y/( fil),  where  / is  the  semi-latns  rectam. 

This  determines  the  size  of  the  orbit. 

Periodic  Time  of  an  elliptic  orbit. 

If  Tbe  the  time  to  describe  an  elliptic  path,  then  we  have 

* area  of  the  cllipso  ' 

; rate  of  description  of  sectorial  area 

T nab 

. ...See  Chapter  on  Central  Orbits 

__2nab  2n  ab  * ..  . * * > 

h ••  *-<*»  . , 

« — ' 

. . . . (w j • , • : 

t.e.  T^lhtaV'lVti).  ' (Gorakhpur  III  90) 

Perihelion  and  aphelion  of  an  elliptic  orbit. 

The  point  on  an  elliptic  orbit 
nearest  to  the  focus  taken: as  the 
centre  of  force  (it  is  also  known 
as  the  occupied  focus)  is  called  ’a'( 
the  perlihelion  and  the  farthest 
point  on  the  ellipse  from  this 
focus  is  called  aphelion.  In  the 
adjoining  figure  if  .S'  be  the  occu-  . 
pied  focus,  then  A is  perihelion  (Fig.  1) 

and  A'  is  aphelion.  • * " . 

1 ?,  aPhelion  naturally  coincide  with  the  apies^  of 

the  oibit  and  if  SA^rt  and  SA’=ra.  then  from  the  polar  equstion 
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of  the  ellipse  J/r=  l+e  cos  0,  referred  to  S as  pole  we  get 


r‘-T 


and 


J'=c'  (i-e'J 


i'^cefi-e’) 


I _bVa_a'  fl-e») 

”l+e"=H-e'=  a (I+e)  ’ 

r,=a(l-e) 

1 _&*/«  fl-e’) 

r!”l-e  1— a atl-e)  ’ 
or  rt=u(l+e).  ’ 

§ 3.  Circular  orbit.  • . •* 

If  r is  constant  /.e.  u is  constant  then  the  path  of  the  parficw 
moving  under  an  acceleration  F (saj)  towards  the  oeotre  of  fort* 
ia  a circle  and  the  differential  equation  of  the  path  viz. 


d*u 

»+“•« 


F 

^h'u1 


reduces  to  u= 

ku  - - /•> 

t.e . F-A’u*.  « 

Also  we  know  if  a be  the  radius  of  the  circle  described  by  the 
particle;  then  u=  1/a  and  from  A— pv,  we  get 

. . since  p=a  in  the  case  of  circular  path. 

From  (i),  we  get  FaflW,  where  u«=*l/o  1 

f.e.  F=v*/fl  or  v*»»aF. 

§ 4.  Velocity  from  infinity. 

If  a particle  describing  a central  orbit  be  imagined  to 
. from  rest  at  infinity  under  the  acceleration  equal  to  pftdistsacc/ 

directed  towards  a fixed  point,  then  from  v — ^ , 

1 


we  have 


lr-~  r’ 


dr. 


where  V is  the  velocity  acquired  by  the'  particle  in  falling  fr°m 
infinity  to  a distance  R from  the  centre 

iv'-n  or  * ...(■)• 

Also  from  § 3 above  we  know  that  if  Vj  be  the  velocity  for 
the  description  of  a circle  of  radius  R,  then 

v *F=WFJ 

or  from(i) 

iOf  . F.-0/V2JK  . „ 

Z.e.  « . velocity  for  the  description  of  a circle  of  radius  F 
«=a(l/V2)  (velocity  from  infinity  to  the  distance  R from  the  centre)- 
*•§5.  ^Kepler's  Laws  of  Planetary  Motion.  . ca. 

, , - ( Gorakhpur  ///  89;  Purvanchal  9 1, 

The  astronomer  Kepler  discovered  the  following  three  laws  ox 
planetary  motion.  (These  laws  according  to  present  calculation* 
are  true  only  to  a first  approximation) ; — 


Kepler's  Law 
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1.  Each  planer  describes  cm  ellipse  with  the  sun  at  Us  focus. 

2.  The  rate  of  description  of  the  area  by  the  radius  from  the 
tun  to  the  planet  is  constant. 

3.  The  squares  of  the  periodic  times  of  different  planets  are 
proportional  to  the  cubes  of  the  major  axes  of  their  orbits. 

Deletions  from  Kepler's  Laws. 

From  the  first  law  wc  find  that  tbc  orbit  is  an  ellipse  (t.e.  a 
plane  curve)  and  then  the  law  of  force  must,  be  inverse  squat© 
distance  t.e.  the  acceleration  of  each  planet  varies  as  the  square  of 
its  distance  from  the  sun.. 

By  the  second  law  we  find  that  the  real  velocity  is  a constant 
and  that  means  the  force  on  each  planet  is  directed  towards  tho 
■ foens  i.e.  the  sun.  Hence  from  first  end  second  laws  we  conclude 
that  a planet  of  mass  mats  distance  r from  the  son  is  attracted 


towards  the  sun  with  a force  where  p is  a constant  not  depen* 

d/ng  upon  the  mass  of  the  planet. 

Also  we  know  that  the  periodic  time  under  inverse  square  law 

of  a central  orbit ...Stc  § 2 Pace  1 or  thla  chapter 

or  ...  r«4n»o’/(.~Jn«l2d)Vc 

Ue.  square  of  the  periodic  time  varies  as  the  cube  of  the- 
major  axis. 

• Hence  from  the  third  law  we  find  that  p,  the  absolute  accelc- 
["'on.  or  the  acceleration  at  unit  distance  from  the.  sun,  is  the 
same  rot  all  planets.  If  m and  M be  the  respective  masses  of  the 
pianet  and  the  sun,  F be  the  force  of  attraction  between  them, 

then  we  have  F where  r Is ' the  distance  between  thb 

planet  and  the  sun  and  y the  constant  of  gravitation. 

Thu  in  _ t , «•  , , ’ • <•»«■* 1 ~]&SI  of 

< . . ■ ■ so  th© 

atfra  . , . . . in. 


' 8 o.  Necessary  modlOcallon  of  Kepler's  Tblr 

se 


"xf 

ft* 


Then  the  mutoal  attraction  ' (Fig.  2) 

helween  them  fit  any  instantly  where  r It  the  dlltance  bet- 
ween the  aun  and  the  piMet  1(  ,J,' 
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The  planet’s  acceleration  is  towards  the  sun 

r*  P r*  , 

and  the  sun’s  acceleration  is  x ~ *=££,  towards  the  planet, 
Also  the  acceleration  of  the  planet  relative  to  the  sun  1 - 
where  (<=V(S+0.  .: 

Now  we  know  that  the  time  period  of  a complete  revolution 
4tc£1*/*  . . . « ' 2na1Ji  . 


is  given  by  T** 


so  the  exact  time  period  1 ~^/Jy  (S+P) J ^ ' 

This  is  the  aodiBcatlon  required  in  the*  third  law  of  Kepler. 
Let  Tx  be  the  periodic  time  of  another  planet  of  mass  ij  an 


let  2a1  be  major  axis  of  its  orbit  then  we  have 
r 2na'*,i 

T*  S±Pi  £ 


...  PD 


A From  (i)  and  (ii)  we  have 
ne  4 S+F  T1  a* 

s+p/t7»  a,*  . 

If  d be  the  mean  distance  (i.e.  distance  between  the  cew t 
of  tho  planet  (of  mass  P)  from  the  sun  (of  mass  S),  then  we  »ftV 

2nd*l* 

time  period  , . , H 

Also  if  dt'bc  the  mean  distance  of  the  satellite  (of  m3SS*>i1irA 
the  planet  (of  mass  P)  from  the  planet,  then  we  have  time  Pen 
ijzd ,*/* 

((OfthcSOWI.Ic)^-^^,—  . ' ...(V) 

From  [iv)  and  (v),  we  get 

T*  tP+P)  d3  (, S+P ) T*_d*  . 

t*  ~(S+P)'dt*  (P+p\t*  dt*  • 1 - W 

Solved  Examples  on  § 1 to  § 6.  ' 

Ex.  1.  A particle  describes  an  ellipse  under  p 
^/(distance)’  towards  the  /ocas.  If  it  was  projected  frith  Te*°cy 
from  a point  distance  r from  the  centre  of  force,  show  that  i*5 
. „ . 2r.  r 2 v*r*r. 

periodic  lime 

Solution.  Since  the  particle  describes  an  ellipse  and  its  vet0 
city  was  V at  a distance  r from  the  centre  of  force,  bo  we  have 

• or  I 2 V9  „ 

0t  . ft  r a a , r^~  /* 
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Also  periodic  lime=?^’=.£!L  T 2 _ >/,Vs'>  , 

\/f*  VmLT  (Tj  • f'om(i) 

,hc  'arH,’s^snrfsce°nItli 
a«oont,  i,t  tie  It,  d'r,”kL''°11.  0f  Cavity  is  taken  into 
'“Ipse,  of  major  *Jr  “eE  fc<c<1'  *l>opathlsan 

Solatlon  ThV„.fh  /IfSa-**), > where  a is  (he  earth’s  radios, 
■“non.  The  path  being  an  ellipse,  we  have 

•"here  2„  >’-p  K2/n)-(l/Oi)].  ,,, 

‘ pr°j=«'d1from'h?iarth?«MrfahcVC,l'P!Cde“ri^d  by  ,ho 

g t*Znl\°nhC  COr,h' 

’ . - t • . Sap!a*  or  /4=c^ 

**  and  (ii),  we  get 

,W*  (£ -„-)= lag-^i. 

” Ex  3?"a  0f  2‘,>=2o*g/(2og-,.,.  Hence  proved, 

.'•/('“stance)*;  It  Is  Ei  m°,IM  ,1Ti.,h  • eentrai  acceleration 
Its  path  Is  a re^taneotarTvn  "iLT'S  K“'  * A.  Show 

s .*  of  "ni3 

"^PolSt'^n  - 


we  know  the 
• -.(«) 


In  this  c 


or  F»— 


2#»  M 


L«  « be  th,.  r . ^LiC  flJ  ' * « -(i) 

P~r  sin  <f>'  we  get  n eq“lrc.d  an£,e  of  projection,  , then  from 
r wc  get  />„»=/?  sin  a.  Whurn  r>  Jc  th . ;oiti„l  „ol„.  „r  _ 


• we  get  n o . S,c  01  projection, , then  from 
Prom  “Ae=n  « Sm  a\wflcrePo  is. the  initial  value  of/7. 


Also 


. zPo  y~R  sin  a V " 4'1  fin 

o»A=v'Gix/j-vr/i-(hy<t>i. , v /-s’/o 

“ Vf/i'CaVo)!.  ' V 6—aforthe 
• * ‘ * rectangular  hyperbola 

P'»“(i0.wigetV(^a’- 


sin  a.  P 

i=i?s  sin*  o.  Vs,  from  (i) 


, **Ex.  4 A . Hence  proved, 

foens,  show  that  Its  velat»i*d Scribing  an  ellipse  abont  the  snn  as 
*ty  away  from  the  snn  Is  greatest  when  the 
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— .r*a'uuiC5 

'"’f™  £ 'zrSfef"  <»  «*  major  ufe  cl 

nn,lva^<>^-rJb<'ttyeloc;!yoril,.  , WnwaMJI.JOJ 
"foe uij^Jg'Wta  «Mk  tu*ep’ant“‘>°°y point S(rJ) 
B SP  resolved  “J?  r~„„  . . ^ 


°f  III  pan  which  • I1.6  Vtioci'y  of  lb, 
"(the  focus  j J11  'Iliptic  with  !un 

par? 

p VCOSrf. 

^n>endSiS™nro/n*T 

tbn  fro“  A«P^ « / 

‘■“vaain^W  . . *» 

v 57» and  *in 
Ahoirsp~.r  t L . ^ 


- Bin  A*  2asp^2a-r. 

Sf  *p-*Ts=^. 

of  dffpss 


°r  I—  COS*5J«, A* 

3 thr.  , /'(2<X— /■)  °r  COS*  c$  = 2 — - 


SN  HM=b\  property 


p°i*&p$  «<£*2L  Z, 

■ “ Ve,ac,ty  at  any'po 


(2a— r)  ...« 


" po  , ■ ■ t 

cos  5*=-^  //2a—r  ’ " 

-*/(!L)  /fiar".  KZ' ~ rZi~7jl<  toom  (i)  and (ii) 

VUVM-^U./Y/M  7i  *n. 

Vfs-Mf^HA-4*]  ’ 

^'so  ft*  value  is  greatest  when 


..  6'caicsf  whcQ  ^ _ o'  « 

A"“  «*  greater  velooitv  . 


A«‘<*  gre.tea,  - 

- //'Ll  /(a'- l,.W3y  fro“  <ie  sun 


» /-V  \ 

...  ^ 
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...(iv) 


Also  the  periodic  time  T is  given  by 
’ 7V=2tt  a’l’Wn  or  i/Wa)~2x  alT  -W 

From  (iv)  and  (v),  we  have  the  greatest  velocity  away 

from  the  sun=*  -jp  Hence  proved. 

*Ex.  5.  Show  that  the  velocity  of  a particle  moving  in  an 
ellipse  abont  a centre  in  the  focus  is  compounded  of  two  constant 
velocities,  (tilh)  perpendicular  to  the  radios  and  0 WA)  Pf*Pen“!" 
colar  (o  the  major  axis.  (Punmcha  1 91, 90) 

Solution.  Let  S and  S'  be 
the  two  foci  of  the  ellipse.  Let 
SN  and  S'M  be  perpendiculars 
bom  S and  S'  to  the  tangent  at 
any  point  P of  the  ellipse.  Let 

- S be  the  centre  of  the  force  and 
v be  the  velocity  of  the  particle 
at  P,  then  we  know  that 

h~pv  or  v=(hfp) 
or  v~{hlSN)={hlSN-S'M).SrM 
or  , v=(hlb*)  S'M, 

V SN  S'M=h*  (Property  of  ellipse) 

• The  velocity  v of  the  particle  at  P (which  is  along  the 
tangent  to  the  ellipse  at  P)  is  proportional  to  S'M  and  also  per- 

- pendiculartoS'A/^' 

• Also  from  A CS'M,  we  get  &C+CM=&A1 

v&b+^cii-^Pu.  ...(ii) 

. From(i)  and  (ii)  we  And  that  velocity  v is  equivalent  to 

two  velocities,  oat---  S C perpendieolar  to  S'Cand  the  other  jr 
XCA/ perpendicular  to  CM. 

CAf=iS°™  jV  and  N lie  on  the  auxiliary  circle  of  the  ellipse  so  * . 


=0  (property  of  ellipse).  Also  CS'=ae. 

*“  V(l‘- l [>=  VlF-b'la). 


l-b’la 


. a-  alb'^nlh9. 

uence  velocity  v is  equivalent  to  two  velocities  i- 


000  gr  S'C=  JL  oe=  *££  = jjf  perpendicular  to  S’C  f.e.  prr- 

peudicular  to  the  major  axis  and  the  other  A c«  = £ »=)£=£ 
. perpendicular  to  CM  U.  perpendicular  to  radius  CP.  ■ 


JO 


o< 

Point  i 

- - 
or  w: 

**,**».  *«ond  ,0«re««ed  byitotw 

n 'h°t  the  «c«|„,r,"r'-  if*  t*  ,N„  J ' Ractanl 
COr,h  8iv.n  bv  X '6e  “rt6  £■" 

. * **»-£.«„  /*  y °n  *l*e  inrfics  tfifc 

Mrth  “ for  'te  m r>bo'’  **  °r  /—*>* 


Jnl'SlBlIn 
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AtP,r=a,vO  c=-(2  fi/a). 

So  we  have 

or  . . -£rr^W(V)-  ' 1 

negative  sigo  is  due  to  the  fact  that  r decreases  as  t increases 
if  be ' the  time  taken  by  the  planet  in  reaching  S from  P, 

■ ■ putting  r—a  cos*  0 

A,  ■ . r,=.no>«/[2V(2rfJ.  — 0) 

*o  if  r be  the  periodic  time  of  the  planet’s  revolution,  then 
ave  , Ti^lr.aWfx/p  iSce  § 2 Page  I of  this  chapter) 

, ‘Therefore'.^  = n°v[ ^2rca>,»_  1 y/2 

' “*  ■ 1 1 • T •’•‘•2V(2/*)  4\/2  8 

* 0r ‘ 7-  v' 2„  ' , , 

*•  , t * » ■ Henco  proved, 

the  8 pA  Pa^*iclc  describes  an  ellipse  as«  central  orbit  abont 
geometrlr  r°Te  *ba*  *be  **I°city  at  the  end  of  the  minor  axis  Is 
mean  between  the  velocities  at  the  ends  of  any  diameter. 

axis  o?  the°eliimV  BBi  bc  the  “in or-  • 

..  focil.  IDe  ell,rsc  with  5-  and  tfas 

,Thcn  ^-schcu* 

v ' • ‘ *=(oe)*+fc*  , f" 

0r  ;SBZ*e'Y(lZet)~a'' 

/f  v be  the  velocity  of  the 


particle  descrlh?/  w • veIo; 

CrIbinetheeUipSeat^then 

or  pi  . L r a J 

or  pCMifl2/a)“(,/a^  V r-a  at  D 


(Fig.  5) 


...0) 


u 


Dynamics 


Let  J',  and  Vs  be  the  velocities  of  the  particle  at  D and  £,  the 
ends  of  a diameter  D£*of  the  ellipse. 

Join  SD  and  HE,  then  A CDS~J\CEH 
In  particular  DS**HE 

SD+SE^HE+SE,  v DS=HE 

°2 a,  the  aura  of  the  focal  distances  of  Et 
. U.  £S+SE~2a  ...(ii) 


Ah°  v'^[h  ~ t]  »"d  »v-*  [&-i]  - 
“'‘,[sE3S~t(4+£e)+?] 

- .r  4 2 (se+ds\m  1 1 

lSD.SE  a \ SD.SE  ) af  J 

-'•’[BEST  “ rf 55Se)+f}  trom  (ii) 

**pViPe=V\  from  (I)  or 

|*i$  the  geometric  mead  of  Vx  and  V,.  Hence  proved. 
Kx.  9.  Shoir  that  an  unresisted  particle  falling  to  the  earth’s 
Siutoe*  from  a great  distance  would  acquire  a velocity  V(2 go), 
whert* « 1*  the  radlns  of  the  earth.  (Purvancha!  81 ) 

Solution.  /As  the  panicle  is  falling  unresisted  to  tbe  earth'f 
.uifeM  (N*m  a great  distance  so  tbe  path  of  the  particle  is  a para- 
bola about  the  earth’s  centre  asfocus.  - (Note) 

Alto  rvc  know  that  the  a-parabolio  pr  ’ , .b 

• Velocity  of  thep:  it  meets  the.' 

earth"*  \H2nfo),  V r~°  of  the  earl 
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the,.s“>>)£qucM  path  of  the  particle  is  para- 

' prov'cS  l *pir«  P ParfM,C  path  and  at  B we  have 

proved  in  Ex.  8 Pago  1 1 that  r=a.  Hence  proved. 

■ Prove  that  If  the  velocity  of  a particle  when  it  is  at  a 
"'stance  r from  the  focus  Is  y in  a direction  making  an  angle  A with 

the  rad, ns  vector,  then 

<V=(rV-,,)'  slnt  cosi  ^ 

Solution.  We  know  h=pv  and  p—r  sin 

***  h=rv  sin  ...(j) 

c A"°  N/(;lX^)=x/((lX?in_^L) 

q«  hS~t*a  (1— ■«*)  or  rV  sin*  e*J,  from  (i) 

c-(v»r*  sin»  ^/f/*  (!_**)]  ...<ii) 

Also  we  know  that  the  velocity  v of  a particle  at  a distance  r 
!0m  tne  focus  is  given  by 

L r a J **  L r vV*  sin* 


w- 


from  (ii) 


« Hff g!  d-g*) 

r vV*  sin*  <f> 

(v*-  T'4) y§r*  8in*  $= — m*  (I  -«*) 
(v*r— 2ft)  v*i-  sin*  ^=/t*e?-.ft* 
ft*e*=(v*/— 2/t)  vV  sin*  ^+ft« 

=(v*/-*~2./x  v*r)  sin*.^+^* 
t=(v,/‘*— 2^t  vV+M*)  sin*  4»  -/*•  sin*  ^+/t* 
. .s=!(v*r— /0*  sin*  ft*  (I  — sin*  6) 

P e*.*"  (r  r — /*)*  sin*  ^+ft*  cos*  <f>. 


(Note) 

v « ' yr ' “~W  sin*  p-t-f**  cos*  Hence  proved, 

half  Its  *>r0Te  *hat  the  time  taken  by  a earth  to  travel  over 
two  dav«t  »!l.rc,?.ote  ^rom  1,16  san*  separated  by  the  minor  axis  is  . 
l/gg.  3 raore  'than  half  (be  year.  The  eccentricity  of  the  orbit  Is 


of  tta'SS  P“'h 

^teribed  it?  Und  ltc  5un 
ra(eordL,r2  ye,r*  tbe 
aescnptjon  of  area 

a 5g«  Of  the  climse 


e& 

(See  adjoining  figure  6). 


B 

/IV-  C 

B 

2y 

(Fig.  6) 
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Dynamics 


Let  Vx  and  Vz  be  the  velocities  of  the  particle  at  D and  £>tbe 
ends  of  a diameter  D£  of  the  ellipse. 

Join  SD  and  HE,  then  A CDS~'&CEff 
In  particular  DS*=HE 

SD+SE^HE±SE,  V DS—HE 

«=*2  a,  the  sum  of  the  focal  distances  off, 
i.e.  DS+SE=2a 

Also  - y]  and  V, [^“4] 

• “^,bs3£~4(s5+SE)+?] 

,r  4 _ 2 (SE+DS\  , J I - 

a \ 3353®  / a'  J 

„ >[ * _ -) — L"),  from  (ii) 

' [M.S£  a [jDS.SE  I a<  J’ 

- . I’',  from  fi)  or  l''"  1’jl’i  ^ 

Pis  the  geometric  mean  of  Vt  andV*.  . Henc^^^ 


Ex.  9.  Show  that  an  unresisted  particle  falling  tou  . 
surface  from  a great  distance  would  acquire  a velocity  y ‘ Am 
where  a is  the  radius  of  the  earth.  (Purvone  v 

Solution.  .-As  the  particle  is  falling  unresisted  to  itc*  . 

surface  from  a great  distance  so  the  path  of  the  particle  » 
bola  about  the  earth’s  centre  as  focus.  ,,Vw 

Also  we  know  that  the  velocity  for  a«parabolic  patb^vi  ' 

,*,  Velocity  of  the  particle  when  it  meets  the  snrf*cc  0 
earth*=  ■\/(2/r/o)#  V r~a  on  the  surface  of  the  earth 

V at  the  surface  of  the  earth* 

«*V(2flK).  > Hence 

* *Ex  10.  A particle  describes  an  ellipse  under  * *°.rcVvd<, 
focus  5*.  When  the  particle  is  at  one  extremity  of  the  minor 
its  kinetic  energy  is  doubled  without  any  change  In  the  dtrecxio 
motion.  Proto  that  the  particle  proceeds  to  describe  a paraW  • 
Solution.  A*  in  Example  8 Page  1 1 we  can  prove  that  t 
velocity  Pof  the  particle  at  B>  one  extremity  of  the  minor  a**1’ 
given  by  P*  **/*/*• 

Let  Elbe  the  velocity  of  the  particle  when  its  kinetic «*»"£ 
is  doubled,  then  i m *y-2  UmV),  where' m is  the  tat*  of 
particle. 

or  fV«2P**-2ji/c,  from  (J;. 
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-This  shows  that  the  subsequent  path  of  the  particle  is  para- 
Bmv.J,tCC/or  the  ParaboIic  path  (vel.)*=2/*/r  and  at  B we  have 
P^ved  in  Ex.  8 Page  1 1 that  r=a.  Hence  proved. 

'jj  proTe  that  if  the  velocity  of  a particle  when  it  is  at  a 

* ance  r from  the  focns  is  v in  a direction  making  an  angle  $ with 
"“‘"s  vector,  then 

, ‘ cV2=(vV— p)1  sin*  cos* 

t We  know  h=pv  and  p=r  sin  ^ 

h=rv  sin  tf>.  •••(*) 


n=rv  Bin 

AlB 

■ (l-c*)  or  rV  sin*  4-pa  (1  from 

•'•«/&■ 

the  velocity  v of  a particle 

>y 

1 1 r 2 _ 

aJ"'‘L  r rV»  sin*  4>S 


. . . . . (» 

«=(»V«  sin*  fl/fr  (1-e’ll  ■ lll 

*«  know  that  the  velocity  v of  a particle  at  a distance  r 
fro®‘k  focus  is  given  by 


-2p_  P'(l-e') 
r y V*  sin*  ^ 

' 1 ’ '(v’~  v’r*  sin*  # 

<*-V) 


from  (H) 


. . -'r  sin*  ^=/i*e?--/i* 
t**e*~(,i,._ 2(l)  vt,  5io»  ^ +pt 

“<v*r»-2./tv’r)sin’.(S+p' 

,•  ' ■=(v'r*-2/.v*H-p*)  sin’  (S  -p'  sin’  4+h  (N 

or  t .^(r'r— p)*  sin*  ^— /**  (I  — sin*  fAie(i 

pe’«.(,>r-p)<air.’  ,i+pi  cos'  4.  Bence  proved. 

Mite PrOTe  ‘hat  the  time  taken  by  « earth  tj>  I™”1 
•no  dan  I?'  "m»‘e  from  the  saa,  separated  by  the ' 10  Mt  b 

1/60.  "ore  ‘ta  half  the  year.  The  eccentricity  of  the  orM 

ot  tg"”'1™'  Th'  elliptic  path 
de,cri(Wd  • ^ round  the  sun  is 
nteofd«i5  °ne  year,  so  the 
1 ®**cnpti0n  of  area 

■^^taofthe  ellipse 
»_j£“5“r  ' ' 

>.  °ne  year  ‘ * rj) 

remote  fr^!  ba,f  of  the  orbit 
BA’B’  J ,he  sun  “ an: 

(Set  adjoining  figure  6). 


B 

■/y 

B' 

(Fig.  6) 
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ibont  the  sun  at 
:ity  suddenly  be- 
Sbow  that  the 
va-2a*+2rt4) 


i • 

» the  latns  rectum  of  the  parabolic  path. 
\ Let  v be  the  velocity  of  the 
point  Li  one  end  of  the  latus 
*\  its  path  bring  parabolic 

v»=(2fi//).  ' • ' ► ..v(i) 

altered  velocity,  then  it  ia 


v$ , 


V~m 
: n < 1 


T\ 

s 

v' 

2p 


fto m()).wege1^<r.  _(i|)  (Fig  7) 

(ii)  we  conclude  that  the  subsequent  path  is 
■ the  eccentricity  and  2a  be  the  major  axis  of  the 


have 

path  is  ellipse. 


..(Hi) 


and  (,ii,  we  hive  2»  = i ' 

f*  2/i//  2 a 

S’  . 


2a 


n*=al  — 


"»  ! ” or  n*  - Hence  proved. 

■ • at  L to  the  parabola  can  be  proved  to  be  in- 
of  45°  to  the  axis  of  the  parabola.  {This  can  be 
i'  value  of  dyfdx  for  the  parabola  p*=4ax  af 
the  figure  it  i$  evident  that  /_TLS=45*. 
of  .perpendicular  from  the  focus  S to  the 
45°= l sin  45°. 

pv~\/(pxl),  when  1 is  the  semt-Jatns  rectum. 

L on  the  subsequent  ellipse,  we  have 
'(px  n,  where  f'  is  the  semi-Iatos  rectum  of 
* the  ellipse 


={i  (b*ld). 


l’t=b*fa  for  ellipse 
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HP 1 w=//A/»v=fi,  where  w is  the  angular  velocity  about  //. 

(Note) 

or  JJ,  V 7 “sT/  (s«  figure  3 Page  8) 

„„  Am/  _ UHM 

““  SN.HP’” SN.Ifftft?  ...(ii) 

Also  from  similar  triangles  i’Pff  and. /7/A/  we  have 
SN  HAf 
SP^HP 

From  (U).<«  have.  (No)e, 

or  «“=  skW  “ mSTT,-  wh5re  t™SF-  ..  j(iii) 

Now  let  the  eccentric  angle  of  the  potat /*  be  then  Pis 
(a cos  b sin  and  6'  is  (oe,  0). 

rJ**Sp?=*(ae  - d cos  sin  £0* 

■soV+fl1  cos1  6t— 2a*  <?  cos  ^-bb*  sin*  & 

•"oV+a1  cos*  <f>x~2 a*  e cos  a*e*)  sin*  & 

=a*e*  (1— sin*  (cos*  ^-fsin*  cos 

e»a*e*  cos'  ^i+o*  — 2o-oe  cos  ^**(0— ae  cos  &)* 
or  rz*SP*=a~ae  cos  ^x. 

•*•  From  (iii>  we  s"  (5=ZFeordi?+««»'£)  (Note) 
h _ h • 

a*—o*e*  cos*  a*— (o*— b*)cos*  & . 
or  w— b/(a*  sin*  &-fb*  cos*^j)  • ■••(»*') 

Also  tjie  equation  of  the  normal  PK  to  the  ellipse  at  the  point 
P ( a cos  <£,,  b sin  &)  is  ax  sec  & -by  cosec  5^=0* -A*. 

Jf  this  normal  meets  the  x-axis  {t.e.  the  major  axis)  at  AT,  then 
the  coordinates  of  K are  c0$  $u  0 j.  - 

(Normal)*— (WO* 

*=  ^ a cos  cosVij  -Mb  sin  0)s 

(6*  \*  ' 'f 

~T  cos  & ) +A*sin*^ 


«(A*/o*)  (A*  cos*  & ejn* 
From  (iv)  and  (v).  we  get 


Hence  proved- 


37 
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Ex.  16.  A comet  Is  moving  In  a parabola  abont  the  son  at 
focus  when  at  the  end  of  its  latas  rectum  its  velocity  suddenly  be- 
comes altered  /a  the  ratio  of  nz  1,  where  n-<  1.  Show  that  the 
comet  will  describe  an  ellipse  whose  eccentricity  Is  \/(l~2ni+2ni) 
and  whose  major  axis  is 
* *,  - /_ 

‘ \ 

where  2/  was  the  latns  rectum  of  the  parabolic  path. 

Solution,'  Let  v be  tho  velocity  of  the 
comet  at  the  point  L ; one  end  of  the  latus 
rectum.  Originally  its  path  being  parabolic 
we  have  v*=(2p//).  ► ...(i) 

Let  V be  the  altered  velocity*  then  it  is 

given  that ‘ or  V=nv 

or  . V < v,  V n < 1 

.V  K*<v*  or  from  (i),  we  get  V*  < y- 

Hence  fr9m  (it)  we  conclude  that  the  subsequent  path  is 
ellipse.  Let  e be  the  eccentricity  and  2 a be  the  major  axis  of  the 
v ellipse.  ' 

At  l we  have  [7  - L],  ' m(iii) 

.•since  the  "subsequent  path  is  ellipse.  ' 

From  (0  ““<>  0")  we  have  =. 1 


or 


_ -L  , ••  F=nv 
I v , ' / 

,2n=al  or  '^“l— «•  ' Hence  proved. 


\ Also  the  tangent  at  L to  the  parabola  can  be  proved  to  be  in- 
clined at  an  angle  of  45°  to  the  axis  of  the  parabola.  {This  can  bt 
done  by  calculating  thevalue  of  dy(dx  for  the  parabola  ys=4ax  ai 
.L\a,  ^c)}.  From  the  figure  it  is  evident  that  £.TLS=*4S\ 


«*.  The  length  -of  perpendicular  from  the  focus  S to  tht 
% tangent  at  P—SL  sin  45°«/  sin  45°.  - 


Al<o  we  know  pv« V(nx  /j,whcn  / is  the  eemi-latas  rectum. 

- At  the  point  L on  the  subsequent  ellipse,  we  have 
. . . (/-sin  45°)  V=*y/(ftxl%  where  /'  is  the  semMatus  rectum  o: 

, _ r*  . ,,  - tho  ellipse 

or  . . ;{/  sin  45<*)*.P*=/rf’t=//  (h*/a),  ' ' V I’^b'Ja  for  ellipse  , 
or  V*  J*  b*=o»  (1-e*) 


16 


Dynamics 


39/PM/I 


HP * ta=H&f-v=h,  where  w is  the  angular  velocity  about  H. 

(Note) 


or 


SN' 
h HM 

sn-hp*l 


h 


hHM 


(see  figure  3 Page  8) 
..(«) 


SN‘IIP‘HP 

Also  from  similar  triangles  SPN  zn&.PHM  we  have 

sn^im 

SP  HP 

Fromfii).  we  have  . ^ (Nole) 

or  a~SFhff‘-?T%z?>‘vbtter~SP-  . 

Now  let  the  eccentric  angle  of  the  point  P be  then  -Pis 
(a  cos  fat  A'sin  fa)  and  i'  is  (oe,  0). 

r*«5P.,=»(ue  - u cos  <5j)*-H0 ~b  sin  ^)* 

=fl’e*+o*  cos*  fa— 2a*  e cos  fa-hb1  sin*  <fa 
«o*e*-f  a*  cos*  fa— 2 a3  e cos  ^,4'(o*“U*e*)  sin*  & 
=aV  (1  —sin*  fa)+a*  (cos*  siu*  A)— 2u*<?  cos  fa 

=>a*e*  cos*  ^-{-fl*— 2a*oe  cos  fa*=*(a—ae  cos  fa)1 
or  r=5P«fl— oecos  <$,. 

A 

...  From  (In)  we  gel  «i=  CM  ^,  )ia+aJm  M |Nole) 

h /•  ■ 

“ o'-o'e’ cos’37  o*-(o'-o’)cojVi  . 
or  co^hjia1  sin*  fa+b1  cos1  fa)  ...(Iv) 

Also  the  equatioa  of  the  normal  PK to  the  ellipse  at  the  point 
P (a  cos  j>„  b sin  fa)  is  ax  sec  fa  -by  cosec  fa—a'-b*. 

If  this  normal  meets  the  x-axis  (i.e.  (he  major  axis)  at  K,  then 
the  coordinates  of  AT  are  — cos  fat  0^.  • 

(Normal)* —(PAT)3 

(a*_At  \t 

a cos  fa jp-  cos  ' fa  j +(b  sla  fa—0)‘ 

*=*  cos  fa  | *f-A*sin»  fa 
«.(*»/<;*)  (6*  cos*  fa  pa*  sin*  fa)  ...(v) 

From  (iv)  and  (v),  we  get 


GJ  = 


Hence  proved. 
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• Ex.  16.  A cornel  is  moving  In  a parabola  aboat  the  son  at 
focus  when  at  the  end  of  Its  Iatas  rectum  its  velocity  suddenly  be- 
comes altered  in  the  ratio  of  «.*  1,  where  n < 1.  Show  that  the 
comet  will  describe  aa  ellipse  whose  eccentricity  Is  ■y/{t—2n*+2ni) 
and  whose  major  axis  is 

7 

1 * ‘ ; • 1-n* r 

where  2/  wasthe  latas  rectum  of  the  parabolic  path. 

Solution.  Let  v be  the  velocity  of  the 
comet  at  the  point  L;  one  end  of  the  latus 
rectum.  Originally  its  path  being  parabolic 
wehave  y »=(2/i//).  > ...(i) 

Xet  Pbe  the  altered  velocity,  then’  it  is 
given  that  or  V—m 

.or  ■ ,v<  v,  v n < I 

.2/* 

‘ ...(ii)  (Fig.  V 

. Hence  frpm  (ii)  we  conclude  that  the  subsequent  path  is 
1 ellipse.  Let  e be  the  eccentricity  and  2 a be  the  major  axis  of  the 
• ellipse.  . , 

•V  At  L we  have  r'y*=*n  — i-J  , 

’Since  the  subsequent  path  is  ellipse. 

*•  Prom  (i)  and  (iii)  we  have  ~ — - = 

.or..  . v K=nv 


A 

~TV 

X 

s 

S-* 

• F*<v*  or  from  (i),  we  get  V*<y 


...(iii) 


2a”  * n*  or  ' Hence  proved. 

Also  the  tangent  at  L to  the  parabola  can  be  proved  to  be  in- 
clined at  an  angle  of  45°.  to  the  axis  of  the  parabola.  iThis  can  be 
done  by  calculating  the-value  of  dyldx  for  the  parabola  y2—4ax  aC 
• **  )a>  iQ)l*  From  the  figure  It  is  evident  that  Z,TLS^=45\ 

■ The  .length  of  perpendicular  from  the  focus  S to  the 
tangent  at  p~SL  sin  45°=/  sin  45°. 

ALo  we  know  /n>=> vTm X /),' when  / ia  the  semWatus  rectum. 

..  - At  the  point  L on  tho  subsequent  ellipse,  we  have 
• .(7**°  45°)  V^=z  V(^X  V),  where  V is  the  semi-latua  rectum  of 
- . • - , the  ellipse 

or  .(/sin  45 (6*/fl),  v /'«£*/«  for  ellipse 
or  i*  (I/2)»pa  v (1-e*) 
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1 . 


or  in1vil,=fca  (l-e1),  v f'=rtv 
or  |n,*(2/r//)*P*»/i<j  (1  — e1),  from  fi) 

Of  B'J=a(l-f>)  or  n'l-i1  fjjp.  V 2a= 

or  2n*  (1— n*)«(l— e1)  or  f*«l-:2/ia+2/j| 
or  Hence  proved. 

Ex.  17.  A particle  Is  describing  a parabola  under  a force  to 
the  locos.  It  meets  and  coalesces  with  another  particle  of  n times 
mass  which  was  at  rest  before  (be  Impact.  Shoir  that  the  composite 
body  will  describe  an  ellipse  whose  eccentricity  Is  given  by 


1-e* 


where  0 Is  measured  from  tbe  apse  in  the  parabola. 

Solution.  Before  impact  let  v be  the  velocity  of  tbe  pwti cle 
of  mass  m (say)  at  tbe  point  P on  the  parabolic  path,  where  SP=r 
and  S is  the  focus  of  the  parabola. 

^.ar 


After  impact  let  V be  the  velocity  of  the  particle  at  P: 
Also  we  know  that  the  total  momentum 
after  impact  *=»  total  momentum  before  im- 
pact, so  we  have  * * 

(m+nm)  V~mv  or  V^vfcl+tt) 
or  ’”-»>/(l+A)a  or  F*<v*  * 

' — from  (i) 


yt<  - 


The  combined  body  after  impact 
will  move  in  an  ellipse.  Let  c be  the  eccen- 
tricity and  2o'  be  the  major  axis  of  this 
elliptic  path-  Tbea  for  the  subsequent  ellip- 
tic path,  we  have  'V2—y  [(2/r)— (l/a')j 


- (Fig.  8) 


(erT'Ct-f]-'  • 
from<9 

I__2f. I "1  J2  r»»-f2n1 

o*  r L (I+/»)*J  r Ui+fl/J  * 

■ oW  (l+»)7{2n  <«+2)}  •••*“> 

Also  from  “pv=  v'0/0”>  we  get 

. pV*=V[fia>  (1— e*)J,  v Mya’-a’V-*) 

'fPyr^pa'  (J-e1) 


ab- 
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and  the  pedal  equation  of  parabola  i apz=ar 

r (l+«)*  2»(n+2)  * { ) 

o t 4an  («-f2)»r  (l+n)*(l—  e') 

or  1 -e*«4an  (n+2)/[r  (1  + n)«] 

Also  the  polar  equation  of  parabola  referred  to  the  focu*  S 
aa  pole  ts  (2a/r)«l+cos  e>  V l~2a 
2 a _ 1 2 a 

l-fcos 


or 


— »=co*2  jo 


2 cos*  ^0  cos*  $0 

From  (iii),  we  get  1— j^—hcos*  \d. 

Hence  proved. 

*Ex.  18.  Two  particles  of  masses  mt  and . m3  moving  in  co- 
plaaar  parabolas  round  the  son,  collide  at  right  angles  and  coalesce, 
wh:n  tbelr  common  distance  from  the  son  is  /?,  show  that  the  sub- 
sequent path  of  the  combined  particles  is  an  ellipse  of  major  axis 
(/»!+/»,)*  m3). 

Solution.  Let  vt  and  v4  be  the  velocities 
of  the  particles  of  masses  mx  and  m2  respec- 
tively before  collision  at  the  common  point  P 
whose  distance  from  the  sun  S is  R (given). 

. A* thc  particles  are  describing  parabolas 
with  5 as  focus,  so  at  P,  we  have 
* - v,*=t(2///P)=v2*  . ...(i) 

, ^et  V be  the  velocity  of  the  common 
oody,  of  mass  into  which  the  parti- 

cies  coalesce  after  collision,  in  the  direction 
malting  an  angle  0,  say  with  that  of  v,. 

(See  Figure  10  below). 

Then  from  the  principle  of  conservation 
or  momentum,  in  the  direction  of  yt  and 

perpendicular  to  it,  we  have 

wivx“(Wi+«T2)  Kcos  p ...fii) 

f'sin  0 ■ ...(iii) 

Squaring  Mi  adding  (il)  #n|,  we'p.{ 

<m*+ “si  v,>J  m,!  v,’ 

or  V v,< 

- . * • v*  =fVi\  from  (i) 

.or  v* — \mt  ' 

* t/x  tWi+w,)1  > ,*..(iv) 

..  < vi*  < {fi}K)t  hence  the  path  traced  out  by  the 


(Fig  9) 


(Fig.  10) 


20 


Dyotmics  Co} 

combined  body  after  com,™  I,  a . 59 " 

A ^ have  j,<x=/<  /V  ° J?,ple  aadfortbfl  eWpf/c pafJ 
where  »«  *u- . ' ^ aj  * 


where  2a  is  ibe  , '•*  a/1 

or  '•iHojV  cn*^of major 

(m.+m,r*'  (y;  - i|  r — 


or 


- m j)‘  Iromflv; 
<^+m,‘)2/,  / 2 . . 

<"*.  + *,)•*  from0.,  ’ 

a **  a A ^b_+ot/^  I 2 r 2m,  m,  T 

.rr^Jrfcs^j 


= ("’i+m.j1  /; 

w. 


r.  a*- ; “«.sraw-“-  ™ rr 

r<~>  2r’/I^Z?l 
Solution.  I.-t  lh  , ^ 2/'  -I 
force  cease  Jo  an  whe„^  °r 

(”™rd,a(bV«rS,“c,eut  ”P"« 

S'‘e-^;sr»B;  ,r 

"-Cxt'l  ..  0, 

C- 


..  partfe/e  be  at  0 nrfl  ’ 

time  r a,  8iven  in  lho  prob®maf«r 

Then  /■(?=, y.  ' .. 

Araotheve.oci<yof,bepaniclei„e(sr  ,R*'  ">  . 

hyperbola  .TOdiJgt  W‘"  ^'moving  in  an  ellipse,  para  Va  or 

or  - &'<„.!/<  , "AV2 

/•  c7=;  . from 


or  „ SQ<->rw  sn! 

From  s tfraw  sftr perpendicui,r  ,f . > r>  -® 

ASWu-ehave  °',E'?fS1f-  TbH,,n 

• I . lo?/.  V.  SN'^JS.SP. 
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' V(t) 

SP*+PQ*-SQ* 


6m* 


AS 
z SP~ 


-O'V) 


Also  from  &SQP  we  have  cos  $- 


2 SP*PQ 

or  2SP,PQcos  j^SP^PO'-SQ* 

, or-  2rvT  Va-sin3  $)'^ri+v'T*-SQ*,  from  (ii) 

- or  ‘ SQ*=r*+\*T*-2,.vT 

From  (iii)  the  particle  will  describe  an  ellipse,  parabola 
ofnyperbola  according  as 

r<+y*r-2r  v3T^/[l — <=*>  r> 

°r  v^<-,>2rvr^/[l_f] 

ot  vr<=>  2 i/(r‘-ar) 

0r  d/[y]  T <=>  2 y(r*-«r),  from  (i) 

or  T <—>  2r  . /ff  ~*g  ' 

V L 2/r  J‘  * Hence  proved. 

. E*-  20.  A body  is  describing  an  ellipse  of  eccentricity  c under 

Xf  fc!lon  ? force  tcDdinK f0  a foens  and  when  at  the  nearer  apse 
‘ 2j^22r?.of  5?*®  Is  transferred  to  the  other  focas.  Prove  that  tho 
eccentricity  of  the  new  orbit  Is  e (3+e)/ri-e). 

Solution.  Refer  figure  5,  Page  1 1 . 

ik.  1br.,hc  vfl0£i,3'  of  the  body  at  A,  the  nearest  apse  when 
the  centre  offeree  is  S.  Then  we  have 

■ -‘i]""  [(<rhs)  - v]'  V SA.,CA-tS-a~a, 

” v’=/‘ d+«)/(o-ne) 

without  anv  w3,re  Sf  r°r“  ij  transferred  to  the  other  focus  11. 
without  any  sudden  change  in  the  velocity  of  the  body  at  A,  so  we 

have  v " //  , J»  where  2fl*  is  the  major  axis  of  the  new  orbit 

uT-r from  (i) 

Lo+of  o’ / 


• !• fe 


i 


: eii+i>. 

Q—ae 

_ 2 

» u+o  o'  — enj 

•owe  k.  ”t°oew  ort>‘*»  ffil  the  focus  »d6A  the  nearer  epic. 
,.a*  . "tree  o’  is  the  eccentricity  of  the  new 

[.  ? V for  the  old  orbit  Ml  -a  foe 

»'  «U +•)-«; (1-0  nr  o'_o(l+e)/(l-0. 
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**  We  get  A+e 

+*»  a(^)m 


°®*r  a force  , Ji  *Mpse nepattic^s  0f  J*  Hence 
h5v'N 

or  ?•;-.»  „r+°*^  ^ 

r^Ta/JP ,vc  '■“vc  v ■ y 

■S^S&wfes^-La 

or  P Ct'  w°  *ave  e^u®  before  fm  pr«c/pJe  ofcooser- 

so  2^4  ri.V'®Pac^fofaI  mn 

1 °r  or^^+4  »l  ®cnfom  ^ 

emP"'°  Patb  . 

or  1 2 “ J'  •'  J 

jr“=-i  7 ° ani  >■,*=£. 

rto">J<lra»TO4"'S  °r  "'■»  -i  ' ' 4a 

' /7 
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or  11  *. (!-_£*),  SN*=b  and  (b')'.=a'a  (1— e's) 

: 0f  fo  (l-e  *)=  (1— e'1),  from  (iii) 

or  (I-e*)=(16/7)(l-e'‘)  or  e'>-l-(7/16)(l-e>)=(l/16)(9+7e1) 
or  . c'-i\/(7+7c’).  ' Hence  proved. 

Ex.  22.  A planet  'of  mass  M and  periodic  time  T,  when  at  its 
greatest  distance  from  tbe  son;  comes  into  collision  with  a meteor 
of  mass  m moving  in  the  same  orbit  in  the  opposite  direction  with 
velocity  y;  if  m/M  be  small,  show  that  the  major  axis  of  the  planet’s 
path  is  reduced  by 

• Solution.  Before  coining 
Hjf® 1 collision  v is  the  velocity 
of  the  planet  and  tbe  meteor 
at  A\  the  point  which  is  at  the 
greatest  distance  from  the  sun 
■ at  S. 

(As  the  orbits  of  the 
Planet  and  the  meteor  are  the 
same  so  their  velocities  are 
also  equal  to  A'). 

•V  v*=/t 

where  r=5C+C^'=oe+,r-  (Fig.  13) 

of-  • v’~4—  1 

. la+ae  a J a |_i+e  J 

!*  v*  P®  tlle  velocity  of  the  • combined  body  a 


[4-4]-;  . 

■■SC-\-CA'  =*ae+a- 


Then  ,C‘UVUJ'  V*  th.e  combined  body  after  collision. 

imoL  L u6  .momcn|um  after  impact=the  momentum  before 
, impact,  so  we  have  , (mrf-Af)  y, ~Mv - mv 

01  ■ r(flS3^Xl+sr' 

.“(,~B)(I7®)vs.Sis,n,a" 

„ V.=ll-(2m/ilniv.  ...flii 


..  .. -(2mMf)]y, 

• from  this  result  we  find  that  r.<v  or  v,><v> 

■ ■'  4)-from(i) 

y,*<  2l L./e  „!<.  2JL 


...(ii) 
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After  collision,  the  path  of  the'combined  body  Is  elliptic. 
Let  2 a'  be  the  major  axis  of  this  ellipse.  So  for  this  new 

elliptic  path  at  A’,  we  have  v2e=^  “ "pj 

(1-r7)’v’^[^'?]'f,om(ii)  ' - 
w (‘-S’)  >■ -"  - 4}  n'g,“,ing  on  ,he  “ 

1 - 2 -A  4«\  _L  I1 ~eX 

0T  a ' a+ae.  \ A//  a *\l+.e/  ‘ . 

- xte)]-  ■' . 

_ J_[_2 l-e,  4m(l-e\l 

“*  a Ll+e  I+e  M U+WJ 

"t  [l+s  (fr')3- af‘'rs""p“fi“'ion5 

or  2a'— 2ay=— 

Major  axis  of  the  subsequent  elliptic  path  is  reduced  by 
4 (m/A/)  t(l—c)/(  !+«)]•  2ff  *"V 

• Also  the  periodic  time  of  the  planet=*r=2no>/1/A///' 

■ ••••  ' ' 

or.  vT-l*aJfe$  or  2i-^/(|±|). 

* From  (iii)  the  major  axis  of  the  subsequent  patn  i 
. 4 mn-€\  vr  /fltrVW'/fb'l 

ducedby  jjy  ^ S' VI  1^7  J Ajf«  V . 

Ex.  23.  A comet  describing  n parabola  abont  the  f°?  " ti” 
nearest  to  it  soddenly  breaks  np- mlbool  gain  or  loss  or  km 
energy  into  too  equal  portions  one  of  rrbicb  describes  » « 
prore  that  tbe  other  nil!  describe  n hyperbola  of  eccentricity  r. 

Sototion.  .The  comet  is  nearest  to  the  ann  when  ftj«  « 
vertex  of  the  paraboiio  . path  and  if  V be  its  velocity  at  this  po 
then.  V'-Ma). . 


Time  of  Describing  a Centra!  Orbit 
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since  the  distance  of  the  vertex  from  the  focus=a,  where  4a  is  the 
latas  rectum  of  the  parabola. 

Let  vx  and  vs  be  the  velocities  of  the  two  equal  portions  into 
which  the  comet  breaks  up  and  fet  v4  be  the  velocity  of  the  portion 
describing  the  circular  path. 

Then  at  the  vertex,  we  have 

vSIa^jifa*  (Note) 

• M ...(H) 

Also  there  being  no  loss  or.  gain  of  kinetic  energy,  we  have 
Jmv-1*+Jmvs,=i  (m+m)  V *,  m is  the  mass  of  each  portion 
0r  ' m (ttla)-hmv3**=2m  (2/jfa) 

or,  ya*~2  n/a  ...CHI) 

1 ‘ Since  so  this  portion  whose  velocity  is  v2  (after 

t&c  comet  breaks  into  two  parts)  will  describe  a hyperbola. 

, If  2at  be  the  length  of  the  transverse- axis  of  the  hyper- 

. Ma.-then 


where  S is  the  focus  and  A 


. the  vertex  of  the  parabola, 
or  7>n!a=n  [(2/a)-i-(I/ai)),  from  (iii) 

' or  \la=\}ax  or  a1=o  ‘ ■ (iv) 

• Also  we  know 

‘ At  the  vertex  A,  we  have  a Vj= J j 

0r  . where  is  the  required  eccentricity 

. 0r*  ’ D*'(5/i/o)=/Wl  (et*-l)  or  3 a=a  (e,»^l)f  from  (iv) 
or  ’ or  ex~2.  v Hence  proved. 

§ 7.,  Time  of  description  of  a central  orbit. 

(a)  Parabolic  orbit,  starting  from  the  vertex. 

P^ar  equation  of  a parabola  referred  to  its  focus  S as 
P°«  and  axis  as  initial  fin* 


I 


«l+cosd  or  -1=2  cos*-| 


, ‘ * ,r~i  1 sec*  &~a  sec*  *0 
since  /-serm-latus  rectBm-2a  Tor  parabola. 
Also  ,wc  know  r* 


ft  dl-  -rx  d 


■■■(» 


anv  nnfnM>  r?  S°  *,*n?  *»**nJa  moving  from  the  vertex  A to 
y point  P (r,  0)  on  the  parabolic  path  then  from  (ii),  we  have 
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* r , f« 
h dl=\ 

■ o Jq 


hdt^\ 

I 

ht~  j a1  sec*  - 


r*  dQ 

db,  from  (i) 


'i! 


(Fig.  14) 
and  /=2« 
...(A) 


-2a*  [tan  JQ+J  tan5  $93, 

for  integration  put  tan  $G*=z. 
of  V0*K2a)  t^2a-  [tan  $0+$  tan*  $0], 

or  /«  V(Mj»)  Pan  JQ«B  tan5  $0]. 

(h)  Elliptic  orbit,  starting  from  the  nearer  extremity  of 
major  axis. 

The  polar  equation  of  an 
ellipse  referred  to  its  focus  S 
as  pole  and  SA  as  initial  line 
is 

<f/r)a=14-ecos  0,  ...(i) 

where  e < 1. 

Also  we.  know  r'()=*h 
or  h dt~r*  dQ  ...(«)  f Fig.  15) 

***«  **m5 ta^en  in  moving  from  the  nearer  extre* 
mity  A of  the  major  axis  to  any  point  P(r,  6)  on  the  elliptic  path, 


then  from  (ii),  wc  have  j * 

■v 


ht^I1 


Now 


d& 

(1  +e  cos  0)*’  froia  W >* , ...($) 
_(l+e  cos  flheos  8— sin  0 (e  sin  fl) 
U+ecos  0)*  • 


sin  B 

db\l+ecos 

g+cos  8 „ e*-f  e cos 
(i-t-ecosty4  e(l-fecos6j» 

(1+g  cos  fl)-q~e*)  1 l~t*  _ 

e (1+*  cos  G)1  e (1+gcos  0)  «ii+ecos«)* 
— 1 d j , sin  9 j 


e (i +« cos  b)*  . rcr+rEor5j  </e  cos 

Integrating  both  aides  with  respect  to  0 we  get  ; 

[ do  I r do  / sin  0 ) 

\ e jjtl+gco30>*  ejl-t-gcosO  U+ecos*/ 
dO  „ 1 f ' 

&)*  l-e1] 


)(L+eco«  Gj* 


/ e ' \ sin  0 

l-f*e  cos  0 \1—  (?)  1 -he  cos  6 ...tf*) 
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Nowf; da 

. , J(1 +»)+(!  _e),m,j9  (TZ;  j " 

. „ j+u> 

• , /n-'\  ■ r "h':«"=lani6 

, V'(l-e«j  ,an_1  {^/(T+e) 

•«  From  (iv)  we  have  ' ■* 

' [-—  rfQ  2 * 

J.(l+e  cos  0j>-(ir^5;,  lan"  (aa^  J 

. — / g \ sin  6 

( *■  Fr0m  (iii),  we  have  . '1~ e%)  cos  0 

7)-(rb>r^r,] 

A1-°A-V(nWWt,x<4Vo)Wr,xn  ( -fv) 

V[/m  <==<jI  r 2 r in-e\  I,  -i 

U~c^,an-y(T+:)'a“4J 

sin  0 • 

Ts..  if  1/1  _»i  „ , U—  e’/l+ccosO 

V'‘L  . w(m),ni}-'vu-‘s)j 1 

...  J.  J I+ecosS| 

The  HfI,erbolic  orbit.  -(B) 

,h  ' eq“,,i0-or“  referred  m irs  foen,  as 

Atm  we  co>  »•  where  e > I.  fi) 


I. 


*<=/>  1*  ___rf6  ■ 

Jo  (1-ff  cos Oj*  * ^rom  (i) 


Dynamics 

Now  as  in  part  (b)  above,  we  can  prove  that 
4 / sin  0 \ e-f  cos  Q after  simplifying 

Joll+ecoso)  U+rt10101  . ';,_n 

e’+e  cos  0 _0±ccosil+fetrli  . 
“ra+TJmO)*  c(l+'c05  tV 

P+?Wo)“l^)4>+ccosJ  1=  ) 

Integrating  both  sides  with  respect  to  0,  we  g 

r do  _/^V_i2i^-7^rrn)l+ecos®., 
J(T+^srb?"Vc*-i]  1+*cm0  (e-  >J 

Now 


rpr)“Us>-"l 


...  From  (««.« have 

Vj=»  ^ 

lSO>  • r./i  1J 


- ,OE  LvTH^FVS=IfS^J  ■ . 

• b'  JH’-D.'.tr'-l) 

Also  .fc=V(pxO  “”a  '-5  « , v 

. From  (HO  anti  (v), -=  E«  ^ sinfi 

-iprrp5  IOElv(i+e)-V<c  u 
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a*i%  r 


sin  0 


' 1+e  cos 

lV(tf-H>-V(e-Otaaia  J j 


Solved  Examples  on  § 7. 

Ex.  1.  If  the  period  of  planet  be  365  days  and  the  eccentricity 
be  1/60  (hen  show  that  the  times  of  describing  two  halves  of  the 
orbit  bounded  by  the  latas  rectum  throagh  the  centre  of  force  are 
’ ?65r 
. 2 


*f 1 ± gn] 


Solution.  LSL ' is  the  latus 
• rectum  of  the  ellipse  through  its 
one  focus  S.  The  vectorial  angle 
of  L referred  to  the  focus  S as 
pole  and  SA  are  initial  line  is 

i**  , . . 


' • .V  Time  of  description  of  (Fig.  16) 

the  arc  L'AL.^2  (time  of  description  of  the  arc  AL) 

' < ' where  0=|rc  ...see 


cos  0 J 
7 (B)  Page  27 

L 
60 


Vi*  1 


Now 
, or 


’V?C2,aP'l{(,':!5o)(,-i3.)}  wi1  2(60)>})’ 

. * -i  neglecting  higher  powers  of  [1/(60)* 

<W'lVrt  12  tan-'  {1- (1/60)) -(1/60)  (1)], 

’ neglecting  higher  powers  of  (1/60)*. 

as  tan-1  l=Jw,  so  tan-1  [1— (}/60)]=£jr  -z,  where  z Is  small. 


v-  »-«— »o-  * 


' I-f  tan  r 

1 — 0/60)  «(1 —tan  2)(l-f  tan  z)-*=(l— tan  z)(l— tan  z -{-...) 
; »=I  — 2 tan  z,  neglecting  higher  powers  of  tan  z ' 

.***•'*  \‘  :**  ' • which  is  small 
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2tanz=1/60  or  tan  r=2+Jr*+...»1/120 

z*=»  1/120,  neglecting  higher  power  of  z.  , * 
tan"1  [1  — (I/60)]=s$ts— r=£r:-~(l/l20). 

From  (i)  the  time  of  description  of  the  arc  UAL 


■[’( 


Jr- 


t2o)  6o] 

-(l/15n)] 

= fp-]'  • l™c  period 


25VL  f *.  LI 

V/‘  L 2 30J 


,?£?r 

V/‘ 

=[«I>»/VW  [I- 

. LLi’  = 365  days  fgi«n) 
V/* 

Time  of  description  of  the  remaining  arc  LML  (see  fig ) 

^-¥(>-ik)=?0+iU 

Hence  (he  required  times  of  description  are 

• ?(-±ii)- 

Er.  2.  Prove  that  the  time  taken  to  describe  two  portloas 
Into  which  an  ellipse  Is  divided  by  the  latns  rectum  through  the 
centre  of  force  arc  in  a ratio  (cos-1  e— e^(l— e1)}  : 

7c— cos-1  eH-ey^1 —**)}• 

Solution.  We  know  that  the  time  to 
describe  the  whole  elliptic  path 

=2  ito*l*J\/ji  ...(i) 

Also  we  know,  from  § 7 (b)  Page  26 
that  the  time  of  describing  an  arc  of  the 
elliptic  path  is  given  by 
a5'*  f 


(Fig  17) 


tan  y -eVtt-*') 


sin  6 


t cos  0 J 

...fu'i)  . 

Also frojn  the  figure  it  is  evident  that  LU  belatus  rectu©  - 
through  the  centre  of  force  S,  then  at  L we  have  0=»Jt;,,  There- 
fore  if-r  be  the  time  of  describing  the  arc  AL\  then  from  («)* 
we  get 


2.an-(^ 


:] 


o*l* 

” VP 

a*]* 

“ Vv- 

={a“*Wv)  (2  tan"1  (tan  where  A =«>»  e. 


[2  ]■ where A 
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or  T^(a*il]^n)  [cos-1  e— «\/(l  — e*)J 
• Time  of  description  of  the  arc  LAV 

/.  «2r«(2^/v70  [cos'1  e~e\/(l  -e*)]  ...(iv) 

The  time  of  describing  the  arc  LA'V 

2kc*«  2 (fi*r  . ...  . ... 

= W”  VF  Lcos  ‘~‘V(  ’]■  0> 

« (2 2*1* Wn)  [It-cos-1  e+eVO  - <?*)].  -(v) 

A From  (iv)  and  (v)  the  required  ratio  is 

1 {cos*-1  e-~ ey/(l— e*)}  : {jc—coS'1  e+eVO  ~e*)} 

, Hence  proved. 

Er.  3.  Show  that  if  the  time  of  describing  an  arc  bounded  by 
a focal  chord  of  a periodic  orbit  under  Newtonian  law  be  t,  then 
t oc  (focal  chord)s/*. 

••  Solution.  PSP'  is  a focal  chord  inclined  at  an  angle  f)  to  the 
initial  line  SA,  where  the  focus  S is  taken  as  *v 


P°le. , ,Since  0 is  the  vectorial  angle  of  P,  so 
the  Vectorial  angle  of  P'  is — (tc — £S  P ' is 
below  the  initial  line.  (See  figure).  */&\ 

Also  we  know  from  § 7 (a)  that  the  time  pi-QjA~ 

of  description  of  the  arc  of  a parabolic  orbit  is  / / ✓ 

' : ^ • v'(2aVA‘)[tanJ0+itans  40J  J/ 

In  this  care, ‘the  time  of  description  of  -Sp 
arc  PAP'  is  given  by  ’ . (Fig.  18) 


• L:., 

= V'(2os//.>  [{tan  J«+J  tan8  48} 

-{tan  (-4n+ jB)+}  tan8  (-}ar+4ej}] 
'' a/Po8//*)  [(tan  jo-f  4 tan8  48}+{cot  {0+ 4 cot8  4ff}J 
=.V(2a8/(.)  [(tan  40+cot  40J+4  (tan8  (04- cot*  [0)] 
“VP 08/(()  (tan  49+cot  4s)  [1+4  (tan8  48 

—tan  40-cot  40+coi8  40)]. 

. V a’+b’=.(a+t>)(a'-isb+b>) 
“VPa8/,,)  (tan  40+cot  40)  [4  (tan8  40+cot>  |0+2)] 
*>4V(2a8/o)  (tan  40+cot  48)  (tan  40+cot  4O)8 
■=1V(2 a8/,.)  (tan  45+cot  js)> 

«4  //2l'\r*!iiL+S£LiiT 

■ ■ i 0/  V 4*  /Laos  46  am  40  J ■ 
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or  i~{^\y)\/{2dtJn)  cosecs  0 

Also  chord  PSP’-SP+SP',  where  //r=  I +cos  6 is  the 

^ equation  of  the  parabola 

*** 1-fcos  0^T+cos  (— tt+0)’  * r==Jf(l+co$  0) 

_ l , l'  _ 21 

1 4- cos  0*^1  — COS0  I — CO 5^0  co«c*  5 

=2  (2a)  cosec*  0,  , v I=2a  for  parabola  - 

chbrd  PSP’*=4a  cosec*  0 . • ...(ei) 

Now  from  (i),  t~W(2aVt*)  cosec*  6 ^^(2^(8^  cosec*  0) 

* =iV(2//*)  (4a  cosec*  0)*/* 

=^(2//*)  (chord  PSP')*!*  ■ 

/ c.  f <x  (focal  chord)*/*.  Hence  proved 

’ E*.  4.  Prove  that  In  a parabolic  orbit  the  time  taken  to  more 
from  the  vertex  to  a point  distant  r from  the  focus  is 

(1/3  vW  (r-f /)  v/(2r — /),  where  2/  is  the  iatos  rectum. 
Solnfion.  From  § 7 (a)  Page  25  We  know  that  the  time  of 
describing  an  arc  of  a parabolic  orbit  is  given  by 

ts=*</(2a*h4  (tan  tan*  $0)  .,.{i) 

Also  the  polar  equation  of  a parabola'  referred  to  its  focus  a» 
PoIeis  - //r=  I -fcos  o 

or  , y =2  ccsl  i°  or  sec*  ~ . or  fan*  $0=  -1 

or  tan  }0*=V£(2r~l)//) 

From  (i)  the  required  time 


‘jmjpfl-****-  •••  -hi 


(r+0V(2r~l).  Hence  proved 

Ex.  5.  The  perihelion  distance  of  a comet  describing' a par*' 
bolie  orbit  Is  1/n  Of  the  radios  on  the  earth’s  path  supposed  circular, 
show  that  the  time  that  the  come! -will  mn*In  within  the  earth* 
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Also  prove  that  the  longest  time  that  the  comet  can  remain 
within  the  earth's  orbit  Is  (2/3jt)  of  an  jean 


Solution.  (Perihelion  and  Aphelion.  The  point  on  an  elliptic 


orbit  nearest  to  the  occupied  focus  is 
known  as  the  perihelion  or  pericenlre 
and  the  point  farthest  from  this  focus 
is  known  as  aphelion  or  apoccntre). 

Let  S be  the  sun  and  a be  the  radius 
of  earth’s  circular  path.  It  is  given  that 
the  perihelion  distance  of  the  comet 


describing ’the  parabolic  orbit  is  — of  the 


radius  of  earth’s  path  so  we  have 
' AS=aa[n, 

Also  the  polar  equation  of  the  parabolic  path  referred  to  its- 
focus  S as  pole  is  7/r«*i  -f-cos  0,  where  7=2  (ajn) 


l.e. 


2a(n_ 


1 +cos  0. 


...(!) 


Let  P be  the  point  of  intersection  of  the  planet’s  parabolic 
orbit  and  earth’s  circular  orbit.  Then  at  P we  have  r=c  and 
therefore  from  (i)  the  vertical  angle  of  P is  given  by 


2 ajn 


il+cos  6 


or  sec* 


or  ..  :■  1 tan  { 0«V(/ i-I) 

- Now  we  know  that  the  time  of  description  of  an  arc  of  a 
parabolic  path  starting  from  the  vertex  is  , 

. \/(?as/p)  (tan  }0  + J tan3  J0J,  where  a is  the  apsidal  distance. 

Here,  in  tbis,formula  if  ajn  be  substituted  for  a and  j/{n— 1) 
for  tan  JO  we  get  the  time  of  description  of  the  arc  AP  of  the 
parabolic  ottut.’ 1 

Time  of  description  of  the  arc  P'AP 
.=*2 x (time  of  description  of  the  arc  AP) 

:/  ’ =2VL2J^)1][v(»-o+hv<»-.»*] 

■ - ”2  V (fS) V<«- 1 J [i +i  («- o] 
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_2  n-f-2  2na'/!  Hit- n, 

3*"  n ' V,i  V \ In  / ' ' 

_2  «+2  //fl—  1 \ . 

' V V ( j of  an  yMr>  • ■ ...(H) 

since  (2isa%iy \/ft)=* Periodic  time'of  earth=one  year. 

,\  The  time  during  which  the  comet  will  remain  wifhifl  l&e 
earth’s  orbit=*tinoe  of  description  of  the  arc  PAP * 

) °^an  year'  •••(”)  Hence  proved. 

This  time  is  maximum  if  ~~  j is  maximum 

/.e  if  (~?)  is  maximum 

.Let  2«*  , , 

rt3^3fli-4  3 2 . - ; 

or  . 2n5  2n  n3 

*’  <//»  2»,n4  ’ dn^ri*  «*  . . ' 


*’  <if  2»*  n4  ’ da*  n*  #*  . 

If  z is  maximum,  then  ~*=0  which  gives 
a/* 

«*«=» 4 or  «— ±2. 


^ + J-0 

2«* 


_ , , il':  3.  24 

• For  n=*2»  we  have  negative. 

z is  maximum  when  n=*2. 

Hence  putting  n=2  in  the  above  period  given  by  (ii)  ^e  have 
the  longest  time  that  the  comet  can  remain  within  the  earth’s  o/b> 

”S‘T?,V(*i5)<’f“5war. 

\/($)  of  an  year=  ^.of  an  year.  Hence  proved. 

•Ex.  6.  The:greate$t  and  least  velocities' of  a certain  planet 
la  its  orbit  round  the  son  are  30  kmfsec.  aad  29-3  kmfsec.  rcspeC: 
tlrclr-  Find  the  eccentricity  of  the  orbit.  * y 
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- 1 Solution.  We  know  the  velocity  at  any  point  on  an  elliptic 
bath  is  given  by  £(2/r)~<l/n)J  ...(i) 

' This  velocity  is  greatest  when  r.is  least  and  least  when  r is 
greatest  ds  Is  evident  from  (i).  Also  the  greatest  and  least  values 
ofr  are  SA'^a  (l-{-e)  and  SA=a  (l—  e)  respectively,  where  S is 
the.  occupied  focus  and  At  A'<  are  the  extremities  of  major  axis 
nearer  and  farther  from  51* 


From  (i)  we  have 

w^Orrib, -r] “d  krferH 

■ (Note) 

Dividing  we  get 

(30)>_U-c  -/_  <l-e)  _(!+«)* 

(29‘2)*  2 • \ 2-(l+e)  (1-0* 

‘ . U+«  I U+e) 

” - or  30-3(te=29’2+29’2e 

or  . 0-8=(59-2)«  or  e=(S/592)=.(I/74)  Ans. 

§ 8.  ■ .Stability  of  circular  orbits. 

The  differential  equation  of  a central  orbit  is  , 

dO*^“  , h'ti*.  ' .*•« 

* Also  we  know  h^vp  ...(Si) 

• ^ow  f°r  a circular  orbit  we  know  h— constant  and  so 

• ds*51*0  snd  80  from  (i)  we  have.  ...(Ui) 

or  • 

h u‘  ' — 0»J  ■ 

ibf!  ’-h'  °,tbit  h 0 drc,c.°f  radios  a,  then  o=1/o  end  let  r«=»o 
for  this  cifcular  orbit,  ,bcn  f(om  (ii)  w<,’bave 

■"h}p"e*hla,  v p=*a  for  the  circular  orbit. 


...Cv) 
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Hence  the  condition  for  stability  is 

jl>0  le-iml<‘3Jcomm 

Particular  case.  If  the  law  of  force  be  /Or"  Uc.  F (u)*=f*u" 

Then  F:  W ^ O/g^- 

af,'(t/«)  ap  (!/«)" 

»\  From  above  the  condition  or  stability  is  n<3. 

1 9.  Disturbed  Elliptic  Motion  ( Punanchal  90, 89) 

' Let  a particle  describe  an 
elliptic  orbit  under  a force  to 
the  focus  S and  let  S’  .be  the 
other  focus. 

- Let  the  velocity,  v of  the 
Particle  be  changed  to  v-f  5v 
when  it  reaches  at  a point  P 
on  its  path,  the  direction  of 
2*  vc]°city  remaining  on- 


• It  2a  and  2a'  be  the  major  txes  before  and  after  this  distuf- 
“^ce,  then  we  have 

• - ...(o 

Differentiating  (l)  we  get  2vSv»  £-  &x.  as  SP -constant 
d* 

Sa„ 

C . • 

l-r.  tit;  iticttMt  in  Htni-majot  axi»=  SSl£!l . 

l> 

Also  tre  kno«r  that  ,te  ,lrae  wrifld  rj,  giw#  ^ 

’ 2no»"  ■ 
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Now  wc  suppose  that  the  circular  path  is  slightly  disturbed  a 
such  a way  that  6 remains  unaltered  and  let  at  any  instant  «=»— +4 


Then  putting  +x  the  differential  equation  (i),  became* 


tPx,  1 , r(^+x) 

57  r 4R 


• ft1.**) 

rr— \<-£—rn>fron><v>  ■ 

(-!+*}• -'B) 


(!+«)■' 


af  ilia)' 


(1— 2«+-> 


<fc> 


{r+f5TW+-]'1-2M+-) 

^ -2x+^Ti^+h!8hcr  P°wers  0f  * 

...(» 


Ax=»0,  to  a first  approximation, 

„ - F*  (t/a) 

Here  A—  3 af(i(a) 

Now  the  solutions  of  <vi)  are  , 

Case  i.  ff  A— Or  then  x— c*  . 

Case  II.  If  A > 0,  then  x-^cti  cos  VAS+as  sin 
Cas,  lit.  H X < 0,  then  *=?,  cosh  V*«+P>  «inh  VAS 


Out  of  these  only  case  II  is  periodic  and  so  represent* 

. . . ....  ...  .. arc 


oscillation  about  the  mean  position.  The  other  two  case* 
that  x increases  as  Q increases,  hence  not  periodic.  4 
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€<US\  <3,  from  (vii) 


Hence  the  condition  for  stability  is 
A>0 

Particular  case,  If  the  law  of  force  be  jui”  I.c.  F (u)«=pu" 
( P,  (Ho)  np.  (liar1 


Then 


op 

From  above  the  condition  of  stability  is  n<3. 


(Punanehal  90,  89) 

_P 


5 9.  Disturbed  Elliptic  Motion 

Eet  a particle  describe  an 
tIHplic  orbit  under  a force  to 
the  focus  S and  let  S'  be  the 
other  focus, 

ttttbe  velocity,  v of  the 
pJMlcle  be  changed  to  v+fcv 
* ben  it  reaches  at  a point  P 
05  its  path,  the  direction  of 
J^lJtlocHy  remaining  un* 

If  2a  and  2a’  be  the  major  tics  before  and  after  this  distur* 
then  ue  have 


(F«g.  20) 


«ad 


'•>[*-43 

OirtcrcnlfjKns  (I)  we  g«  J,s, 


...0) 


...Oil 


li.Sc,  m sr~  ccmtaol 

tf* 


So. 


- »y°*  b- 

O 

>.r.  tttttaeirm  In  Kioi-rEiJoe  — ■ 

f 

Ain  we  *b«w  Itu<  tte  ,1[M  rrirJ  r ,,  ^ 

r"  V*  cr  H J I’f  « 
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Differentiating  we  get 


sr«= 


1 


So 


from  (iii) 


„ Sr  3 2 va'Bv  , 

or  - = a 

S T 3vflSv  - ' . 

or  t~~t  ...ev) 

Again  the  value  of  *p'  will  not  change  as  the  direction  01 ' 
motion  at  P remains  unchanged. 

/,  On  differentiating  the  relation  A=/>v  we  get 

- " jy) 

Also  we  know  that  ...See  Chapter  on  Central  Orb11* 

■ f.c.  fc'=,.a  (l-r>),  v (1,-f’)  85  6W  (I-'1) 

Differentiating  we  get^  2ft  $ft=/x.  (a  (~2e8e)-f  (I~e*)  *®3 
or  2ae^8e«ft  (1-c*)  Sa— 2ft  8ft  . 

i Sv  j,  from  (iii)  and  O') 


..  }A.  2ra*5v'  . 

“P  <l~e’)  . '-y--  -2 ft  ( 


=2a*(l-e5)v8v- 

=2o-(l~e<)[?!~pj8.. 


;v„  h'-fa 


which  gives  the  change  in  eccentricity. 

Again  as  ihe  direction  of  motion  of  the  particle  rernsia* 0 
changed  at  P so  the  new  focus  lies  on"  PS’  and  let  Q he  the  os' 
focus  (see  Fig.'  20  Page  37  of  this  chapter).  , , * . 

Now  S'Q^QP-S'P^iQP+SP)- (S'P+  SP),  , <p 
adding  and  aabtractio? 


-(2a')~(2a)=2  (o'— o)=2  f«aj 
Now  the  major  axis  passing  through  S pnd  S'  moves 


...{viO 
to  tb* 


position  when  it  is  passing  through  S and  Q t.e.  if  54  be  the 


aoS(< 


• through  which  the  major  axis  moves,  then  84"=  Z^S'SQ, 
54  « tan 


S£=(ao  j LS'Sg»  (see  figure  20  PuP  }1> 


■ ss^Ssfe^ *b'"  (t3,) 
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ot  , ' 8#=  2«2)  £ini_  m (vjj)  and  SS'~?ae 

, Y 2ae+2  (§3) cos*  \ K 7 - 

= (Sa)  S1JL— t neglecting  (So)  cos’’ a in  comparison 
ae 

with  aet 

■ sin  a,  from  (iii) 

fiae 

or  *♦“  (j?  sin  “) *”  ...Cviil) 

. The  results  (in),  to  (vifi)  give  the  various  changes  due  to  dis- 
turbance in  the  elliptic  path. 

§ 10.  Anomalies. 

' Let  P be  any  point  x>n  the 
• . wifh  tbe  sun  being  at  the 
focus  5. 

Then  tbe  angle  which  the 
radius  vector  (i.e.  SP ) makes 
With  the  line  from  the  sun  to* 
wards  the  perihelion  (f.e.  the 
point  A)  is  known  as  true 
anomaly.  Here  the  angle  is 
measured  in  tbr  direction  in 
which  the  planet  moves,  in  tHc 
adjoining  figure  tbe  anomaly  is 
the  angle  ASP. 

The  eccentric  angle  ^ of  P is  called  the  eccentric  anomaly  and 
>s  gtnerally  denoted  by  E.  In  the  figure  L.P'CA™£> 

Again  the  average  aogulrr  velocity  of  the  planet  is  jr  * where 
Tisha  periodic  time.  • Tills  average  angular  vclc  city  ** 
denoted  by  2".  Now  if  (he  time  later,  by  •>--  Pli"’c'  in 

teocWoEffrom^bef  then  nl  is  defined  cs  the  mein  monulf 
trnd  is  setiemtl,  denoted  by  if. 

. Solred  Examples  on  § 8 to  § 10. 

Oee  endorse  el.stle  stric".  oT  u=s ohed 
i *Q*  is  lied  to  n point  on  the  top  of  a sanoth  tfMr.  •«*  * Wlltb 
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attached  to  the  other  end  can  move  freely  on  the  table.  If  the  path 
be  nearly  circular  ot  radius  show  that  its  apsiflal 
approximately  r V {(6  - <i  j/(4  6 — 3 a)}  ' 

Solution.  If  a and  r be  the  natural  and  extended  lengths  of  tin 
elastic  string,  then  the  force  Fading  on  the  particle  is  given  by 
F=tension  in  the  elastic  string 


Mr~g) 


, by  Hooke’s  Law 


A(I  — gu) 


1 


d^u 

particle  is  -f 


The  differential  equation  of  the  path  traced  out  by  the  ‘ 

F ' \a ~ou) 

A*u*  **  '~atth*~ui  ' ‘ ■ ■•*($ 

Since  the  path  is  a circle  of  radius  6,  so  putting  r«=»6  or 
and  d*ujrf0*"0  in  (i)  we  get 

r-~Z<F  ot  ...po 

Now  let  the  particle  be  disturbed  slightly  such  that  h remain# 
constant  and  let  at  any  instant  t«®  "£•+*»  where  x is  small  l-e'  ^‘c 
path  remains  nearly  circular.  ^ ^ 

v Then  from  (i)  putting  u=*  -|-+x,  we  get  . 


cPx,  l , 
tt+7r+x~ 


HH] 


Mr  (b—a^abx) 
a ah*  ’ ' (t-f  6x)* 


A6* 
a ah' 

“ ah’ 


ST** 

(ft — a — <»5jc)(1 — 36jc-f-  ---> 
(A  -~a~abx— 36(6 — a)x], 


neglecting  higher  power,  of  x. 
}jf%g=rtt I*-o+(2n»-34»)i).from  P0 
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d*x 

dp 


d*x_(2a~3b 

d*x 


■OH; 


'2a-36-6+ a 1 . 
(b-a)  ~ ]’ 


k (3a— ^b  V 7 4b-?a\  , . . 46-3 

This  equation  is  of  S.H.M.  and  its  solution  is 
x—x  cos  [Qy/A+p'},  where  a and  p are  arbitrary  constants. 

Npw  u«=  -g-H**5®  -~*fa  cos  [Oi/A+p]. 

'*■  W *"”a^  sin  [Ovtt+ffl. 

* At  an  apse  we  know  ~ =0,  so  the  apses  are  obtained  by 

sin  [Ov'A-fflJssO  or  8^A+0=frrf  where  n is  any  integer. 
Puttine  n^O,  1,  2,  3,...  in  this  relation,  we  get 

k . ~ erfx+p»  o 

0lv'A+p=2«,  etc. 

From  these  we  have 

The  difference  between  the  successive  values  of  0 at  the 
apseisTt/va  , • , • 

'•C.  the  required  apsidai  angle  = ^ =P 

' • • ' • Hence  proved. 

*Ex.  2.  Two  masses  M and  m are  connected  by  a string  which 
Passes  through  a hole  in  a smooth  horizontal  plane,  the  mass  m 
banging  vertically.  Show  that  M describes  on  ’ the  plane  a curve 
whose  differential  equation  is 

i Yd**r , mg  1 * 

Prorc  also  that  the  tension  in  the  string  is 
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Solution.  Let  O be  the  hole,  it  is 
also  the  centre  of  ibe  force  and,  tension 
T (say)  of  the  string  is  the  central  force. 

The  differential  equation  of 
the  path  traced  out  by  the  mass  M on 
the  plane  is 

d*u  , ( TJM ) 

df'+u=  W for  lhl3  Palh  F<~TfU 


r 

(Fig.  22;  *’ 


d*u , 


Also  the  length  of  the  string  hanging  vertically  downwards 
~OA^I~r, 

where  OB=*r  and  whole  length  of  the  strings / (say)  . 

*.  The  equation  of  motion  of  the  mass  m is  . i 

d'  „ . 


...(») 


or 


Now  r«= 


~mdT‘  ~”g-T- 
, dr^  _ 
’•  dt 


(Note) 

...00 


±dtt 
dts 
dul  d0\ 


dr 
dt  ' 


JL^f' 

u d0  * dt 
<ft\  dt)  * dV 


h~>' 


_•  d^  [du\ r d fdu\dO 

rfi*  " dt\do)'  d0\3bjdt 

rf9>rf/  dp  r dt' 


uV-  1 


rfl  ‘ 


JV;  . <F«  ' 
d?"s~^dQt^ 

From  (ii)  we  have  mftV  ~ =mg—  2* 

t*  %<**« 


<M+«)  Wjj; 


mg—ithV  (jjj.+uj,  from  (i) 
mg— Afft'u* 


...(Hi) 
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°f  ( l+^)^+«=  dividing  each  term  by 

Again  from  (iii)  we  get  T ^mr-mh'-u-  ~ 
oy 

or  , rgj-«*V  1.  from  (iv) 

L Af+m . J 

, “ [m£  («+■  //)— «f,ff+iwAf/i2«*J 

«,  r?4W  1 

m+M L®  J Hence  proved, 

rEx.  3.  Assuming  that  the  moon  is  acted  opon  by  a force  ^/r* 
to  the  earth  and  that  the  effect  of  the  sun’s  disturbing  force  is  to 
' canse  a force  mV  from  the  earth  to  the  moon,  show  that  the  orbit 

being  nearly  circular,  the  npsidal  angle  is  jr  | nearly,  where 

2n/n  Is  the  lunar  month  and  cubes  of  m neglected. 

, • Solution.  The  forces  acting  on  the  moon  are— (i)  the  force 

or  /tw*  towards  the  earth  and  (ii)  the  force  mV  or  ms/“  from 
tbe  earth.' 


The  differential  equation  of  the  path  of  the  moon  is 
— U-.  — F ftu3— (m*(u) 


d2u  - 1 ( m*\ 

35,+«=  ;rj 


. Since  the  path  is  a circle  of  radius  1/A  (say),  so  putting  r=l/b 
or  u=A  and  dsn/*/v3=,0  in  (i)  we  get  ' 

. ‘ ' , ' 1 / • m’\  •■•(«) 

, 4=  *=  (a  a>  ); 

- * Now  let  the  nioon-  be  disturbed'  slightly  such  that  h remains 
• constant  and, let  at  any  instant  u=*b+x,  where  x is  small  i.e.  the 

Path  remains  nearly  circular.  ' 

Putting  x in  (i)  we  get 
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d2x 

»+*+*-* 


*[-!?(- M] 

1 r m*  3m1  1 

~ /,’  L'*  P + b‘  X J* 


] / m‘\ 

’ h*  l'1  k'  ) ' 


neglecting  higher  powers  of  x 


3ms_ 

hW 


+ x>  ^roni  0*) 


d2x  /,  3m*  \ 

M‘  " (’  h'b'  ) X 

This  equation  is  of  S.1T.M.  and  hence  as  in  /ast  example  (he 

required  apsidal  angle-jc  j I — |,^r  ) 

Also  it  is  given  (bat  luaar  aonth=2n/rt=T(say) 

Also  if  v be  the  velocity  of  the  moon,  then 


...0V) 


2xr  , 

T«.  — , where  r= 


From  (»v)  and  (v)  we  get  — r *=  — , where  r~~.. 

v n O' 

or  lf(bv)*aljn  or  £v=n  ...(vi) 

Also  we  know  that  A=py. 

Here  the  path  being  circular  p—radm*=l/& 

* .*,  v or  from  (vi) 


From  (ill),  the  required  apsidal  angle  • 

=r. /v(1-vj’  V A'="!/i‘ i.f.  d!4s=«s 

“"(’“I?/  =’'(!  + a?]"«rly. 

as  ;«3  is  neglected.  Hence  proved. 

Ex.  4,  Two  particles  of  masses  M and  m are  connected  by  a * 
light  string  ; •'the  string  passes  throngtf  a small  hole  la  the  table  ; rtf  - 
hangs  vertically  and  M describes  a curve  on  the  table  which  Is  very 
nearly  a circle  whose  centre  is  the  hole ; show  that  the  apsidal 
angle  of  the  orbit  of  M Is  Tr^{(^+m)/3A/).  . t 

• Solution.  Refer  Fig.  21  Page  42  of  this  chapter. 

In  Ex.  2 page  41  It  has  been  proved  that  the  path  described 
by  the  particle  of  mass  M on  the  tab/*  Is  given  by 
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K) 


d*u 


+u- 


_mg  1_ 

M *h*u* 


Jf  this  path  is  a circle  of  radius  1 (a  t.e.  r—  1/a  t.e. 


then 


=0  and  so  from  (i)  we  have 


mg 

’ Mhla* 


From  (i)  we  get 


mg 

Mb* 

<Pu 

dO* 


...(0 

u-a. 


- -do 


—(HO 


'*  , Let  the  particle  be  slightly  disturbed  from  its  circular  path  by 
i putting  u~a+x  and  in  such  a way  that  h remains  constant,  then 
from  (ifi^wc  have 


■fc*r 


(i+5)S- 


o‘(l+-x/o)> 

I—  1 -a~7x,  nearly 

~3x  or  Mi — nZ+ST)*' 

which  represents  a S.  H.  M. 

wc  fe<i“ired  ■>ps‘d’1 

’ . ' ^ Hence  proved. 

**Ex.  5.  A particle  mores  in  an  orbit  under  a central  accelera- 
tion fijr*  along  the  radius  vector.  Obtain  the  equations' of  energy 
-and  angular  momentum  and.  show  that  if  the  particle  is  projected 
with  velocity  u at  right  angles  to  the  radios  at  a distance  c from 

Solution,  We  know  that  the  radial  and  transverse  velocities 
of  a particle  at  any  p3int,(r,  0)  are  r and  rd  respectively. 

>•  , The  resultant  velocity  at  any  point=V’((r)*+(^)*J 
Also  the  given  central  acceieration  is  ulr*  along  the  radius 
vector.  - 

Now  we  know  that  change  in  kinetic  energy  =»work  done 

; i:e-  i J dr+C 


(Note) 
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« i £W'-«rt>r-i=  'y+c  ' (i) 

which  is  the  required  energy  equation. 

Also  for  the  central  orbits  we  know  r*&—h.  ...00 

which  is  the  required  equation  of  angular  momentum.. 

Now  if  the  particle  is  projected  initially  with  velocity  u at 
right  angles  to  the  radius  at  a distance  c from  the  origin,  then  we 
have  initially  r«c,  r=0  and  rd=*u  (Note) 


...O'v) 

...(V), 


A From  (i)  we  have  ^ -fC 

A From  (i)  and  (tii)  eliminating  0 we  have 

} [<f)’+(rt>)’  ]-J«W  (~  - j- )’ 

And  from  (ii)  We  have  A=r.rtJ=c.»(  initially. 

From  (»i)  we  have  r*tf*»cu 
From  (iv)  and  (v)  we  have 

or  (r)’+~  (--  -) 

or  :(f)w(l-5l)+&(^_1)  . ' 

“(f  ' • 

=[^-(1^)](t->'  • Hence  prorerf. 

Ex.  6.  When  a periodic  comet  is  at  its  greatest  distance  from 
tbe  son,  its  velocity  v is  increased  by  a ^mall  qnanfitj'Jv.  Sbon 
that  the  comet’s  least  distance  from  the  Bun  is  increased  by  ; 

1)1  a+r)  J . 

Solatlon.  Let  S be  the  occupied  focus  of  the  elliptic  path  and 
A,  A ' be  the  nearest  and  farthest  points  from  S on  the  elliptic 
path,  then  SA-a—ae  and  SA’^a+ae  (see  figure  20  Page  37),  if  ’ 
2a  is  the  major  axis. 

Also  we  know*  in  an  elliptic  orbit  velocity  at  any  point  at  a 
distance  r ffom  the  focas  S is  given  by  — ~ J'  ^ ^ 

where  2a  Is  the  major  axis  of  the  ellipse. 
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If  v be  the  velocity  of  the  comet  at  ^',*tbcn  from  (i)  we 

have  v2=»u|— - — 

f L a+ae 

„ , ■“  b*‘i  ...OS) 

Also  from  § 9Page  37  we' know  that  for  the  disturbed  orbit 

, 8a=  — !v  • 

f*  ...OB) 

(l-e*)  gp-nSt 

~ e * 7p ' v ...(iv) 

Now  from  (ii)  ~ or  . ~ — i =*  -."5  _j 

/»  l+e  /t  l+<? 

_ —2e 

H 14?  - ■ 

(1— e1)  f— 2e\  Sv 
' e ?\l  +e)  v 


and 


From'  (iv)  we  have  Sec 


Also  we  know  least  distance  from  S Is, given  by 
SA—a~ae.  - . 

Let  SA~R.  Then  'X=o~dt=a  (l-e) 

*•  ^"(l-e)  Sa—rz  $e,  differentiating  both  sides 
Of  . llsl  s„-a  ( - 2-ju  -e)  Sr,  from  (iii),  (v) 

, from  (n) 

"L  .v<i~€»)  j 

°f  • 5*=4  [^fe^rS  Sv,  where  $R  is  the  increase  in  Ji 

*'e'  lhe  least  distance  from  S. 

fv  t E«erc,?es  0N  planetary  MOTION 

it  5c  ‘ ..  , Vl  and  v2  aro  the  linear  velocities  of  a planet  when 
reap  ively  nearest  and  farthest  from  the  son,  prove  that 
tt-e)  *«*!+«)  v. 
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AS 


Ex.  2.  If  the  velocity  of  a body  in  an  elliptic  orbit  of  major 
axis  2a,  is  the  same  at  a certain  point  Pt  whether  the  orbit  is  being 
described  in  a periodic  time  r about  one  focus  S Or  in  periodic 
time  T*  about  the  other  focus  S\  prove  that  ’ • 


SP = 


laV 

r+r 


and 


2aT 

7+7*' 


Ex.  3.  A body  is  moving  in  an  ellipse  about  a centre  of  force 
in  the  fociis;  when  it  arrives  at  P%  the  direction  of  motion  is  forced 
through  a right  angle,  the  speed  being  unaltered,  show  that  the 
body  will  describe  an  ellipse  whose  eccentricity  varies  as  the 
distance  of  P from  the  centre. 


Ex.  4.  A particle  is  moving  in  an  ellipse  of  eccentricity* 
under  the  acceleration  pfr*  to  a focus,  when  the  particle  is  nearest 
to  a focus,  the  acceleration  is  suddrnly  replaced  by  an  acceleration 
f*V  towards  the  centre  of  the  ellipse.  If  the  particle  continues  to# 
move  ia  the  same  ellipse,  prove  that  (1  - e)#a*. 

Ex,  5,  A particle  describes  a path  which  is  nearly  a 
about  a centre  of  force  pu * at  its  centre.  Find  the  condition  that 
this  may  be  a stable  motion.  * (i Gorakhpur  91;  Punanchal  90) 
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' 5 1.  Impact.  When  two  bodies  strike  opalmt  each  other,  the 
state  of  striking  is  known  as  their  impact.  Impact  is  of  two  kinds 

Direct  and  Oblique.  .. 

Direct  Impact,  impact  between  two  bodies  is  said  to  be  direct 

when  the  direction  of.  motion  of  each  of  them  before  impacts 

alohi*  the  common  normal  at  their  point  of  contact.  ^ _ 

ObHqae  Impact.  Impact  between  two  bodfcs  i issmd  to  be 
oblique  when  the  direction  of  motion  of  one  or  both .of them  W 
fore  impact  is  not  along  ,thc  common  normal  at  tb  i P 
contact.  : . . . 

Line  of  Impact.  The  direction  of  this  common  normal  at  the 
poipt  of  contact  is  called  the  line  of  impact, 

§2.  Coefficient  of  Restitution. 

When  two*  bodies  strike  against  each  other,  they  remain tin 
couActwith  each  other  for  a very  short  'ntervai  of  urnc  berore 
they  separate.  This  short  interval  of  time  during  w,^c.b 
tarts  is  divided  into  two  parts  of  periods  namely  period  of  compres 
Sion  and  period  of  restitution  , 

During  the  period  of  compression  rhe  two  bodies  press 
other  and  their  surfaces  get  slrghlly  compresred  d“e  tothtr  e!a«r- 
clty  of  the  bodies.  This  period  of  compression  IMS  from  the  mo 
ment  of  striking  till  the  velocities  of  the  bodies 
and  at  that  instant  the  compression  is  maximum  and  niter  tn  s i 
period  of  restitution  starts.  . . 

During  the  period  of  restitution,  two  bodies  try  to  teg 
their  original  shapes  and  this  period  lasts  from  h 
maximum  compression  till  the  bodies  separate  *-rom'c  . j* 

' Newton  found  by  experiments  that  when  two  b rd.es  comae 
. their  relative  velocity  after  impact  is  in  n constant  at» 

. relative  velocity  before  impact  and  is  in  opposite  atteo 
constant  ratio  is  called  coefficient  of  restitution  and  is  d y 

Note.  I.  e depends  npon.the  nature  of  tbe  ^ 

collide.  It  does, neither  depend  upon  the  masses  nor  tb 
of  then  bodies.  , 

Note  2.  The  value  ofV  lies  between  0 and  *•  , 

Note  3."  The  bodies  are  perfectly  clastic  wben<*«I 
bodies  are  perfectly  inelastic  when  e=*0.  „ * - 

3.  Direct  Impact.  Two  spheres  of  masses  m ondm coU m 

*1, ^iyeiy,  to  determine  motion 

■ > one  and  gained  by  the  orftrr  is 

' - 39///I 


2 


DjTO'TiCt 


Let  y ami  f bt  the  vcImlncJ  of 
the  spheres  afier  impact,  Then  b y the 
Principle  of  conservation  «f  inomentu  i» 
we  have 

Total  momenta  before  impact 
-Total  momenta  after  impact, 

/ e.  wa+/nV  -wrfwV  ••(»> 

And  hy  Nekton's  Experimental 
Law,  we  get  r— *'  «■  — r (it  - if)  ...(«! 

Solving  (I;  and  til)  we  gel, 
mu+rn'u'  —cm’  iu~W) 
rn+nt' 

• mu  + m'u‘‘Vent  lu-  u'l 
r **  m *f  m' 

Results  <ui)  and  (iv)  give  the  veheites  of  the  rpftcrcs  uUtt 
Impact 

Now  Change  in  momentum  of  the  f«*  sphere  of  rrms.m 


• (l»i) 


]-5 


* m + m 

{ tJt’u>  t>m>  lu~u>)  - m'u 


• -{mm’/'m+m'))  [(ti-t/i  (1-fe)), 


.{*) 

which  being  Deantive,  momentum  13  lost  by  this  sphere  of  roa^  m • - 
Similarly  change  »n  momentum  ot  the  2rfl  sphere  of  nass  m 
,r mi+mV+rm  (u-V I _I(,1  „pm  „„ 


“m'  U'~ u'j= 


■L- 


mfm' 


m ( u - u*i+ent  ( u - 


J2].,  — r„_a')  ( 1 +r)  w.(v») 

which  being  + vc,  momentum  js  gained  by  this  sphere  of  mars'71* 
Hence  from  (v)  and  fvlj  we  find  that  momeptum  lost  by  ‘»l 
sphere  of  mas*  w-ainumemtira  gained  by  2nd  sphere  of  mass  w • 
{(tr+tt'j  (I  +e))  Hence  proved. 

**Cor.  tf  the  two  spheres  arc  equal  a/id  perfectly  elas*’c 
then  m—m'  and  e— 1.  And  fiotn  (fii)  and  (iv)  we  get 
mu+mu’—m  (w— «')  2 id  • . 

" m+m-  2 

mi/+«m'4wlu-«'i  ' 2« 

«nd  “•  ,■ ™ +sr - r T" 

/e.'  the  sphere?  interchange  their  velocity  after  impact. 

,**§4.  .Loss  of  Kinetic  Energy  due  to  direct  Impact.  ’ 

Two  elastic  spheres  of  masses  m and  m'  moving  wf/tf  velocities 


Direct  Impact  3 

u and  u'  l nptngi  directly.  If  e be  the  coefficient  of  restitution  to  find 
the  loss  of  energy  due  to  Impact. 

' Let  v and  v'-be  the  velocities,  of  the  spheres  after  impact. 

Then  by  the  principle  of  reservation  of  momentum  we  have 

, - • mv - ...(«) 

And  by  Newton’s  Experimental  Law  we  get 

- • v -v'.  *3  e (u— u')  ..(ii) 

To  the.sphere  of  (i)  adding  the 
square  ot  (ii)  .multiplied  by  wm'  ’we 
,ha^e  ...  * 

' (mv+znv^+m/fi*  (»*— v'j*. 

•*  Mu+mV)*+mm'e*  ( u -«')* 
or  mV+m'V*+mw'»,+mmV| 

. Wwu+mVi'+e*  nwf  lu—u'f 
or  (/ii'+mm’i  v*+  (/«'*+ mm')  *" 

(u— u')* . 

— mm' (Ir-e*)  (u— u'f 
or  , m fm+m'l  v*+ni'  (m+m*)  v'1 

“m’u'+mVHmm'iiH wwV*— ww'  (I  — ^*)  («—«')* 

*» m (m+m'J  u*+m*  (m+m*)  if1— mm*  (1  — e*)  tu  - u'r 

or  ' (!-«*)  18-b’)*. 

, . » - - (ro+m ) 

or  (Jmv*+{oiy>)  ■ ({m»»+imV*j=  - 2 »? 

or  (Total  K E after  topact) -(Total  K.  E brlnr  impact; 

~ i (mm'/fm+m*)]  fl  — e1)  (»~ «' 1 
or  . Cban.e  iuK.E  — - * [mm'/(m+m*)]  (l-dnu  u'>*. 
which  being  negative  shows  that  K E.  is  lost  due  to  impact. 

c (|-e*)(“~u‘)' 

2{ro  + m0  . 

(Hi) 


fFii . 2) 


(Note) 


.K  Energy  lost  due  to  impact^ 


■ ‘ *J[mmY(m  + m')jn-c*)/*. 

where  "^u—u'srthe  relative  velocity  before  impait. 

- Corolary.  If  two  inelastic  spheres  have  direit  impact  then  the 
Kmetie  energy  loit  by  the  impact  is  that  of  a body  whose  mass  is 
nsif  the  harmonic'  mean  between  those  of  the  spheres,  and  wh«>«e 
velocity  eqall*  their  relative  velocity- before 'impact 
v r>'  **ro°*-  Putting  e*»0  in  the  result  of  the  above  article  we  have 
K.E.  l»t  due  to  impact-*  (m/r«7{«-f  m*)]  \n  Hence  proved. 

Note,  if  the  elasticity  {$  perfect,  then  e«*  l and  from  (Hi)  there 
isno  loss  of  Kinetic  energy  when  the  two  smooth  spheres  *mpinge 
•directly.  #- 

* Etamplcs  on  § 3 -§  4 (Direct  Irapactj 

- Ex.  ] A sphere  Impinges  dfrectly  ou  an  equal  »phtre  «l  rest. 
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. U' 


If  the  coefficient  of  restitution  be  <\  show  that  their  relacitle*  after 
impact  are  as  (1  - e)  ; (I  4-e). 

Sol  Let  u be  the  velocity 
of  the  impinging  sphere  before 
impact  and  v b<  its  velocity 
after  impact  Let  v*  be  the  velo- 
city after  impact  of  the  other 
sphere  which  was  at  rest  initially. 

Let  m be  the  mm  of  each  sphere. 

Then  from  the  principle  of  con- 
servation of  momentum  and  New- 
ton’s experimental  Law  we  have 

mv+mr‘^mu+m.0  ...(if 
and  v~v‘r* — e («— 0} 

i,  from  (0  we  get  r-fr'««  ...(tiij 

and  from  (ii)  we  get  v— v'**~ tu  „.(iv) 

Adding  and  subtracting  (jtij  and  (jv)  we  have 
r»  J (1— e)  u and  (I  +e) 

X r ; r'— (I — : Hence  proved, 

J6x.  2.  T«to  bodies  of  equal  mass  Impinge  directly.  Show  (hat 
•f'-ft  -*■-  r— ‘ ro-*--‘  -»r«**“""**  •»■*  — — r p h/ 

i : • I . * t v*  » » ■ ■ mf 


Sot.  Let  the  velocities  before  impact  or  1st  and  2nd  bodies  be 
(3+e)  u and  — ( I ~e>  u respectively  (Note  the  negative  sign) 

Let  the  velocities  after  impact  of  the  bodies  be  v and  r‘  respec- 
tively. Let  m be  the  mass  of  each  body.  Then  from  tbe  Principle 
of  conservation  of  momentum  we  have 

total  momenta  after  impact** total  momenta  before  impact 
te  (3+r)  w—m  (1— e)  u 

or  - »+r'-J(l+OB 

And  from  Newton’s  experimental  law  we  have 

•v— r*m—e  (o— try* 

or  f— r'-*»  -e  [f3 +e)v~{—(l~e)  u)}J  or 

Solving  (i)  and  (ii)  ^ get 

- e ) and  v‘m=U(f+3e) 

K E of  1st  body  after  impacf=>£w*«jm(I~  e\9u7. 

Change  in  K-E.  of  1st  body 

*=K  fi.  after  impact  — K.  E.  before  Impact 
fi — e)*  u'-lm  (3+eJ*  u * 

1 ~*/rw*n+*,'-2e— 9-6e~*>] 

«=.  — fmu*  (8+8e)«-4  ma*  (*  + *), 
nsgttive  sign  shows  that  K.  E is  lost  by  tbe  1st  body. 


-.(0 


..  (/ii) 
...(iv) 


...(v) 
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Similarly  K.  0 of  2nd  body  before  impact *^{m  (l- e*y  u* 
sad  K E of  2nd  body  after  impact 

(1  +3e}*  u*,  from  (ill) 

Change  in  K E*of 2nd  body**  4m  (l-bSe^a1— |w  (I  — u* 
-ima*  (l+9e* +6e 2e] 

' -imu*  I8e*+8e)=e  (4 mu*  (1  +e)J,  ...(v) 

positive  sign  shows  that  K E.  is  gained  by  2nd  body. 

From  (iv)  and  (vl  we  conclude  that  K.E.  gained  by  2nd  body 
«s  r times  the  K E.  lost  by  the  1st  body;  Hence  proved. 

Ex  3 Two  smooth  spheres  A and  B of  masses  4 and  8 kgs. 
more  with  resettles  9.and  3 metres/sec  la  opposite  directions.  If  A 
rebounds  with  velocity  1 m.  per  second,  find  the  velocity  of  B after 
impict,  the  coefficient  of  impact  and  the  loss  of  kioetlc  energy. 

Sol.  Let  v.and  v‘  be  the  velocities  in  m /second  of  Ibc  balls 


A and  B after  impact.  Also  we  arc  given  that  the  balls  are  moving 
Jn  opposite  directions  before  impact  aad  v«=  — I m./sc c.f  ...(i) 

since  A rebounds  after  impact. 

.*.  From  the  principle  of  Conservation  of  momentum  and 
Newton’s  experimental  law  we  have 

\ 4H-8r*~4  (9  +8  ( -3)]  (Note)  ...(li) 

and  v-v'— .e{9-(-3)]  (Note)  ..  (Hi) 

. -*•  From  (i)  and  (ii)  we* get  —4  + 8v'  —12  or  v'— 2 m./sec. 
And  from  (i)  and  (il)  we  get  — | — v'—  — 12^ 
or  • — 1 — 2 «=  — 1 2e.  **  v#«* 2 m./sec.  Ans. 

or  . 12e~3  or  r=J, 

Again  K E.‘ofA  after  impact  — 4 (4)  (—  I)1  — 2 units; 

KE.  of  B after  impact  — 4 (8)  (2)*— 1 6 units. 

Total  K E.  after  impact«=24- 16»  18  units 
KE.  of  A before  impact— 4 (4)  (9)*  — 1 62  units 
K.E.  of  B before  impact—*  f8)  (— 3j**=36  unit 

Tnlol  V*  C 2 — . |Q»  nnile 


Total  K.E  before  impact=162+36* 
Loss  of  K.E. —198— 18  — 180  units. 


units 
198  units. 


Er.  4..  Three  equal  spheres  are  in  a straight  line  on  a table 
and  one  mores  towards  the  other  two  wbfebare  at  rest  and  not  in 
fiod  how  m>oy  Impact  will  lake  place  and  show 
* the  a,tImate  speeds  of  the  spheres  are  Id  the  ratio  13  : I 5 : 36. 

wilh  a°L„L'.1  m b'  ,b'J' each  iphere  Let  <»e  ‘Phtre  E"*? 
Sere  wm  t,  'tyu.,owards  ><«  O'hir  <»o*t>ul>  ■»<=  »>  >«■  Then 
ami  vM.1  Ilf  ar*  ,mP3ct  between  first  nnd  second  spheres,  lei  V 

"haea^l' ”f  *h«n>  iuce  impact  IlL. 


r "Ciociues  Of  (he 

Newton'se*^*  r'rinoiPlc  °r  conservation 

newton  s experimental  law  w«  * 


„„ . * ui  tonscr 

Xp.rimental  jaw  we  have. 
vA  0 - and 

p.ijt  and  v— v'-»  - 4m, 

Solving  v«lo  a„d 


momentum 
_ v‘—  - c (u  - Oj 


4 fghen) 


<S 
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Since  v * > v,  second  sphere  moves  faster  chan  the  fust  after 
impact,'  hence  first  will  be  left  behind  and  second  v.  ill  S'fifce  third 
sphere  at  rest -with  a velocity  . 

Let  V and  V*  be  their  velocities  after  impact.  ' 

«\  for  impact  of  second  and  third  spheres  we  have 
ntV4-mV‘~  m,  Ju-bm.  0 
and  V-V'ta-ed  u-0) 


or  and  P— k"*»  — Ju,  V f**i  (given) 

Solving  and  **u 

After  second  impact  (of  2nd  and  3rd  spheres)  we  observe  that 
V being  greater  than  V,  third  sphere  moves  faster  than  2nd  and  r 
(velocity  of  the  1st  sphere  after  first  impact)  being  greater  than  V 
(velocity  of  the  second  sphere  after  2nd  impact),  Ibe  first  sphere 
will  strike  the  second.  This  will  be  the  third  impact  If  v»  and  r$  be 


the  velocities  of  1st  and  2nd  spheres  after  this  impact,  then  we  have 
m k,4 -M.Vf-i  ±u+m  J*tr 

and  eiv  - - £ (Ju  - ;*tr)  , 

t.e.  rt+v,**7u/)b  and  r1-iPt«»-ii/.«2 

whence  andvt»J$t/ 

Now  v,  > vt  and  V ' > vt ; there  will  be  no  further  Impact.  - 
Hence  there  are  three  impacts  only  and  final  velocities  of 
spheres  are  in  the  ratio. 


v, : v, : V t.e 


t.e.  13  : 15:  36. 


Ex.  5,  The  masses  of  three  spheres.  A,  D.  C are  7 m,  7/ff. 
their  coefficient  of  restitution  Is  unify,  their  ccDfrcs  are  Ina  stra’g“* 
line  and  C lies  between  A and  B,  initially  A and  B are  at  rest  an® 
C Is  glren  a velocity  along  the  Hoe  of  centres  towards  A.  Show 
It  strikes'  A twice  and  Bbnce.  and  that  final  velocities  of  A.  c 
are  In  Ibe  ratio  21  : 12  : 1- 

Sol.  Let  sphere  C move  with  a velocity  u towards  A.  Tben 
first  impact  will  be  between  A and  C,  _ 

Impact  of  A and  C spheres  : 

- Let  * and  s' be  the  velocities  of  spheres  A and  <7  after  Impact 
Then  by  the  principle  of  conservation  of  momentum  and  Newton’s 
* experimental  law»  we  have. 


(Pig.  •*) 


Duect  Impact 
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7m* -f  mv'»  7m  0 -$-/««'  and  v-v’*=~t*  iC-  w). 

.or 7i>+v,««  ancj  t>_v'=u,  •;  <*1  (given) 

' Solving  and  v'*=  — Jw 

As  v'.is  negative,  so  af»er  impact  ■ C changes  direction  ?e. 
moves  towards  B which  is  at  rest  and  thus  second  impact  will  be 
between  B at  rest  and  C moving  with  a velocity  3u/4. 

Impact  of  B and  C spheres.  Let  V and  V'  be  theA'docitits  of 
spheres  B and  C after  this  impact.  Then  by  the  principle  of  con- 
servation of  momentum  and  Newton’s  Experimental  Law  we  have 
ImV+mV'^lnt.Q+m  J u 
and  • f'-F'=-e(0r-5),  /v  I (given) 

Solving  7FW3«/I6  and  — 9»/lb  ' ,..(i) 

■ -As  I-"ts  negative,  so  after  second  impact  C changes  direction 
' *.<*  -moves  towards  A which  is  already  moving  with  a velocity  m/4. 
bince  9u/l6  >m/4,  so  C will  overtake  A and  third  impact  will  be 
P-tween  C and  A which  are  moving  before  third  impact  with  velo- 
cities 9«/t  S and  u/4  respectively.- 
- Impact  of  A and  C spheres  for  the  second  time.  Let  v,  and  v, 
be  the  velocities  of  ,4  and  C spheres  after  this  impact.  ! 

, Then  from  principle  of  conservation  of  momentum  and  New- 
ton s Experimental  Law  we  have  • 

■ T 7m  »,fm  v,«7m 

and  v,— e (fu-fjw) 

OT  '7*, + **=»}  Jit  and  'vt~vt-mfju,  V «*=! 

' Solving  »•,=  *!„  and  vg=»,* 

’ ...  ?]nce > v,  so  A sphere  well  move  faster'  than  C and  there 
Will  be  no  further  i npact  between  A and  C 
‘ . ”encc,after  this  impact  the  final  velocities  of  the  spheres  A,  B 
and  C are  in  the  ratio  v, : V\  vt  ' 

from  (i)  and  (ii) 

21  : 12:  1.  * *’  *■  J 

^x*  6*  Three  balls  * ■'  ■ *’  ■■  ’ 

the  last  tirj  being  at  rest  I • , ■ i • “ ■ ■ 1 

velocity  u strikes  the  second  which  afterwards  strikes  the  third, 
nd  the  velocity  of  the  (bird  ball  after  the  impact 

,V°Te ,ll,at  ,r  tbe  masses  of  the  first  and  the  third  balls  be 
velocity  of  the  third  ball  after  Impact  Is  greatest  if  the 
1 are  ln  Geometric  progression  and  that  the  velocity  then  b 
- - * m>  fl-Le)1  u 
, ' 1 (Vm,+Vw,l»  . 

ortheee  h.  * afl/r  fi''t  and  second  balls  the  velocities 

momentum  amfw.*  ,Th>en ITOm  the  Princ,P,c  of  conservation  of 

amentum  and  Newton's  Experimental  Law  we  have 

or  '”*’■* +wA-m|u+/«tO  and  v,  -»* v^~-  - e (u  O) 

, wj*’i'fm1vg«=u  and  v,  - 


Dynamics 


{X^jVr^u  ..(i) 

Solviog  these  we  have  C«.+m*'  • ’ . lrd  ba1„. 

N*  impact  take.  pta»  t ■*"  ft 

Uttbe  velocity  of  «^"vSy  v,  »nd  .bird  «•  " ■ 
impact  second  bill  wn>  *,e  havc 

rest.  Then  ot=  (j+^m, . <i±£3”  . front'd)  (Note) 


Impact. 


■(SThST  u„  .fur 

ft  +e)«mJo!?o__i  which  gives  veloc.ty  ofthl.d  M 
' (nv+Es 1 (mi+m*’  ' • 

ict.  m. 

Rewriting  »,-(!+')’  m'“‘ 

' — .(li) 

or  s.-O  +e)Vm,u.srf^5^lm,.m,)  of 

„ a m are  given  then  only  m,  Is  variable  on  K 
the  above  imuU. t««  iven 

- ajAfiSSSSW 

tom,  is  aero  . 1)-0  !e.  when 

i f.  when  l-( m,m,im,  i - c ,, 

when  m„  m,  and  m,  are  tit  o.r. 

And  then  rrom  (li)  we  get  ( 

_0±£)Vh?  n+^_  proved. 

' “ ^ ird  -"»■£  J.  »,  lie  in  • 

Sol.  Le1  mi  , f.  m.  their  velocities  be  rt  an_._*  „m  and  , 


0) 


»m,u  and  V|-v,« 


niiVi-r 

*'  Solving  these  we  get  (,+e)m,u 

(mj^irntlH.  and  v,~  , ' . grr 

_ 1 * -.moving  with’ 

^ ‘ ' Then  before  impact  mi  is 
Now  let  m,  strike  i-  . Let  aftcr  this  Impact  the 
velocity  v,  wb“c”  ”*d  J Then  on  the  basis  or  (i),  < - 

of  m,  and  m,  be  vs  ana  r4 
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uirect  Impact 

Nowif^t^  .hcn  ” (0  <N“") 

' fS=£25l<l+£)m,U  " 

01  *l^+Sj-.fton  i) 

or  ,m«+™< K+msi 

^ ^.*S32?Af  ? 

Gy  is  lost  daring  the  impact  * '*  ^ of  ,be  original  kinetic 

. S“'vin8tb«swe 

tapa«Lm,PiC^“;+»”  " "’  . 

!;!'J(«j..«d;  , ,:■ '. 

”lI”«"I.I°n,  (jnd  ;;  '“•  •“»“•■  >'  “If  of  11.0  Initial  K.  E. 
of  mj»  Lou.  bo'th “ ve!>ofc'!,e h ar"  'vhil:b  stril's  lhc  ba" 

Kl  C Za'X °‘ ?'!' - 25Sn5“ of  ,hc ba" 

n'w,o»'!  «*£&  npu?;;pJ:;rc  „nd 

or  '"°+'"V-mo+m..6!In(,'  0-r-—r(u-0, 


nod 


Solvin,,  u "•■"'■'■nil/. 

£|-  “roro’imp'a^"  i 'fn"  or  m"m'o 

- fou,',  from  (i) 


--«) 

-CO 
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Loss  of  K.  E.  due  to  impact 
*=^K  E before  impact -K  after  impact 
•■iwii1— JmW  * i (mVj  a’-jm’tV,  Irum  (ti) 

(e  e*) 

According  to  the  problem. 

LoiS  of  K.E,  due  to  collision  =*  J (K  E.  before  impact) 

I e.  itr'  w*  (e— e*)»  i (Jm'AJ 

or  m’  \e  (mV  , from  (ii) 

or  2 (e  or  i • 2e  - 0, 

or  ^ i Ads 

**Ex.  9.  A scries  of  n elastic  balls  whose  passe*  arc  J,  e,  r* 
etc.  are  at  rest,  separated  by  intenals,  with  tbrlr  centres  on  a 
straight  line  Tlie  first  Is  made  to  impinge  directly  on  the  second  w»® 
Telocity  u.  Show  that  finally  tbc’first  (rt-1)  balls  will  be  njoung 
with  the  same  telocity  (X  — e)  u and  the'last  with  Telocity  u.  Pro** 
that  the  kinetic  energy  of  the  system  is  £ (1  - e-\  e*\  it*. 

Sol.  Consider  the  impact  of  the  first  and  sccord  balls  whose 
masses  are  I and  e (given).  The  first  ball  strikes  with  a veltciiy  » 
the  second  ball  which  is  at  rest.  Alter  impact  ict  v,  and  »•.  beinc|r 
velocities. 

Then  by  the  Principle  of  conservation  of  momentum. erd  Nrw-' 
ton’s  Experimental  Law,  we  have  . • - 

1 v,  f e.»*.  -» I .«+•  ^ 0 and  v,  v,=»  - e t u 0) 
i c.  v,+’ev,“M  and  »•,-  \t=*~eu 

Solving  the  equation  we  get  vl==(i  - «*;»/ and  v,*t/  • ,,u 

Hence  we  tonctudc  that  if  a bail  strikes  another  ball  «t  rest 
with  a velocity  u and  the  ratio  of  tbe  mas*  of , ihc  bail  at  rest  to 
that  ot  the  rnipinuipg  bsll  he  e,  then  affer  impact  ue  have  the  vCI 
city  of  the  impineine  ball  * (l-±  c)  times  its  veil  city  btferr  imp#* 
aitii  the  velocity  of  the  second  ball  nt'reste=tbc  vcltcify  of  ih1P.,n^‘ 
ing  bill.  . . 

Hence  if  vJt  r4,  vs  , vH_t,vn  be  the  velocities  of  the  jemainjoi? 
balls  ufter  impact,  then  «'c  have  ...  • 

and  *-« 

Also  from  «i>,  v,s=(l  -e)  u and  after  impact  of  2nd  and  ^ 
ba}!<  velocity  of  2nd  baJJWJ  - e)  u-  t \ fsa  v)  ■ ' 

> Also  kinetic  energy  of  the  system  after  impact ' . . 

- 4 » V+  i evj'+tt*  »,*  + -f  ^«-*r x t e-1  v* 

(l-cj*  u*  »l+c+e*f  -he"-sJ4  1 ut,  from 

(HO  ondfiv; 


=4(1-1')’  u*  1^-—]  + !'' 


oved. 


u*  ((i -c)  (I  — e"",)+<"“,i*-  4««  (J  - *+ *■)  Hence  pro* 

■ Exercise  on  § 3— § <1 
Ex.  l._ ' Two  spheres  of  masses  M,  m impinge  djrruly  v,’fn 


Ob'iquc  irapaci 
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moving  in  ooposlte  directions  with  speeds  u,  v rcipictivcly  and  the 
.■sphere  of  mass  m is  brought  to  rest  by  the  collision,  prove  that 
’ v (m— e\i)=>M  (1-J-c)  u 

After  the  collision,  the  sphere"  of  mass  M is  acted  on  bv  a 
constant  retarding  force  which  brings  it  to  rest  after  travelling  a 
distance  a.  Prove  that  the  magnitude  of  this  force  is  ^fa*(w+v)V2* 
.Ex*  2.  If  two  balls  of  masses  m,  m‘  moving  with  velocities 
w.  u'  impinge  directly  prove  that  the  condition  that  each  loses  the 
jSame  amount  of  kinetic  energy  is 

(3-f-Vj  -e)  (m’u4-ntu‘)**0. 

-Ex.  3.  If  two  inelastic  spheres  have  direct  impact,  show  that 
the  kinetic  energy  lost  by  the  impact  is  that  of  a body  whose  mass 
» half  the  harmonic  mean  between  the  mass  of  the  two  impinging 
spheres  and  whose  velocity  is  equal  to  their  relative  velocity  before 
.impact. 

. [Hint : See  § 4 cor.  Page  3 of  (bis  chapter] 

Ex  4.  Two  elastic  spheres  impinge  directly  with  equal  and 
opposite  velocities,  Find  the  ratio  of  their  masses  so  that  one  <n 
them  may  be  reduced  to  rest  by  the  impact,  the  coefficient  of  resti- 
tution beiug  e. 


Ex.' 5.  Two  perfectly  inelastic  bodies  of  masses  mx  and  w, 
^vtng  with  velocities  u,  and  ut  in  the  same  direction  impinges 
weeny,  Show  that  the  loss  of  kinetic  energy  due  to  impact  is 
i [mjnT, '(mj-fm*)]  (»,— »*)*. 


' [Hint ; See  cor.  of  § 4 Page  3 of  this  chapter] 

* ' Ohilqoe  Impact 
5-  Newton’s  Experimental  Law  on  oblique  Impact. 

When  two  bodies  strike  each  other  obliquely,  then  relative 
velocity  after  impact  resolved  along  their  common-normal  bears  a 
constant  ratio  to  their  relative  velocity  before  impact  resolved  in 
the  same  direction  and  is  of  opposite  sign  This  constant  ratio  is  e. 

• **  § 6.  Oblique  impact  of  two  Imperfectly  clastic  spheres 

(Gar  khpur  $9,  <S7;  Purvanchat  91.  88) 
Eet  two  smooth  imperfectly  elastic 'spheres  of  masses  m an  dm' 
strike  each  other  obliquely 
W'lh  velocities  u and  u'  niak* 
mg  angles  a and  p with  AD, 
l?e  j®. joining  the-  centres 
*rf.  & °f  the  spheres.  Let 
.aiier  impact  y and  v'  be  their 
' making  angles  0 and 

* w,*h  the  line  AB. 

The  spheres  being  smooth, 

'here  fs  no  force  between  them 


n 
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at  right  angles  to  the  common  normal  AB.  On  each  sphere  the- 
only  force  is  along  the  line  of  centres  l.e.  the  common  normal, 
Hence  velocities  at  right  angles  to  the  comman  normal  AB  remain 


'•nahered  due  to  impact,  so  we  get 
v sin  6 » u sin  a 

and  v'  sin  4*=u’  sin  p — (W 

Also  by  the  Principle  of  conservation  of  momentum,  we  have 
mv  cos  9 ■(•«'»'  cos  4 = m u cos  a fmV  cos  P ■ 

Also  by  Newton’s  Experimental  Law  (See  § 5 above)  we  get 
v.cos  0— v'  cos  4 » — e (u  cos  a.-  u'  cos  P)  - 


Equations  (t),  (ii).  (hi)  and  (iv)  are  sufficient  to  find  out  the 
» alues  of  the  four  unknown  quantities  v,  v\  0 and  4 

From  (iii)  and  (iv)  we  get  [multiplying  (iv)  by  m ' and  adding 
lo  (Hi)]. 


V cos  0 = 


mu  cos  a+m’u’  cos  P -em'  (u  cos  a u'cos  pi 

<m+m')  ' * 

, Again  from  (Hi)  and  (iv)  we  get  [multiplying  (iv)  by  m and 
subtracting  from  (iii)]. 

, * mu  cos  a-fm'u'co*  0 4-em  (u  cos  a - o'  cos  f 


(m+m’) 


. (vf) 


Squaring  and  adding  (i)  and  (v)  we  have  the  value  ofv* orr 
and  dividing  (0  by  (v)  .we  have  the  value  of  tan  0 or  9. 

Similarly  from  (ii)  and  (vi)  we  can  find  the  ' alue  of  »■'  and  #• 
Cor  I.  If  m~m' and  e = l,  we  have  from  (v)  and  (vi) 
v cos  0*=u'  cos  P and  v'  cos  4 cos  a 
/ e.  if  a moving  smooth  sphere  impinges  another  moving  smooth 
sphere  of  equal  miss  obliquely,  then  the  v interchange  their  velocities 
revolved  in  the  direction  of  the  line  of  centres  ( Gorakhpu ' 92)  , 

Cor.  2.  If  u,-^0  we  have  from  fii),  ^*=0. 
i e.  if  moving  smooth  sphere  impinges  obliquely  another  sphere 
at  rest . the  latte r begins  to  move  in  the  sense  of  the  common  normal 


*•§  7.  Loss  of  kloejlc  energy  due  to  oblique  impact. 

( Purvonchal  91) 

Proceeding  exactly  as  in  § 6 Pages  11  — 12  of  this  chapter  we 
can  obtain  the  results  (i),  fit),  (iii)  and  (iv).- 

Adding  mm'  times  the  square  of  (iv)  to  the  square  of  lHi)»  we 
• have  fmv  cos  0 + mV  cos  jF+mm’.ir  cos  0 - v'  cos  4)* 

■ (mu  cos  a+m'u'  cos  r*  (u  cos  a—u'  cos  /}) 

or  (m'+mm' ) v*  cos*  d+IfnHmm'j  v'*  cos*  4 . 

cos  s + mV  cos  c>  (u  cos  «-u  cos  pj 


or  (m+m')  w*cos<f+(m-f  m'»  mV*  cos*  4 , , 

«=tmu  cos  a+m'u*  c<is-£»*+mm'e*  (u  cos  «— u‘  col i 0 ) 

-f  mm'  (u  cos  ■ - u'  cos  Pi*-  mm'  (u  cos  a—u’  cos  py  (Note; 
introducing  the  term  mm'  («  cos  a—u’  cos  p J*  with  positive  and 


uonquc  impact 


negative  signs.  . 

Vr‘  («+«')  (mv*  cos*  0+mV*  cos*  <£T 

•Mm-fm'Xmu*  cos*  i+m'u'J  cos*  /9) 

, ' % — mm*  (1—  e*)  (uccsa-u'  cos  ft* 

or  jwv*  cos*  V*  cos*  54=  § mu*  cos*  a-f  JmV*  cos*  /3 
, mm' 

.7*  is+so  (««»«-»' c°. p/  (vii) 

Also  squaring  and  adding  (i)  and  (ii)'we  get 
' 9ln  s»n*  i mu*  sin*  «+4mV*  sin*  p ...(viii) 

“ AddlnS  (viii)  and  (vii)  we  bave  jmv*+ |mV* 

"“riisSs7,  (1~^  (wcos*-u’ cos  w 

f (m^o  (I-^  f 1/005  cos  ■ 

D-r  (K.E.  after  impact)— (K.E.  before  impact) 


_ I — e3)  , 

*.  ■ ' 2 * "iw-i-W,  (BCOS«“"  «**)■, 

>bicb  being  negative.' K.E.  is  lost  due  to  impact. 

'*  “ Amount  of  KE.  lost 

“ I • CnT^-)  !“  cos  CM  W* 

-i.;  >'■ 

2 (m+m’J  1 ’ 

^ *s  relative  velocity  of  the  two  spheres  before  impact  in 
direction  of  the  common  normal  / e.  cos  a ~v’  cos  p). 
Impulse  of  the  blow.  Let  I be  Ibc  impulse  ot  the  blow 
00  each  sphere. 


The  impulse  of  blpw  on  the  sphere  of  mass  w*=cbangc  in  the 
omentum  of  mass  m in  the  direction  of  the  impulse. 

*:*  t *-  • — l**m  (v  cos  v— u cos  a)  ...(Is) 

negative  sign  is  due  to  the  fact  that  the  direction  of/  ori  m is  in 
wh?*K  00  ^ *’e'  opposite  to  the  direction  of.tf  cos  a and  r cos  0 
10“  ar5  in  the  direction  AB.  See  Fig.  5 Page  il  of  this  chapter. 
Again  for  the  impulse  on  m\  we  bave 

/«Ai*(r'£os£-ti'  cos#  ...(*) 

b^re  the  direction  of  / and  »'  cos  6,  u'  cos  B,  are  In  the  same  sense 
10  the  sense  of'AB. 


^rom  (lx)  and  (x)  we  bave 

(%)+(//«')■»(»'  cos  4-u‘  cos  P)—(*  cos  0 ~u  cos  o) 

* tO/m)  +( 1 /m*  »J — f « cos  a —u'  cos  0)  - (v  cos  0 - r'  cos  4) 

* (u  cos  a cos  0) +e  (u  cos  a ~ u'  cos  0J. 

frt'ni  (n)  T.ijt  I j , 
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•■04**)  faces «~h'  c tfi) 

” (rX^t  ('  +'>  (°  -1 «”  *>°  0 +t)-  * 

where  V Is  the  relative  velocity  of  the  Sphere  before  Impact  In  the 
direction  of  the  common  tformal. 

Solved  Examples  on  § 5 § 8 (Oblique  Impact!. 

Ex.  1.  The  Telocity  of  a ball  A,  after  its  oblique  impact  on  * 
btll  B,  has  the  same  nugnltede  and  d/rcc!foa  as  the  Telocity  of  B 

before  Impact  Show  that  the  ratio  of  the  masses  of  the  ball*  Is' 

equal  to  the  coefficient  of  restitution. 

Sol  .Let  m and  nt‘  be 
the  massses  of  the  balls,  u,  tt* 
be  their  velocities  before 
impact  making  angles  « and 
p respectively  with  the  line  of 
centres. 

Let  v and  v'  be  their  velo- 
cities after  impact  making 
angles  0 and  4 respectively 
with  the  line  of  centres.  Since 
>e  are  given  that  the  velocity 
of  A after  impact  has  the  same  - *Fig  6)  wc 

magnitude  und  direction  as  the  velocity  of  D before  in  pact,  .. 
get  v»o'  and  tr*P 

Now  by  the  Principle  of  conservation  of  m 0 

mV'  cos  4+ nt*  tos  (i  **/»V  cos  p j~  mu  cos  a 
or  m’  (v'  cos  4>  -W  cos  (?)  t*rn  t«  cos  o— -v  cos  P) 

or  m’  (v'  cos  4—  u’  cos  p)^=m  (»  cos  a - u'  cos  pi 

since  from  (i)  v~u’  and  p 
Also  by  Newton’s  Experimental  Law  we,  have 

v'  cos$“v  cos  ( u ’ cos /J  - u cos  «) 

or  (v'  cos  4 -u’  cos  0)»e  (u  cos  « -uJ  cos  p},  . 

since  from  (I). Hence  provM 

' *Ex  2.  If  two  equal  perfectly  elastic  spheres  Impinge  ob»q°e  ’ 
sbaw  that  thty  lnterchsrgj  their  velocities  In  the  direction  of  i * 
Hoc  of  centres.  • ■ 

Sol.  Refer  figure  6 of  last  example,  remembering  that  11 
rri~m\  balls  being  equal,  . ' . . 

Then  as  in  last  example,  with  the  same  notations  from  ptW* 
pis  of  conservation  of  momentum  and  Newton’*  Experimental  fc 
we  have  **  co.  4 *H  c0»  9~W  tos  p+u  cos  « ’ ' •• * 

Qntj  v'  cos  4—v  cos  #«=—(«'  cos  p—u  cos  «) 

(Here  in'fzm  end  c «*  1 > 

Addin"  ami  subtracting  (i)  and  (ii)  wc'get  > 


...W 


...tfii) 
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- . v'  cos  $*=:u  cos  a:  v cos  0=  u’  cos 
In  the  direction  of  line  of  centres  velocity  after  impact  of 
the  second  ball  ^velocity  before  impact  of  the  first  ball.  _ 

, ‘ And  the'-velocity  after  impact  of  the  first  ball  =•  velocity  before 
J1)) pact  of  the  second  ball. 

Ex.  3^  • A ball  of  mass  M strikes  another  ball  of  mass  m at 
****•  If  they  separate  in  mutually  perpendicular  directions,  prove 
‘hat  the  coefficient  of  elasticity  h equal  to  the  ratio  of  their  masses. 

Sol.  Let  u be  the  velocity  before  impact  of  the  ball  of  mass  M 
™aUog  an  angle  a with-  the 
joining  the  centres.  The 
balt  of  mass  m before  impact 
"as  at  rest.  Since  during  the 
Period  of  impact  the  only 
“lrce  acting  in  the  direction 
ot  the  common  normal,  so 
toe  ball  of  mass  m will  move. 

,n  ™e  sense'  of  the  common 
normal  after  impact. 


Again  as  the  balls  separate  ' 


V — .MW  wwti.  I.v|igi,  u.w  ^ p I g * 7 j 

P«rpendicu»ar  directions,  so  ball  or  mass  M will  move 
’n  a d,rectlon  at  right  angles  to  the  common  normal. 
r> . fV,and  f *?5  tf|e  velosi  ties  of  the  masses  A{  and  m after  impact, 
- , 1 c Ptmoiple  of  conservation  of  momentum,  we  get 
mJn^V  co*90*+w  v‘<=M  u cos  « -fw  0,  in  the  direction  of  com- 
raon  normal,-  or  Vm-=3/«  cos  ci  . li) 

Also  by  Newton’s  Experiments!  Law,  sve  get 
> cos  y(J°*= (0—u  co$  ctj  or  v’=<x/cos<* 
or  UlV*dmg  (j)  by  (h)  we  have  tn^MSe  or  e~Mlm 

€~  ratio  ot  masses  of  the  balls  Hence  proved. 

,ran£*;4;  .A  Smooth  sphere  of  mass  />;,  travelling  with  velocity  u 


- flu 


‘TiWJW  a right  angle  if  t«n* 
Stcr.MjV  After  impact  the 
mevv?  »>a,‘  °r  mass  A/  should 
*****  the'line  of  com- 
forr*.  ®0rmal.  because  the 
of  jm’?D  during  the  period 
CoS?ctisor>«y  aJoag 
2£»on  norma,  Letv'bciis 
^locuyacer  impact.  Also 
impin2jag  ball  moves 

ne  ‘ortner  direction.  Let 


“(eftl—  m). 


(Pip.  S) 

lion.  Let  v be  its  velocity  after  Impact. 
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Since  (here  is  no  force  in  the  direction  perpendicular  to  the 
line  joining  the  centres,  so  for  ball  of  mass  m,  we  have 

u ctn  $=»v  sin  (90* - 9)  or  usinfl*»vcosfl  »••(** 

Also  by  principle  of  conservation  of  momentum,  we  have 
Af*'+m  {—v  cos  (90°-fi))  ~MM+Mu  cos  0 
or  Afv'~mv  sin  i>«»  mu  cos  0 ' •••(*" 


And  by  Newton’s  experimental  Law,  we  have 
v'— {— v cos  (VO"  — e(0~ucos«) 

or  v'+r  sin  e—eu  cos  3 . —0H‘ 

Multiplying  (Hi)  by  M and  subtracting  from  (iij  we  get 
— wv  sin  3~Mv  sin  e—wiu  cos  fl— M tu  cos  3 
or  v (m-f -M)  sin  e«u  (ejtf—m)  cos  3 - ' . 

or  «m  sin  e)/cos  tfj  (nr-f/f)  sin  e-»a  {ebi - m)  cos  3,  from  W 

or  tans  , ' Hence  proved- 

Ex.  5,  A smooth  ball  impinges  on  another  equal  ball  at  rest 
in  o direction  making  an  angle  a with  the  line,  of  centres.  If  *»e 
coefficient  ot  elasticity  of  the  two  bails  Is  1/3,  prove  that  tut  aogw 
through  which  the  direction  ol  the  impinging  ball  Is  deviated  Is  . 

tan-'*  {2tan«/U+3tan»«)).  . 

Sol.  Let  after  impact  the  velocity  of  the  impinging  ban  & 
making  an  angle  8 with 
the  direction  of  the  com- 
mon normal. 

Also  after  impact 
the  second  bait  should 
move  along  the  direction 
of  the  common  normal 
because  the  force  on  it 
dutmg  the  period  of  im- 
pact ts  only  along  the 
common  normal.  Let  / 
be  its  velocity  after  imparl.  jpjg  9) 

In  the  direction  perpendicular  to  the  line  joining  the  centres, 
three  being  no  force  we  have  u sto  **=v  sin  8.  ' 

By  the  Principle  of  conservation  of  momentum,  we  get 
imv'+W  (—v  cos  0)»m.Q-f-m  » cos  «, 
where  m is  the  mass  of  each  ball 

Of  »' — V COS  0 = U COS  K ...(>0 


or 

or 

or 


By  Newton’s  Experimental  Law,  wc  have  " ■ 

vf — ( — v cos  3)  = — e (0-u  oos  a),  where 
* v'+v  cos  0^=iu  Cos  e 
Solving  (iii)  and  (til,  we  get  • cos  0=— Ju  cos  a 
(u  sin  «/sin  el  cos  0s*— {tt  Cqs  «,  trorn  U) 
tan  — 3 tan  a 


..  (iv) 


Required  angle— 0-f  * (ste  figure). 


— tan-*  (tan  (*+•)}«  tan**1 


tan  g + tan  a 
1 - tan  0 1 an  <* 
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3 tan  a-f  tan  a 
3 tan  «j  tan  a 
—2  tan  * 


from  (iv) 


39/1/2  

1- 

0“l  [ v\  v~  r~l«  numerically, 

,[i+3  tan*  a J 

(negative  sign  shows  this  angle  is  obtuse).  v 

*Ex.  6.  A.  smooth  sphere  impinge  obliquely  oo  an  equal  sphere 
,l  M|t.  Before  impaet  toe  first  s jhere  was  moving  in  a direction 
^»klng  an  nogle  a with  the  tine  of  centres  at  the  moment  of  impact- 
U the  direction  of  motion  of  the  first  sphere  is  turned  through  an 
•ogle  0 by  the  impact,  show  that 

, tan  0«[(I-  e)  tan  «]/(!  — <?+2  tan*  a). 

Show  also  that  the  max  deviation  is  sln~l  f(l+e)/(3-e)J. 

. So|.  Let  u be  the  vel- 
J'»ty  before  impact  of  the 
’’'Pinging  sphere  making 
*n  anS,e  ■ with  the  corn- 
raoo  normal.  The  second 
Phere  being  at  rest  before 
T^pact  will  move  along 
^common  normal  after 
'-noact  as  the  force  on  it 
the  period  of  im- 
is‘°nly  along  ibe  . (Fig.  10) 

raroon  normal.  Let  v'  be  its  velocity  after  impact. 

^el  v he  the  velocity  after  impact  of  the  impinging  sphere 
“King  an  angle  o with  the  common  normal.  As  the  direction  of 
non  of.this, sphere  is  turned  through  an  angle  0 by  the  impact, 

(i)’(Sce  figure)  ‘ 

jjf  * ni  be  the  mass  of  each  sphere. 
fnv  cn?C°  ^ 'he  Principle  of  Conservation  of  momentum, *we  get 
8+mv'as/nw  cos  a+m.O  or  v cos  cos  « («) 

nd  by  the  Newton’s  Experimental  law,  we  have 
or  {v  cos  6—  ^ ft/ cos  #— 0) 

v cos  0—  v’ •»—'<*«  cos  c €*»*> 

coJ*°  85  there  is  no  force  in  the  direction  perpendicular  to  the 
0n  normal  so  we  have  for  the  impinging  sphere 
'v  sin  Vitsin  a 

rom  (ij)  and  (ifi)  we  can  show  that 
n;  . v costf  « £ (t-e)  ucos  * 

AtVidj°8  hy  (v)  we  get  tan  0=(2  tan  «>/(!-'  f) 

Als<>from(i)  weget0«fl  -«  or  tan  0=tan  (0  ■ a) 

Cr  tan  0**  'an  g - tan  ■ ^ \2  fan  arfil  - ep-tana 
i + tant/tana“  i -f-2  (tan*  «•(!  e)}  . 
Iang»((|+<.j  t>n .}((|-  c+2  tan'.)-  • (vil) 

< - ' Hence  proved. 


■ '(iv) 

(v> 
» (vl) 

from  (vi) 
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Now  deviation  will  be  max.  when  tan  0 is  maximum  ' 
ie.  when  ftl+ej  tan  «}/(I — e+ 2 tan*  a)  is  maximum 

f.e-  - — — j3  minimum,  (H-e)  being  constant.  . 

t.e.  when  (1 — <?)  cot  a+2  tan  a is  minimum. 


t.e,  when 


i[o- 


»0  and  second  differential 


-c)  cot  o+2  tan  a 

coefficient  is  positive.  J 

l.c.  when  — <l-~c)  coscc*  «+ 2 sec*  t»«=0 
t.e.  .when  (1~^)*»2  tan*  a or  tan  (l “*)}  • 

(\+e)V(d  ~e)}2)  (1 +eV(lzf? 

I— gfn-e)  “ 

. 04-g)  1+* 

p—sin"1  [(l+ej/(3— e)],  for' max.  deviation.  proved. 


And  then  from  (vii),  tan  /?= 
o tan 


Ex.  7.  Two  balls  whose  masses  are  m and  m*  and  moving  fn 
the  directions,  making  angles  a.  o'  with  the  line  of  centres,  collide. 
If  their  directions  of  motion  after  the  impact  be  perpendicoiar  to 
their  direction  before  Impact  ; prove  that 

<»,(«  «!»’  •■+!»'  a )l(m  cm*  a'+m'  cos*  a). 

Sol  „ Let  v and  v'.  be 
velocities  after  impactof  the 
ball-'  erf  masses  m and  m' 
respectively,  making  angles 
90*— o and  90°— o'  with  the 
common  normal,  as  their 
directions  of  motion  after 
impact  are  perpendicular  to 
their  directions  before  Im- 
pact. Let_u  and  o'  be  their 
velocities  before  impact.  (Fig.  11) 

Since  there  is  no  force  In  the  direction  perpendicular  to  the 
common  noroat,  so  we  have 

' tt*lno»vsin(90"-o)  -or  u sin cost  —CO 
and  sino'-v’ sin  (90*— a*)  or  ti  sin  o'- »'  cos  o'  ...{10 

Also  by  the  Principle  of  conservation  of  momentum,  we  get 
mV  cos  (90*— o')+m  (~v  cos  (90*—*)}  ' 

«=*mu  bos  o+m*  {—o'  cos  ■'} 
or  mV  sin  o'— mr  sin  a — mu  cos  «— mV  cos  o’  ...(HO 

By  Newton’s  Experimental  Law,  we  have  ' 

V cos.  (90*— «')—{-*  cos  (90*—*)) 
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from  (iV)p  »*  sin  a*4»y  ain  a 
. tr  cos  a^-fw  coso 

- ilrEgl)  sln*'+  (Sr) sln « 

Urcoi  a -fir  cos  a — , from  (i)  and  (|i) 
0r  «*>  sin*  «r4-ftr/cos  g)  sin*  a 

~ w*  cos  cos  a " ~ 

(0>  m/U  c"  *+» s'"  ■)“«'  {»'  sir,  .■+,/  cos  M 

«'nlucos«<J.£*!“«  \ j V , f/n'slna' \ , •, 

1 Vcoia  )• lSmaJ  mUssn- JsW+i/cosa'], 

“■  m t“/«»  «]-m-  [u'/cos  f„y)  from  <»  «<">  00 

V J^-lund  J!L„L 

. In^v)  we  gel  " m 

c-  — 8i°'  !jH*W  sin1  a 

■ K*  C0!  OS)  CO!  cos . 

_CT»ln*  a'-t-m'  sin1  a 

Ex.  8.  Two  L'0,-fa'+m'  «'■  « . Hr  nee  proved. 

*»J  at  rlfjht  /nclerioone^n’.r  ”’4  “0,1”e  "HI,  velocities 

[[«lon  of  motion  .fter  lmn^.  6 ; c,nI,fc-  Prore  11  ,Mr 
matton  offer  Impact  arc  alio  ct  rlpbl  ancles,  then 

' <,_2™_cos«+m'V  sin* « 

to.  a,  ; mm'  CQ!  «J  ’ 

tectlon  of  1 1 makes  ansle  o with  Ike  line  of  centres. 

. Sol.  The  cntiarc  **  , . (Purvaneha!  92,  &9) 

,ts  U and  iS  before  °nd  7*  ore  raovin£  with  veto- 

“°r  ventres  Let  fh?.P  ' ? W?e  “mpies  « and  50“-«  wilt  tie 
cr  '“Pact  makhtal S sph'r"  “°vo  with  velocities  r ond  v' 

Since  th„.  , S “n8,cse  nnd  W-p  with  the  line  of  cent, ea. 

'non  normai'Ml  wf0rtf'  l!l°  dim,io'‘  perpendicular  to  the 
'■flinfoS "e  have  «sin«=rslnfi  ...(it 

hy  the  n sin  (90  — 0j  or  t/  cos  n™v'  coo  p --(ill 

in'  ,•  c„/,onIPl  o°f  Conservation  of  Momentum,  we  pet 
+ Bt  P)  \ (X- 

-f  to' r’~v50a  cos  a ^ 

{— f/  cos  (90 
ncosVsinfl-mvcos 
Aeau~WV,in*  ••OH) 

,al  Lew.  we'get"*8  C*P"‘ 

COS^0’~SI-(-vcol8) 
eU~«"cos  (90°—«)j 

r ' : ; .~ucos  "1  (Fig.  i2) 
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v'  sin  0-fv  cos  p Ju  cos  a+u'  sin  a] 

/ 1 i cosa\  . . / us 

YcmJ  ) *'  e+W, 


e*=* 


v'  sin  g-t-y  cos  g 
u cos  a-f-w’  sin  a 


u cos  a+it  sin  o 

from  (i)  and  (ii) 

a*  cos  a tan  fl+u  sin  a cot  p 

ircos  ■+«' sin  a — 0v) 

From  (HI),  m (u  cosa+v  cos  0)»m'  (v'  sin  p-fu'.sin  ■) 
i sin  a\ 
sin  p 


cos?^ra  0+^sin- 


-)CO,?]“m'[(-cosp  /- 

from  (i)  and  (ti) 
or  mu  {cos  et+sin  e»  cot  pj=*mV  [cos  s tan  P+sin  *] 
or  mu  (sin  (a-f  0)/sin  p]=»mV  [sin  (a+pj/cos  PJ 

or  tan  p=mu/m'u' and  cot  P-mV/mc. 

Substituting  these  values  in  (iv),  we  get 

u'  cos  a (mttlmVi-fu  sin  a (m'u'tmu)  ' 
c“  ' * u cos  a-f  u'  am  a 

m*  u cos  a-t-m'V  sin  a 

mm’  (u  cos  a+n'  stn  a)  Hence  proved.' 

*■,  " t m r 7— '-““t  r»--tic  spheres  m«r?/g 

. • | « Show  tbat*f(tr 

, 1 i*  m % " ■ 1 1 h other. 

• (Gorakhpur  92) 

Sol.  Refer  Fig.  12  Page  19  of  this  chapter. 

' Let  m be  the  mass  of  each  sphfere  and  u,  u'  be  their  velocities 
before  impact  making  angles  a and  90° -a  with  the  line  of  centres 
as  shown  in  the  figure.  Let  v and  v*  be  their  velocities  after  impa*-1 
making  angles  p and  y with  the  line  of  centres.  (In  the  figure  taKC 
y for  90e—  /?).  > . 

’ v There  is  no  force  at  right  angles  to  the  common  nonns‘» 
so  »e  have  *»  sin  a«v  sin  p , •• 

end  *»n  (90* -■)—»' sin  y * (N®£{ 

le.  ur  cos  a=v'  sin  y , • — v«/ 

Tty  the  Principle  of  Conservation  of  Momentum,  we  get 
m/  cos  y+m  (—v  cosP)«m  {— 1/  cos  (90°— «)}+*ww 
or  v'  cos  y~v  cos  ,fi«u  cos  a— u’  sin  a . 

And  by  Newton’s  Experimental  Law,  we  get 
v'  cosy— (— v cos  p)«  — l [{— U'  cos  (9G°-b)J— u cos  a] 
or  / cosy+v  cos  sin  a+w  cos  a 

Adding  and  subtracting  (iii)  and  (iv)  we  get 

v'  cos  y=»u  cos  « ...(v)  and  v cos  p~u'  sin  * 

From  (It)  and  (v)  we  have  ((u*  cos  aj/’sin  yj  cos  y^t/cos  «,  , 

eliminating  r • 
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or  ' cot  ? *,  u sifi  * _ V sin  0 

0r  , - w'.u’sin*  ?"coTfl’ frora  and  Ivi) 

I Cot  y**tan  p or  y=9o«__p 

,^ts«*35!5SSSaE 

'K* -inssr  t";, r ->  «•  <■»*-».. » 

‘S.ts, 

. Kn<e„Hl"8imPa«''»  In  the 

» the  ban  of  °mmon  .normal, 

I" the  s*n«  Jr'5  mov's 
"wonUftlrim  <he  com,non 
' Wy  aft.r  ,~pacl  ?nd  •'<  ils 

^ntlie  v2lfj.mp*?.be  *-et 

of  *he  i * . cjty  after  Impact 

off  il  n*i ?*"  which  It  ’ 

PtndlcalaMo  n dlr?c.t,on  Per, 

lion  (7r'“«'<>r.8maldircc. 

SO"-..  „'i.  ™.ak  "B  angle 


Since  - coramon  normal. 


'Fig.  13) 


Sine  « * u'wuiBi. 

fW  ls  no'foref  ^ire«ion  perpendicular  to  the  rommrn  normal 
and  we  hn  vw  r f,*  0 thcrc  ,s  no  change  In  velocity  in  that  direction 
• Also  h th*ta  * Si°  (90~")  or  u sin  «t=v  cos  a fi) 

} e Principle  of  Conservation  of  Momentum,  we  get  . 
or'  ‘ , V' m f'-*'  cos  (90a—  a)}=rrc'0-f-m.wcos  • 

A«j  . v ~WJ>-Sln  a=*mu  cos  a ...fli) 

y Newton’s  Experimental  Law*  we  get 
or  y~'^~'VCOs(9°D-a)}'“-ef0-Kcosa]  ' 

+v.8ina=e«cos«  /HU 

, - m ^ m'v'^m  [u  COS  a + v sin  *] 

0 f , t.  t fw  cos  * +(«  sin  o/cos  a)  sin  #],-  from  (ij 

’Atsn r.  m.  V *=/MU  [I /cos  «]  or  v'x=mui(m'  cos*] 

",  . . " "e  lh's=  values  of  >■  and  v"  iu  fiii)  we  have 

mu  . - - * 


***'  cos  < 


b (“?“!•) 
V cos « / 


Wcos.-'P-  --  cos- 
w"i-(ecos>«_s|n!a)/i. 


!•  sin*=euco$a 
sin**  eco$*-a  — 


Hence  proved. 
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Ex.  U.  Two  balls  of  elasticity  e,  moving  to  a parallel  direction 
with  eqaal  momenta  Impinge,  prove  that  If  their  directions  of  mo- 
tions be  opposite,  they  will  move  after  Impact  In  parallel  directions 
with  equal  momenta. 

Sol.  Let  m and  m'  be  the  masses  of  the’ balls  and  u and  u 
their  velocities  before  impact  each  making  on  angltf  * with  the 
common  normal.  Also  u and  u'  are  in  opposite  directions.  (In  the 
figure  reverse  the  direction  of  o').  # . 

Let  the  velocities  of  these  baits  after  impact  be  v 'and  v*  o18 
ing  angles  0 and  $ with  the  common  normal.  • . 

Since  there  is  no  force  acting  on  the  balls  in  the  direcu 
perpendicular  to  the  common  normal,  so  we  get 


V8infl=usina  ...(I) 

and  v'  sin  tfwu'  sin  a ‘ ...(ii) 
Also  the  momenta  before 
impact  of  the  bails  are  given  to 
be  equal,  so 

mu«mV  ...(  i) 

By  the  Principle  of  Con- 
ervation  of  momentum  we  have 
mV  cos  ^+m  (-  v cos  9) 

«m'  (-«'  cos  a)  . 

-f  m (u  cos  a)  ...(iv) 


(Fig.  14) 


mV  cosfl— mv  cos  9—[nm—nttf)  cos  a«0,  from  (iil) 

v cos  0 m‘  u . 

— r=  — » -ri  from  (in) 
v cos  f m , u ’ 


, V COS  6 

from  (i).  Bnd  (it),  -r 


multiplying  num.  and  denom.  by  6’n  * 
sin  6 


v'  cos  <(>  v'  sin  <f> 


V sin  9 cos  0 

°r  cos  ^ sin  *5 


or  tan0=tan*  or  9*=<f> 
t.e,  directions  of  motions  of  the  balls  after  Impact  are  parallel,  \ 
„ Also  from  (iii)  and  (iv)  we  have  mV  cos  £-mv  cos  0=0. 
or  mVewv,  since  0*=d  (proved)  - 
l.e.  balls  move  with  equal  momenta  after  impact. 

Ex.  12.  A ball  Impinges  on  another  equal  ball  moving  with  the 
same  speed  In  a direction  perpendicular  to  its  own,  the  line  Joining 
the  centres  of  the  balls  at  the  instant  of  Impact  being  perpendicular 
to  the  direction  of  motion  of  the  second  ball.  If  e be  the  coefficient 
of  elasticity,  show  that  direction  of  motion  of  second  ball  Is  turned 
through  an  angtc  tan”1  {(l  +e)/Z}, 


Oblique  Impact 


u be  the  velocity 
' &!,".pa?‘  "f  "cl>  tall 
JKfjEj1  *•  "wm*  in  tbe 
co|nmoti  nor- 
in  . 2?^  Bthcr  is  moving 

iSS-f-  ncroendicuiar 

. r.  , f*’ ,h?*nin  the  figure), 
of  h <be  velocities 

th.r  ba  ‘ af,cr  l™p»=d 

direMIoTre.?0v,i*  ln  “>« 

' _.c.  on  of  *be  common  nor- 


(Fie.  15) 


. . • wminoB  nor* 

00 obwle8!# 1 thfi?0  itt-  Whfch  !t  Wasor|Sina,*y  moving  (.acre  being 
iictfnc  o!  « “,  ? direct,0Q  of  raotJon  of  this  ball  as  the  only  force 
the  late  * flU-  the  pefiod  of  imPact  « also  in  this  sense)  and 
njon  nn/JT?11®  n direct'on  making  an  angle  0 with  the  com- 
• “ Let  w be  the  mass  of  each  ball. 

co|ar  ta  ^0cRy  remains  unaltered  in  the  direction  perpendi- 
Ak‘  h ”e  i°*n*n8  the  centres,  so  we  have  v'  sin  0«w  ..  (i) 

- y lbe  Principle  of  Conservatfo.n  of  momentum,  we  have 
or  , •:  w«+mu  cos  90-^mv+mv'  cosfl 

r+v'cos0=u  ...(jj) 

nd  by  Newton’s  Experimental  Law  we  get 

SoJvV^/iC0Seex~‘?(u“"cos90O->I=—eM  ..(ifl) 

, ,Rg  aad  («i»)  we  have  ?'■>(! +e)  Uf( 2 cos  B)  . fiv) 

0r  **  , From  (i)  and  (iv)  we  have  «={(!+*)  u sin  0]/(2  cos  0) 

, tan0~2/(|-f<j) 

' ' **  Re£luiredangIe-=90o-fl«tan-1  {tan  (90°-^)} 

' ~tan-»  (cot  *)«.tan-»  {(I.+e)/2). 

before  lmn*7t  ^w<*  eqnal  spheres  of  elasticity  c Impinge,  bar! 
normal  «na ' Ve,0c,ltc9  «i»  v»«  In  the  direction  of  the  comm  on 
sphere*  Ust  v * Perpendicular  to  this  normal.  If  after  Impact  be 

Te  perpendicular  to  each  other,  rrofc’tbat 
..  . Sol,  IM-do,  V,«f»  vj 

the  VeW;.  c impact  only 
inthefe  of  ‘he’ sphere. 

J°»alo*  2?t,on  °r  ‘he  l/ne 
altered  >, • centres  will  be  ' 
affer  Inina!  t„hen?  bc  u.and.*’ 
fig«re  fhZ1,  ?s  shown  tn  the- 
•ion  v Velocities  In.d/rec- 

c°mmon  nPpf,nd|!u,ar  to  the 

and  v »rmai  wdl  remain 
fisurc.  Ar..  . °wn  in  lb  . 
rtcr  impact  the  direc- 


(Fig.  16) 


24 


Dynamics 


tlon  of  the  motion  of  the  spheres  are  mutually  perpendicular, 
therefore  product  of  their  gradients«=  —1 . 

i.e  tan  0 tan  £=»  —l.  where  0 and  $ are  the  angles  which  the 
directions  of  motion  of  spheres  after  impact  make  with  the  com*1 
roon  normal 


ie  "»  p» 

u'  v * (Note)  (Sec  figure) 

or  UtVt*a-UV  ‘“(M 

Also  from  Principle  of  conservation  of  momentum,  we  get 
mu+mv«mu|+mv,  or  w+v*='«i+v,  ' • (W 

And  by  Newton’s  Experimental  Law,  we  get 

V - U =■  — C (Vj  — Ut)  ...(ill) 

Squaring  and  subtracting  (ii)  and  (iii)  we  get 

«*  (F|— (r—  tt)»w>4wi» 

*=»  — 4U|V„  from  (i) 

or  (u2-f  4u,va-=e*  (»,— v2)*  . Hence*p  roved. 

**Ex.  14.  Two  equal  spheres  of  mass  rn  are  Id  contact  on  * 
smooth  horizontal  table.  A third  equal  ball  of  mass  m-'  iropfa|w 
symetrlcally  on  them  and  is  reduced  to  rest  Prove  that 
and  find  the  loss  of  K.E  due  to  Impact. 

Sol.  The  mass  of  thfe  spheres  with  centres  A and  B arc 
end  that  with  C is  m\  Let  u he  the  velocity  before  impact  of 
impinging  sphere  with  centie  C whose  direction  of  motion  iswong. 
the  common  tangent  of  the  spheres  with  centres  A and  D lyifl8 10 
contact  at  rest  on  the  table. 

During  the  period  of : * . . r . ...  *»., 

log  sphere  at  right  angles  « 1 . 

fore  it  continues  to  move 

velocity  u*  (say)  and  the  force  on  each  of  tho  two  equal  spheres  oi 


mass  m is  along  the  normal  com- 
mon with  the  impingiQg  sphere 
(f.e.  the  line  CA  or  CB  as  the  case 
may  be).  Therefore  each  equal  sp- 
~bcre  of  mass  m moves  after  im- 
pact along  .the  common  normal 
whose  inclination  to  the  common 
tangent  i«  30\  since  ABC  is  'an 
equilateral  triangle  whose  each,  side 
•atwice  the.radlus  of  each  sphere. 

Let  y be  the  .-velocity  after 
Impact  of  each  of  the  two  balls 
with  centres  A and  B. 

By  the  Principle  of  conser- 
vation of  momentum,  we  have 


rrfu^m'iS+lmv  cos  in  (Note) 

or  rrfu~m'W-k-mf>/2> 


(Fig-  17) 


...m 


Prom  (iii)  and  |iv)  we  have  = 
cy/3 
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t ^RS*der*-°8  the  impact  of  the  impinging  ball  with  one  of  the 
W0  RS  mass  m,  from  Newton’s  Experimental  Law,  we  have 
Df  u'  cos  in  — V—  - e {u  cos  }«-  0;  (Note) 

- Buf  . ««V3-2ip— - euy/3  . („) 

actrt  t,v  Wc  a,re  8>vcn  that  after  Impact,  tbe  impinging  ball  is  red- 
- ca  l!)  re«  i u'-O  then  from  (i)  and  (ii)  wc  get 

w*u«mVv/3  ...(iii)  and  2v~euy/S  ..  (iv) 

m\/3  _ , _ 

— 2"  or  2m«=3em 

Ait(lPn  . c=»2m'/3«.  * Hence  proved. 

Also  K E.  before  impacts}  r>.rr-» 

v • And  K.E.  after  impact=2.£  ir.v*—mv***m  (jw-v/S)*,  from  <»v) 
> > aJ/wcVeaJ  since  Jro'~3  e/n 

v,  - “iw'.en*. 

. ^ *-oss  of  K.E,  *=  Jm'n*—  $ m'  rn5=  $ ( I - e)  m'a*.  AuS, 
ljrof,  5ix<  iS.  Two  equal  balls  of  radius  a arc  Id  contact  and  are 
of  the! j.  •u,,aneoo*,y  by  a ball  of  radius  c moviog  in  tbe  direction 
MtfrJ;  cfmmon  tangent;  if  all  the  balls  be  of  the  same  material  the 
be  e*astlcliy  being  e,  prove  that  tbe  impinging  ball,  will 

■enticed  to  rest  if  2*~c*  (a+c)*/a*  (2 a+c).  ( Punancha / 93) 

and  £°k  ^e!  m‘  be  lhe  mass  of  tbe  impinging  ball  with  centre  C 
m be  the  mass  of  eachr  ball  at  rest  with  centres  A and  p. 


Ui  ' fFIg.  18) 

' Sinrl  je  *be  velocity  before  impact  of  the  impinging  ball 
itnp*,nJ  e tjttnng  the  period  of  impact  there  is  no  force  on  the 
therefor,!^  ba  * at  right  nnglrs  to  its  original  direction  of  motion, 
With  veu  c°ntinue«  to  move  in  tbe  original  direction  after  in  pact 
a,ongthp  1 ty  u ' fsayl  and  the  force  on  each  of  the  equal  balls  is. 
&all  of  n,,norma*  corTimon  with  the  impinging  ball  Each  equal 
whose  :n.ps  ^ movcs  after  impact  along  that  common  normal 
the  v*loc?t!,narion  to  ,he  c°rnmon  tangent  CD  is  0 'say).  Let  v be 
Bv  ,i.,y  ®\«ach  of  these  two  balls  after  impact. , „ 

. 3 ,ne  Principle  of  Conservation  of  momentum,  v,  e gel 

« m’«=/n'u'+2rm>  cos  8 • (*) 

balls  of  * der  tbe  impact  of  the  impinging  hall  with  one  of  the  two 
mass  m,  from'  Newton’s  Experimental  Law' we  base 
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2f, 


u cos  0— y«=»~e  (u  c^s  & - 0 or  u'  cos  & -v**  - cu  cos  $ (»0 

If  the  impinging  ball  be  reduced  to  rest  after  impact,  them 
u'  0 and  frqm  (i)  and  (ii)  we  get  m’u**2ntv  cos  ff  . (jiU 
and  v~pucos0  ..(if) 

Substituting*value  of  u from  (iv)  In  (iii)  we  get 

m’u^2m  tu  cos  B cos  9.  or  m'**2cm  cos*  0 * —W 

Let  a be  the  mtit  per  unit  volume  of.  the  materia!  of  the 

spheres,  then  2L  = ,ti)  , 

m’  irc*a  c*  . ■ lv" 

Also  from  A AKC,  we  find  that  sin  0«/fAf/j4C«=a/(fl+e)  / 

c (c+2o) 


cos*  6 «=»!  - 


(°+c  J* 


, m 


Substituting  this  value  in  (v)  we  get 

m’  IceieA *7o)  c*  2cc(c+2a)  , , .,  • 

m “ H+c?  or  a-  “ ~(«VS«  ’ ‘ fronl  (V,) 

or  2e=c*  (o+r)*/^  (c*f2a).  Hence  proved. 

*Ex.  16.  Two  eqaal  smooth  spheres  of  radius  r,  more  With  the 
sums  speed  In  opposite  directions  in  parallel  lines  which  are  at  * 
distance  c apart;  prove  that  the  direction  of  motion  of  each  derates 
' on  account  oflmpact,  through  a right  angle  If  (1+c)  e*— 4*n« * 
being  the  coefficient  of  refutation.  ( purvond w 

Sol.  Before  impact  let 
u be  the  velocity  of  each 
sphere  making  an  angle  a 
with  the  line  joining  the 
centre?,  but  their  velocities 
are  given  to  be  in  opposite 
directions 

Due  to  symmetry  their 
velocities  after  Impact  will 

also  be  equal  In  magnitude  _ (Fig.  19)  . 

*ay  v,  as  they  deviate  through  a right  angle,  hence  after  rnipaci 
thcr  directions  will  make  angles  of  (90°- a)  with  the  common 
normal 

By  Newton’s  Experimental  Law.  wc  have  • * . • 

v cos  <90*-  *)--[-  v cos  (9&°  • b!]«-  <?[(-  ucosa'J-  fiicos  «)l(NoW.% 
or  v sin  a ~eu  cos  a ' 

Also  as  the  velocities  ofthe  soherc*  in  the  direction  perpendi- 
cular to  the  common  'norma!  remain  unaltered,  so  we  get 

u sin  sin  (91*— a)  or  r cos  a - u tin  a - 

, Dividing  (i)  by  (H)  we  get  tan  a^e  cot  a'or  tan*  <t~ e • (»•) 

. Again  from  the  figuie  vt.find  tha*  in  A ABC, 

sin  a^BD.  AB  p/2 r nr  ;an  a - c «*>•  f 
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S"bs,lJ“i«lg  this  value  in  (iii)  we  get  e^c'/Ut'-c1) 

^r*=c*  (1-ftf).  Hence  proved, 

^extensible  sP&ere  *s  snspended  from  a fixed  point  by'  an 
— jo  ,D°  J sect,nd  sphere  of  small  radios  and  equal  mass 


' famine  dnw  lD°  secona  sphere  of  small  radios  and. equal  mass 
Vertical  »mns„“waJ“s  in  a direction  making  an  angle  of  30°  with  the 
coefficient  If!?*-?  *?ct  on  tbe  flrsl  sPheres  with  speed  V.  If  the 
kWil  re!noi*«eS  between  spheres  be  £;  prove  that  the 

Calculate  ?f  the.flrst  sphere  after  fhe  impact  is  3V/5. 
of  impact  6 a,S0  ttie  *mPnlsife  forco  in  the  string  at  the  moment 

"of  maw1 10  *’?  ,trinS. <he  sphere 
Point  0^iM  ?pende<lfron’  the  fixed 
■*  direction  co™pel!ed  to  move  in 
fie.  th*  u Pc.rPendicuJar ' to  the  string 
i®pact.\  • 0ntal  -direction)  after, 

- with  centre  B will 

of  the  cnmV,ne  n same  direction 
«i  H Wa,  ,^0.Q  n°rniai  BA  after  impact 
; » mov,n8  before  impact. 

^raPictof^Jd  v ,he  velocities  after 
5°d  B respective^'8  Wi,h  c""res  A 
...Since  there  is  n, 

“Cental  direction 

,Un.  in  tk  n " 1 eriueipic  Ol 

■ . ‘ ' norizental  direction,  we  get  • 

■ Also  bvrj0S  ^'“tn.Od-mfrcos  60"  or  2u+r’=K 

Common  „„  , 1 l0n’8  Espenmcclai  Law.  (in  the  sense  of  Ihe 

'or  ..  . ntmal),  we  get  i'— neon  y—  O) 

' Selyt  . {*!»-}!>)  or  t;-2»W  (ii) 

Alio  -r  r and  (i-;  we  E“'  "'“3  VtS  and  v’“~  W- 

tnofosntjp  * t*JC  ,mPuk-  °f  the  tension  in  the  string  at  the 
impact,  then  T - change  in  momentum  along  the  string 

, t.c  - - - ■ - - (No{e) 

-if' 

Ant. 

*a  ine*{(  ♦ A smooth  sphere  of  mass  w is  tied  to  t 
*^r*cHy  s*r^n"  and  another  sphere  of  mass  m'  Impinges 

v*Tth  r{,e  * n;th  velocity  r In  a direction  making  an  acute  angle  a 
read.  Show  that  in  begins  to  more  with  velocity 
1 w*  fl •fc)  p sio  a 
m+m'  sin*  a * 

% he  ‘lent  of  restitution. 


no  constraint  in  the 
so  from  Principle  of  conservation  of  morocn* 


- (Fig.  20) 


n’m  tP  cos  30“)-  m (v'  cos  30°) 

■ cos  3f.“,  {V^v‘)~m  W 3 (1  +i)  K *. 

•gr  ^ uniis  6f  impulse.  n.n». 

‘ A smooth  sphere  of  mass  w is  tied  to  o fired  point  by 
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„ "T’* 

®°i*  v,  ?n  a direction  Perpend*- 


28 

c i nne  to  the  string,  me  =»>**-: 

Sol.  uue  Erection  perpends 
Ud  to  move  m » JWJJ  horizontal 
cular  to  the  string  lDC 

direction)  afterimpact. 

Thcothct  sphere 

remain  moving  \ after  impact 

nf  the  common  normal  atter  y 

as  i,  was  moving  before  impa-  . £s  of 
the  spheres  c>f  massevm  and  offer 

lmP^nce  there  is  no  -nsUain.Jn 

J^SwciK. 

■■ 

m' (1+ei  v sin  a“(m+m  s.  • t1  s • Hence  p»vcl!’ 

«•'  “Jm-f  1+e)  vein  ./<«+<»' ««’«)•.  ” 

Exercises  on  § 5 -§  8 ,,ooely  on 

F.x  1 ..A  ball  moving 


(Fig.  21) 


(I) 


and  equal  in  mass,  pro  • „ thirf 

impach  a ? ^hMfs^in  ««* £ U« 

tr- show"-  cMp.er).  ^ 

'rfe 

• •§9.  1n«Pacl01  : velocity « 

*•  , -t.  jhA  fijed  plane  at  A «'*  . * r be  *fce 

L,,  the  'Pb''e  »”llhcb;„,„,.,l  m iH  r’*«  jj/#  Ju.h  ■!>'  "°" 
rstVmp  an  anfle  « *>  af|cr  j^n  taalonf  an  anjl 
yclociivoflh-sp11-' 
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Impact  on  a Fixed  Plane 


retaion'reincclfvflt.'  * and  0 °re  ca,lcd  ang,e5  of  lncidcIrce  and 


"SMioarnpectively. 

Experimental  Law 
webave0'20^  *^C  common  normal, 

'co,#-°=— 'K-bcos  «)-0] 
c,  ■ <Nofe) 

* cos  jaea  cos  a 

-hnS-P"1?  beins  Smooth.  there 

'""  «SC"n8  °"-J.he  sPb"' 

direction  perpendicular  ■ to  the 
common  normal  at  A,  hence  the 


^ A 

Yk 

y\ 

Jj 

0 

•vel  a:  UUIII>a»  at  „t  IU 

d!«?Mofthe\ommLr'^l^;'UnCb“"ped  in  ,bc  direction  ptrpen- 


A 

(Fip.  22) 


tiO 

(Hn 

(i Gorakhpur  90) 
(iv) 


1 the  common  normal 
' rv„;jj  «•  v sin  &=u  sin  a 

Dividing  (j)  by  (ii)  we  get  cot  0-e  cot  a 

Roaring  and  adding  fi}  and  (ii)  we  get 

Also  r 6 sphere  after  impact. 

*mP3ct  alonp^^l^^  conclude  that  velocity  of  the  sphere  ef ter 
n°rmai  . ^ ormaI***e  times  its  velocity  before  impact  along  the 

L”»  oj  kinetic  energy-Jmn'-lmi' 

imn’  (sins«-f£*  cos**),  from  fiv; 
' • —imu*  (l-smJa  e*  con*  a) 

j ^Ima1  (1  -c*)  cos*et 

tts  Period  nf°ifibe  hI™  : Jbc  forcc  actinP  on  thc  sPhefc  during 
lhe  imping  J ,s  ,n  *h.c  sc0.sc  °r  the  comrnon  normal,  hence 
- «-oi  me  hlow=»change  in  momentum  ofthc  sphere  it*  the* 
. direction  of  the  common  normal. 
e='m  (v  cos  P)— m (— « cos  a)=/7i  (p  co^+w  cos  «)  ’ 

l eu  cos  «+u  c s «J,  from  (i) 

**c  s=*Ia  “ cos  “ * 

*&«!  tbcn  9wmQ  and  v=cu,  from  (iii)  and  (iv)  i e, 

'*?***&  3£??  3 dlrecl>/fte  direct  ton  of  motion  of  the  sphere  is 
cit*Just  before  impact ° ^ **  Veloelty  °fter  fmPact  ts  c fimcs  Its  veto - 

!^p*onp„rl  },  e 7 1 tbcn  ® and  v=»u,  from  (Hi)  and  {iv)  le 
its rebcit  ;,!  * 

°ngh0fri.  . ’ ■ ■ ■ ■ . . ■ 

Hevi  <?==‘°'  t.lien  6 =’90°  and  v~u  s'n  *•  frora  (*ii)  and  (iv) 
!,Mes  alonJ?Le.  slrt^es  against  a fixed  inelastic  phnct  the  sphere 
fnj  j0  ,piane,  wi‘h  a velocity  u sin  g ( parallel  to  the  planet 

re*>ound.  ■ (Note; 
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Solved  Examples  on  § 9. 

Ex.  1.  A particle  falling  vertically  from  a height  impinges, 
on  a horizontal  fixed  plans  and  rebounds  to  a height  ht.  Show  t&sl 
hi**t*h,  where  e Is  the  coefficient  of  restitution  between  the  spbert 
and  the  plane.  ' . . 

Sol.  Let  u be  the  velocity  of  the  particle  when  it  impinges 
(f.e.  strikes)  the  horizontal  plane,  then  u™  V^gh)  ‘••W 

V The  velocity  after  rebound=c  times  the  'velocity  before 
rebound  (See  cor.  I of  § 9 Page  29). 

>*  The  particle  leaves  the  plane  after  impinging  with  velocity 

~eu~e\/Ogh).  . 

As  the  p irticle  comes  to  momentary  rest  after  rising  a height 
hx  (given)  so  from  4tv*e=u*"i'2f3t*  we  get 

0 ~[ex/pgh))'+7(-g)ht  • l Note), 

or  2ghx^{2gh)  e*  or  Hence  proved.  • 

•Ex.  2.  A sphere  falls  from  a height  h above  a horizontal  ph|cc 
and  rebounds  continually,  show  that  the  whole  distance  described  by 
the  particle  is  (1-fe*)  h/(l  c*>,  and  that  the  whole  time  before  if 
cornea  to  rest  Is  VOft/g)  1(1 +«)/( l ~c)),  e being  the  coefficient  of 
restitution. 

Sol.  Le.  tr  be  the  velocity  of  the  sphere  when  it  strikes  the 
horizontal  pl-ne  for  the  first  time,  then  u -»  v (2g/0 

Since  the  velocity  alter  teb.>und~c  times  tne  velocity  before 
rebound.  (See  Cor.  l'§  9 Page  29; 

».  The  velocities  of  successive  rebounds  arc  - *■ 

eu,  e'u.  e*uK  * 

Also  from*V^a*+2/i’*  the  distance  travelled  by  the  particle 
afler  1st  impact  and  before  second  impact— 2 ftO — cV)/(;'2g)Ir 
this  includes  the  distance  after  (st  impact  to  the  highest  point .reac- 


and  4th  Impacts  etc.  are 

111!)  («'«)'.  (1  IS)  (!  Ig)  (rt))*... 

2.  Total  distance  covered-ft-Hl/*)  («/)•+(! jg)  (c’u)*+— 

...ad.  inf.  (Nole) 

-ll-Hlte)  feu)'  [I+e’+.'+  .-nd.  inf.] 

.v  r.  l 1 . r a 

“*+‘3— rr^J'  * !um  °rim  infinite  ° 

-h+  ? from  *0 

ftfl-e1)4-2e,A  „ fid-.1)  h 

*"  tl-e1)  (1— <■)  Hence  proved. 
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Impact  on  a Fixed  Plane 
! l«impKUorbcaoh  thr'hi  ?rst,an!!  stcond  impact=2x(tlme  after 

> H&ttSStSZEZSSF*  * 'he  Sph“e  befor° 

. “2  1(0 — cm)/( — g)j,  from 

[',  T»M<«0. 

\ 3rd  and  4,h 

U.  1 , ' ' , "*-«+}/!•” 

Thcnrh  ““0+}?<‘  or  t=Vl2h/g) 

‘eg  0 0 t*mc  rakeo  by  the  sphere  before  it  ceases  rebound- 

(,“)+(2/*)  W+«2/rt  («•»)+-  ad.  inf. 

J, m * t(2/,)  (c“>  f +'+'■+  • ad.  inf.) 

VW*)+(2/*)  _0)> 

since  sum  of  an  infinite  G.P.  =»o/(J~r) 
^(M/^T{^..inceU..2J/,fromW 

Er3  L 1 r.l  *J\g  J\i—  e /'  Hence  proved. 

. projected  tilth  Pol“*  “ ,noolh  horirontal  plane  n ball  Is  ' 

1 It  »l||  i ’ J *°Cl”  ’ lbe  llDriz°”-  Shan-  that 

ia,e  . reeP  reboon^“8  from  tbe  plane  for  a time  ^si°g  and  will 
t!tJ» , *°SB-  ^u*  s,.°  2a)//g  (1— «),  e being  tbe  coefficient  of  elastl- 

^Izontal  comnhft<L?aflHe-bf  Pr6Jected  from  O.  The  vertical  and 
^Pcctively,  P°DCDts  of  initial  velocity  are  u sin  a and  u cos  a 

and  therthSliJ?I?Pt0aei,-t  bieoraes  eu  sin  * aftcr  the  first  rcbo- 
U0boru:0Q{a|  e"z' ontal  component  remains  u cos  a,  since  there  Is 
torce  acting  on  the  ball  during  the  period  of  imoact. 


/ 


l £ m*  ' eu  e8u  Sin * 


353*7  Tuccs« 


(Pig.  2?) 
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Therefore  the  particle  begins  to  describe  trajectories  on  the 
horizontal  plane.  • 

Every  time  the  particle  rebounds  after  striking  the  horizon® 
plane,  only  the  vertical  velocity  is  altered  and  becomes  c times  o 
that  before  striking.  Thus  the  vertical  velocities  for  successi 
trajectories  fright  ffo®  the  start)  are  u sin  a,  eu  sin  a,  e'u  sin  a,  *• 

X.  Total  time  taken  in  describing  all  the  trajectories  (feme®- J 

/ •'2usic*J 

berlng  that  the  time  of  flight  for  a horizontal  range™  \ ~ 7 


2u  sin  a .2  ( eu  sin  a) 

■ — - + 


. 2te'u  5in .,d,  ion 


infO^^fj.  Hence  proved, 

Also  the  horizontal  component  of  velocity,  remains  u”a]tcr^  . 
and  equal  to  u cos  a throughout  the  motion,  so  the  required  ra  s 
«=(u  cos  a) X total  time  taken 
, . 2«  sin  a „ uM  s»n  2a 

. ~(ttcos«)*-(|_#J  - g (l  — e)  ftence  proved. 

Ex.. 4.  A ball  Is  projected  from  a point  in  a horizontal 
and  makes  one  reboaad,  show  that  if  the  second  range  is  tqo» 
the  greatest  height,  the  angle  of  projection  is  tan'*1  (4c;,  c being 
coefficient  of  elasticity.  ’ 

Sol.  Let  u be  the  velocity  of  projection  making  afl 
with  the  horizon.  Then  as  in  last  example  we  can  prove  that 
initial  vertical  comp  jnent  of  velocity  for  first  and  second  rac 
are  u sin  a and  eu  sin  a, whereas  the  horizontal  component  ot  vc  , 
city  remains  constant  and  equal  to  it  cos  a throughout  the'  mo»°  ■ 

X Second  range  =*(2/g)  (Horizontal  comp,  of  velocity) 

x (Initial  vertical  velocity  for  the  range)  , 
=»(2 (g)  (u  cos  «)  (eu  sin  «)~(2 fg)cu*  sin  a cos  a — ^ 

And  the  greatest  height  attained  in  the  first  range 

=11^  sin*  *)/(2g)  ’ I 

According  to  the  problem,  second  range  ^greatest  height  . 
t.e.  (2 lg)  cu * sin  a cos  a«(u*.sin*  «)/(2g),  from  (i)  and  (U) 
or  4c  cos  a=sin  a or  tan  a«4e  or  a™tan‘l  (4«) 

Exercise  on  § 9 

A particle  falls  from  a height  *h'  la  time  */*  tipnn  a horizontal 
plane.  Prove  that  it  rebounds  and  reaches  the  maximum  hetg»l 
W In  time  *«•/*. 

••Solved  Examples  on  Impact  with  the  smooth  vertical  wans* 

Ex.>l.  A particle  Is  projected  with  velocity  u from  • point  oo 
the  ground  so  as  to  strike  a smooth  vertical  wall  and 
to  strike  the  groand  at  a point  midway  between  P^,ru,  0 
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l I h0’r . “u  !?'■  anSle  °r  projection  is 

, 'Mill  of  prThcS nf  e rAn  “ d'!<aal:e  ”f  'be  ball  from  the 
Plrticle  lod  the  wa"l  fbC  co'm;|mtof  restitution  between  the 


J«ttaainLrfif?'b,:  lhe  point  of'pro- 
?Tho *eiocl?v  or  'in"  a-  fro“  'b'  "all 
“•Let  the  Boot  pr,°Jectjoa  I*  given  as 
The  .0f  ProJcclion  be  «. 

' a?d  horizontal  com. 


Ponents  or  ieto  i and  horizonta 
«3!a°“  rJ^»  va'°cl.y  are  a 


!,“s  ■respectively. 

' «|0cityftom°OZen“ty  c°mP“ncnt  of 
I tide  strikesTi,?  a„A'  "here  the  par 

aaiformly  re?1,ins  " cos 

Jt  bo  the  time  from  O to  A 


iorizo  'L,  n8  ,b'  wa"  -r.  the 

comes  cu  coC,°”p0“e"!  of  velocity  be- 


(Fig.  24) 


; A Time  from  A to  (&g)  ^ . 

*here  ft  |t  . cu  cos  * **  2 eu  cos  a 

£ Total  betweeo  O and  the  wall. 

- ' 1 IaI  Ume  from  0 to  A and  A to  B 

**.77—  + - ° ' « gn-f?e) 

2eu  cos  a 


0r  ..  . 5eu  cos  • ■■  °r  2 sm  o cos  a={ag  (14-2c)/2cu‘) 

i t'+2e.),2f“’l  or  «=}  >in-'[og(i+2c)/jeii>J 

''Projette/-  A"  “Perfectly- elastic  bill 
■ ! *"b  the  klP  T'locl,y  at  an  angle  4 

wall  at1,0"’.  80  ",a'  “ 'trikes  a 

projection ..5* la“'  * fr°“  the  point  of 
- S'el  ,Ve.'S!'“a  Point  of  pro-  ' 

Ho«  bef  1 «b'  coefflclent  of  restlta-  - 

"een  the  ball  and  the  wall  Is 
Sq|  t gw  8 “ Za-c)., 
di«ancp  5r®  th®  Point  °f  projection 
Si  on?! 3 f rfr?m  .the  wall.  The  velocity 

•and  * ^ctSSi  tS  ar£  *lven 

Vertical  3 y*  Tbc  hor,z  >ntal  and 
. “icai  comnnnftnis  ' 


Vertical1]^*  *uv  u,jrjz>niai  ana 
,cai  components  of  velocity ' are 
* and  x/teh\ , * 


Vtoi-co, 
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Sln:e  (he  horizontal  component  of  velocity  from  O to  A,  where 
the  bail  strikes  the  wall,  remains  V ( gk ) cos  a uniformly,  so  the 
time  from  O to  A^c/l-/(ghi  cos  a]  ' 

After  striking  tbe  wall  at  A,  the  horizontal  component  of  velo- 
city becomes  etf(gh)  cos  a. 

- / 

X Time  from  C toO «*  r 

' cy/  igh)  cos  0 

X Total  time  from  O to  A and  back  toO 

» c -f.  £ ^ e /.  , M , 

VtSh)  cos  a «V  tgh)  cos  a ""  y/(gh)cos  / 

•=(I+C)  el[c\/(gh)  cos  a] 

In  this  time  the  vertical  distance  travelled  is  zero.  Also  as  the 
vertical  component  of  velocity  is  not  affected. by  tbe  impact  at  A, 
so  considering  vertical  motion  from  OtoA  and  back  to  O from 
••jcn/r-f}//1”  we  have 

sin  « kffjjff&n-i-lr  ]‘ 

or  2*tf(gh)  sia  a=*g  (l+e)c/[e</(gk)  cos  a] 

or  2egh  sin  a cos  a “•g’O+tOe  • or  eh  sin  2a«=e+f<r 

or  e ( h sin  2a— c)**c  or  e<=»r/(A  sin  2a— c).  Hence  proved. 

•Ex.  3.  A ball  thrown  with  a velocity  of  48  tl/sec  at  an  e}tT*‘ 
lion  of  IS*.  bits  a smooth  vertical  wall  12  ft.  away  and  retcros  to 
the  point  of  projection.  Find  ibe  coefficient  of  restitution. 

Sol.  Proceed  exactly  as  in  last  example.  t 

[Here  initial  velocity  \/(gb)**48  ft. /sec.,  where  g«=* 32  fWsec  * 
ie.  y/(32h)=*4B  or  h ~ (48 X 4 8J/32- 72  ft.  . 

Also  V™  12  ft.  and  a=>  15° 


**c,f  12 

- Hers  /<  sin  U-c  " 72  sin  30"— 12  A”' 

Ex.  4.  A particle  Is  projected  from  a point  In  a botl*oaM 
plane  so  as  to  strike  a vertical  wall  a»  , 

right  angles  ; and  after  rebounding  * _ 

from  the  wall  and  once  from  the  horl- 

zontal  plane  returns  to  the  point  of  / 

projection,  prove  that  'the  coefficient  , X / 

of  elasticity  of  the  particle  Is  $.  S / 

Sot.  Let  the  point  of  projection  /.  e&J 
O be  at  a distance- o from  wall  AN.  f if 
Let  Che  horizontal  and  vertical  com.  TXtf 

.ponents  of  velocity  at  O be  u and  v Y YB  — JA 

Ircspictively.  Since  the  horizontal  ‘V  u 
jeoapoaent  of  velocity  from  O to;At 
wnere  the  particle  strikes  the  wall,  » (Fig.  20 
remains  a uniformly,  so  the  time  from  O to  A~(a{u) 
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A wlte'p mmJ  2SK"-  will  be  reduced  to  zero  at 

neace  <W~J  (Horizontal  range  of  the  particle  projected 
' le  ' from  O). 

’ An.  . Kite)  *»]—#»/*  ...(i) 

' • city  becomes  m 8 ’tka™11  Vi‘1‘ lb'  horizontal  componet  of  velo-  ' 
At  jB  the  horSIUt»Th6  p“r,lc  e st/'kM  ,he  l>ori«>tHal  plane  at  B. 

■ component  of  veIoci,y  isra  and  ,he  vertical 

ponem  oi  velocity  before  striking  is  v again. 

tai.ce mSSdSS?1 ' d#is,®ncc  “oVed  from  O to  A~ the  vertical  dis- 
SO  the  ' ?tm? thc  verticaI  at  A is  zero, 

so  the  time  of  flight  from  A to  £«=time  of  flight  from  O to  A 

i Am  u • , ..  (Proved) 

. norlzontaI  distance  moved  in  time  (a/u)  with  uniform 

horizon  velocity  cu-(atu)  cu^ae 
, , 1*  OB^ON—NB^a—ae 

n“Dt thc  horizon!al  plane  at  B,  the  vertical  compo- 
1 Cl“lv  veI°crty  becomes  ev  and  the  horizontal  component  of  velo> 
y eu  «niains  unaffected  due  to  this  impact. 

A BO*=  horizontal  range  of  the  particle  when  it  leaves  B 
r ‘ ‘ with  horizontal  and  vertical  velocities  as  cu  and  ev. 


nr  / (.eu)  (ev)=~(2e'/g)  (uv) 

.(a— oe)«“a(2/g)  e'  (°g)t  from  (i)  and  (ii) 
or  2es+c— lm»o*  or  (2e-.l)  (c+))=0  . or  Ans. 

Ex.  5.  A ball  is  projected  from  a point  In  a horizontal  plane; 
■ » ter  one  rebound  from  the  plane  It  strikes  directly  against  a rerti- 
c°!  wall;  after  two  more  rebounds  with  the  horizontal  plane  ball 
r*  urns  to  the  point  of  projection,  prove  (bat  2 (l— e9),  c being 
the  e,«Acity  of  the  ball. 

jj  . ®o1-  ■ The  ball  is  projected  from  O with -a  velocity  whose 
JZontal  and  vertical  components  are  u and  v respectively,  the' 
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tail  on  its  way  out  strikes  the  horizontal  plane  through  0 at  A 
and  then  strikes  the  wall  directly  (/ e.  at  right  angle)  at  B.  While 
coming  back  from  B,  the  ball  strikes  the  horizontal  plane  through 
O at  C and  D and  then  returns  to  O.  In  the  figure  the  path'traccd 
out  by  the  particle  on  its  way  back  from  £ has  been  shown  in  dot- 
ted lines. 

Now  04— horizontal  raDge  of  the  hall  when  projected  frem  0 
-(2/S)  <«)  ■ ••<*) 

When  the  ball  strikes  at  A,  the  vertical  component  of  velocity 
becomes  ei  after  impact,  the  horizontal  component  remaining  the 
same  and  the  ball  strikes  the  wall  directly  at  B'.  • 

A (Horizontal  range  of  the  ball  when  it  is  projected 

f i -_-.u-.j-.  --  *■  velocity  as  cv 

; . ■ « 0“ 

* . ■ ■ , icnts  of  velocity 

beoomes  cu  and  just  before  striking  at  Cthe  vertical  component 
of  velocity  is  ei>,  which  remains  unchanged  cue  to  this  impact. 
Also  at  B.  the  Impact  is  direct.  , - ' 1 ' 

.V  CM [{lip  (eu)  (ev)] ~e*uvfg  •«(«') 

After  striking  at  C.  the  vertical  component  of  velocity  becomes 
elv,  horizontal  component  of  velocity  eu  remaining  unaltered  due 
to  impact. 

CO** Horizontal  range  of  the  ball  .with  horizontal  and  ver- 
tical components  of  velocity  as  eu  and  eV  tespecuvi'j' 
—(2/gj  {eu)  (<?’i0s=»(2/g)  e'uv 

/ Also  after  striking  at  D,  the  vertical  component  of  velocity 
becomes  e*r,  horizontal  component  of  velocity  remaining  onaUcted 
due  to  impact  at  D.  (correct  the  figure).  * . _ » 

A *s  before  Z>0-(2/s)  (eu)  (e*v)~{2(g\  e*uf  , 

Novf  OA+AM*=*NC+CD+DO,  see  figute, 

,or  ~ + "jp  “ ***  ~-etuv+  ~.e*uvt  from  (i)  to  (v) 

or  2+e  - cs+2<?,+2^4  or  2e?*-f2e,-f  e*—  <r—  2*0  ' 
or  (2e»-t-c-2)(c+l)-0  or  2e*+c-2~0,  e**-1 

or  ^*»2~2e1'  or  ' e— 2(1 — c*).  . Hence  proved. 

•*Ex.  6.  a bail  is  projected  from  a point  in  one  of  (be  too 
smooth  parallel  vertical  walla  against  (be  other  In  a plane  perpendi- 
cular to  both  after  being  reflected  at  each  wall  Impinge  again  on  tM 
second  at  a point  in  the  tame  horizontal  plane  as  it  started  from, 
show  that  he*— a (l+e+tf8!.  "here  e is  the  coefficient  of  elasticity, 
b the  free  range  on  a horizontal  plane  and  a the  distance  between  . 
the  walls. 

Sot  The  bait  is  projected  from  O,  a point  on  the  first  wall, 
with  a velocity  wmse  horizontal  and  vertical  component*  are-n 
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,Jleri  strikes  the  second  wall  at  fA,  then  first 
' ... . . and  str,fces  again  the  second  wall  at  C such  that  O and  C 

■ Hrcia  me  same  horizontal  plane. 

•'  * Pactt«e  ^ slr',^es  A with  a horizontal  velocity  u,  which  after  im* 
at  t^'s  horizontal  velocity  eu,  the  ball  strikes 

, ,a  ter  impact  at  B,  the  horizontal  velocity  of  the  ball  is 


I — , me  nuritum 

•!.'  th‘S  hor,zonal  velocity 

- spikes  the  second  wall  at  C. 


the  Partide  m d‘Mance  moved  as 
to  5 nr  n r ? rmovel . from  ° <*  A or  A 
horizamfi^  C <S  lhc  sam,r  V,z  *.  the 
ental  distance. between  the  walls 


from  o t f'mC  lakcD  in  mov,ng 


«.  ".  4.  a a a 

“ + eu  + *a  ^ K+e+ 1) 
Throughout. the  motion  irom  O 


{(>C  th  v • mouon  irom  u (Fig.  28) 

vatfc,  and  remains  “nfafrcc,ed  c to  impact  with 

from  “s ZJtTl  nJ  . ™<*ved  lrom  ° toCiszero.  Hence 


»..#V  ,m,vcu  i^om  u tOC 

“f+  4 n we  have  for  verfical  velocity. 

w . O«.v.(o/fi*u) (**+£■+ !)  — Jg  {(a/e*u)  (e» +e+ 1)}*,  from  (I) 
r or  (2trv/g)  (<>»+ e+j)  ...(H)  - 
so  it  is'  given  that  the  free  range  on  the  horizontal  plane— b.  , 
U\  ■ 2 uHl-b  ' ' 

••  From  (ii)  we  get  be**»a  (e*+e+I) 

Clrei,  f?;  ?•  A particle  fs  projected  from  a 

•ttOntK0  Dt  V ^00t  ODe  *&e  imo 
Iojb,.?,  ^Hical  walls,  so  as  after  three 
frcHnn  ’*  ma7  rctorn  to  the  point  of  pro- 
that  *.»*,  , *^e  Us*  impact  be  direct,  show 

L+ 

fforn  O be  the  * point  of  projection 

es  th»  ae, Ist  wall.'  From  O the  particle  strik* 

* • j.,1 “ei r wall  at  A.  then  it  strikes  the 


t oi 

lt(  W»||  W"“" m n'  lucn  siriKes  me 
®nd  r«  8t  then  8tr,kes  the  2nd  wall  at  C 
y "turn  back  to  O. 

Vertical*  >U  and  v be  the  horizontal  and 
‘components  of  the  initial  velocity. 

*1orlr5>«ftl,artcr  sulking  at  A.  B and  C the 
‘•'•"nial  rmnrnn.nl.  ■ 


"•Orirnni  i *«iMOg  at  A.  B and  C tne 
«/,  et  n'a'  components  of  veloc  tics  become 

•'“and  c*u.  Let  on  -0 


c*u.  Let  OD-a 
Tine  from  o fo  A~  alu 
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aniUrora  Cto  o'JaJtPu?  Saa,clld-ni  ,lmc  ftoa  Bio  C»o/A  ’ 
■ and  a‘ C ” frccl  U-  »<  r'8«  »ngies  »»H 

e vertical  componetn  of  velocity  is  not  alleted  by  the  impact*. 
A Time  from  O to  C=»Time  from  C to  O, 

eBtne  mHn  falHng  ftom  cfto  o,°VCt*  in  *•»  0 ’to  C is  the 


t.e. 


u *u  ^ ehi~ 


e*u 


orl+~  + 


I . 1 


or  e’+e'+e-l  Hence  proved, 

to  Jfrlf,  „.„A  B;rlk,e.  I»  projected  at  nn  angle  n to  the  horizontal  , 
•o  s telle e a smooth  eettical  nail  nod  after  rebounding  tt  passes  thr- 
ough the  point  of  projection.  If  d he  the  angle  of  inclination  to  the 
horizontal  at  which  the  particle  rebounds  from  the  nall.  e the  coeffi- 
cient  of  restitution,  short  that  e (t+e)  tan  d_(l_c)  tan  «. 

- _ Let  (l!'  particle  be  pro-  ' 

jeeted  from  O with  a velocity  u 
mating  an  angle  a with  the  hori- 
zontal Let  the  distance  of  O from 
SJ3;  bf  ;•  *■?  panicle  Strike 
the  wait  at  A and  then  return  to  O. 

JfS? an.d  Xerl,cal  com- 

, * '*“**_  ' ■"  COS  a 

*®(o/«  COS  a) 

Let  v be  the  vertical  component 
of  velocity  at  A,  before  the  particle 
strikes  the  wali.  Then  from  ' 

"v=n*f/r”  we  have 

t Hz'* fin  - cos «» 

After  Impact  at  A.  the  horizontal  velocity— ru  cos  a and  velti- 
“veVn  ^(U)"maln*  OT,ff'c"d  d« «» this  impact  nod  Jo  remains  * 

impart  «WJ^«Stfc2SiSS,SS“  of  ,h'  P”™'  "r,er 

_ «*  sin  a cos  a— op 

—*  * — from  (ii) 


taQ  ru  cos  a ""  eu*  cos*T 

Also  time  from  X to  0—o/(ru  cos  a) 

X • Total  time  taken  in  moving  from  O to  A and  back  to  O 


...(HO 


U cos  a \ r/ 

Alio  In  this  time  the  vertical  diMance  rooV!.d  ,,  Ict0. 
Hence  from  "i-ur +$//*••  we  have 
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3? 


0<=iir 


:fe(l+  r)]-^  (.-£-.(<+ 1-)]* 

1 « r^v.  . ..  tl - . til  l * " 


" ~ J;?*“5  * -f * h>  4- 1 »f 

c?=(2eas  sm  a cos  a)/(e-M)  - (lv) 

4 from  (iiij,  tan  °*  sin  a cos  «-((2ru*  sin  a cos 
..  ' - iru5  cos*  q ~ 


■f 


b-(2g/fe»m  I (l-c>»n. 


Hence  proved. 


- 1 tan  «== — 

• 0r  . J c (c+D 

efe*H)  tan  — f)  tan  a. 

S?Ire5  Examples  on  Billiard  Tables. 
tesJ+i  ' In  -?uch  samples  we  are  to  use  cotangent  of  ancle  of 
‘ * loa,=e  tiraes  cotangent  of  angte  of  incidence, 
fern**  r'  ^Perfectly  elastic  ball,  reflected  at  the  ci  rerun « 
h ant*  or*  c,rcIe-  describes  tbe  aides  of  an  Inscribed  quadrilateral 
H_lw  r*  ProTr  that  two  of  the  aegles  of  tbe  quadrilateral  are  tight 

And  find  tbe  initial  direction  of  projection, 
atari  , ' tllc  ba,>  b®  projected  from  A 
t5“ 5 v8eAwL“hthe  radius  through  A. 

• at  #iTJ  y a.atl  5 he  the  angles  of  reflection 
lively  P°mls  of  impact  B,  C and  O respec- 

cjn of  incidence  at  B,  C and  D 
as»y  seen  to  be  «,  fland  y respectively 

cotanKcnt  of  angle  of  reflection 
,*  *c°tangeot  of  angre  of  incidence, 

0r  A At/*.  cot /?«•<?  cot  X 

. tan  ^o>(!/e)  tana 

or  ^“arly  at  C,  cot  y=e  cot  0 or  tan  y«*(l/c)  tan  0 
tan  y=.(|/C)»  tan  a,  from  (i) 
or  °t  D,  cot  5—c  cot  y or  tan  S— (1/e)  tan  y 
a.  tan  $=*(l/c>)  tan  «,  from  (ii) 

0 for  the  quadrilateral  ABCD , 
or  the  angles.  At  Bt  C and  />-?« 

or  *^'2p+2y^-28-*2is  or  a+/J+y+£ ‘-re 

*+P*5,n— (y+S)  or  tan  te+0)~  — tan  (y+i) 

or  i!^«+tan^  „ _ f Jtan_v±tan5  ] 

~tan*tan/J  (.  I — tan  y tan  l J 

Cr  &tLCI/<?l  tan  a ffs/o*)  tan  «+(l/r»)  tan  «1 
htT*  a J* 
front  (I),  (( ) at  (1  (ill) 

or  -TiHTi— t*(o-«n'.r  • 

»lllc6  or  ten*  »-r\ 

■'  loe  initial  direction  of  projection. 


(Fig.  31) 


(lv) 
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Now  tan  (0+y)« 


tan  pi  tag  y 
1 - tan  p tan  y 


(1/g)  tan  or+(l/g,J  tan  ® 

1 — (l/c*>  tan*  a “ 9 

from  (i)  and  (fi) . 


or  ...no +y)-  «.  from  (V) 

or  tan(p  + y)=<»  or  0+y-fc  • 

X from  (iv)  we  geta-i  o -rr~(04-y)««  -irc*  Jr 
Hence  two  angles  of  quadrilateral  ABQD  viz.  A and  C are 
right  angles. 

**Et.  2 A smooth  circular  table  Is  surrounded  by  a smooth  rftf 
whose  interior  surface  is  vertical  Show  that  ball  whose  coefficient 
of  restitution  is  e.  projected  along  the  table  from  a point  lo  the  rlo 
making  bd  angle  a with  the  radios  through  tbe>  point  will  return  to  - 
the  point  or  projection  after  two  impacts  If  ta^a—eVU+^+^K' 
Prove  also  tbit  when  the  bait  returns  to  the  point  of  projects* 
Us  velocity  Is  lo  the  original  velocity  as  e*/‘  : l.  ( Gorakhpur  91) 

Sol.  Let  the  ball  be  projected  from  \ c- 

A with  a velocity  u making  and  angle  a . 
with  the  radius  through'  A.  Let  the  ball  / /Vp\  \ 
Strike  the  rim  of  the  table  at  B and  C / «?/  V \ ' 

and  then  come  back  to  A.  Ltt  the  velo  f / \ | 

cities  after  impact  at  B and  C be  v and  w l / J 

respectively.  Let  the  angles  of  reflection  \A*S  1 

at  D and  C be  0 and.y.  Then  the  angle  ►££ / 

of  incidence  at  B and  C are  a and  p res*  V ✓ 
pcctlvely.  . . 

Cotangent  of  angle  of  reflection  (P'S- 

xcotangent  of  angle  of  incidence.  ’ ^ 

X At  B we  get  cot  £*=<?  cot  a 
or  tan  p=(l/e)  tana  ...(0 

Also  at  C we  get  cot  y**e  cot  p or  tan  y—(l/c)  tan  § 
oT  tan  y-(l/e*)  tan  a.  from  (i). 

In  &A0C,  we  have  £5+Z.C— r 
or-  2*4-204*2 y-n  or  a^-p+y-J*  or 
or  t«n(P+y)-f>n(j|n-.)-cot.  or 

or  -OW '.n  ■4-l'/r,|«^L«_.  _co,  ftom  (i)  ,nd  (li) 
or  l— (I/O  tan  • O/c')  tan  a _ 

-r  (L  + .k\  tan  a-* cot  a / 1 ~j  tan*  a cot  a—  ~r  tan  a 


• cot  a,  from  (i)  and  (H) 


tan  a -cot  a ~ tan*  a j- 

(S.  J.  Lj.  ~ I tao  •■■cot  a—  

^ e T e*  T / tan  a 


Direct  Impact  (Billiard  Tables) 
1 . e* 


or  lan  . 

. t«l/ej+(I/c*j+(l/e»jJ  O+e+e'}  (»') 

A«ain  due  to  the  impact  tangential  components  of  velocity  is 
B°t  altered  as  there  Is -no  force  in  fh3t  direction,  ihe.rim  being 
■worth. 

’*  At  we  have  v sin  /3«w  sin  « — (v*) 

13  at  C,  we  have  w sin  y«s v sin  f3 
^Prom(iv)  and  (v)  we  get  n sin  «*=»)»’  sin  y 

°f  a cosec  y»sin  eev'O+cot*  y) 

«=sin  ctv'f  l-t-e*  col*  •],  since  from  fii)  cot  e * cot  a 

°f  H’.i/wsin  a [I+e*  cm*  «]  (v«) 

_^_r-  or  grl-j&r 
cos’“  - , » or  sin>  **  


' (l  +e+e‘+tf» 


h. 


e 1+eRT," 

- from  (iv)  we  get 

r - / f I + 1 from  (Hi) 

u V[  I +£+'*•+ e’J  J + e*  J 

" vwU'-K’,-'’* 

velocity  of- return  to  A w e 1/1 


original  velocity  “ « 115  1 Hence  proved. 

3-  Two  particles  start  from  the  same  point  In  citcomfe- 
W_  r°oa  smooth  circular  table  with  raised  edges.  Afler  eac 
■ polar  ePec|od  twice  at  the  circumference,  the  one  n’  ur:M, 
die  pf  "'“Action  and  the  orber  nrrircs  ar  point  di«uiclrieap0PP° 
that  If.  ,„j  fi  he  the  Incinatinas  of  their  direction,  of 
• g 0n  f°  *he  radius  to  the  point,  then  tan  a tan  £•“  • 
bntK  .lJ  A be  the  point  of  start  of 
to  Particles.  One  particle  returns 
' re^ecf,0°s  at  B aud  C (this  < 

the  o»k**  becn  shown  in  dotted  Itnes)  and 
coqjj  * oarticle  reflect  at  P and  Q and 
»tte  to  A°,a  P°iQt  diametrically  oppo- 

first  pll^f  ^fcction  of  p ojection  of  the  , 

- ^ Oiak-s  *•  which  has  impacts  at  B and 
then  as  • an  ang,e  a wit^  ffldms  at  A 
taJn  *a,{. example  we  can  prove  that 
F*  “^/O-K+e2!.  fi)  . . 

•tgle  g second,  particle  the  direction  of  pro#**"®  {* J 

P'Swen)  WJth  |he  fad{ws  at  A Lcl  g 'an<J  ft  be  the  angles  of 


(Fif.  33) 
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' reflection  at  P and  Q.  Then  the  angles  of  incidence  at  P and  Q 
are  p and  S respectively.  ’ f 

’ cotangent  of  angle  of  rcflcction«=>-ex  cotangent  of  angle  oi 
incidence.  , * • .... 

At  P,  cot  h—e  cot  p or  tan  5=»(l/e)  tan  p- 
and  at  Q,  we  have  cot  £=e  cot  8 or  tan  ^»(l/e)  tan  8 
or  tan  tan  P 

Also  for  the  quadrilateral  APQD , we  know  that  the  sum  of  tec 
angles  A,  P , Q and  D is  equal  to  2n 
or  2£+2$+2^=2«-(see  figure) 

or  p+8— or  tan  (p+5)»tan  (*— ^)«»-tan  p 

tanfl+tanS  . , 

or  - — ~ a— tan  <*> 

i— tan  p tan  5 

or  tan*  $*=c*+c*+e  n ...(iv) 

*.  from  (1)  and  (iv)  we  get 

tan*  a larf  0-[cVO  + «+*«>].  (f’+f’+O-E*  «. 

or  tan « tan  Hence 

•Ex.  4.  From  one  corner  A of  a reetangnlar  biilaid  table  A., 
a ball  Is  projected  In  a direction  making  an  angle  a with  5‘ 

AD  ; It  strikes  first  the-  side  BC.  then  AD.  then  DC.  then  BC 
and  then  returns  to  A.  Frorc  tbat  ir  e be  Ibe  coefficient  of  rest*10 
lion,  then  AB/AD=*(e'  cot'  e1).  s 

Sol.  The  ball  is  projected  from  A at  an  angle  « to  AB. 

U then  strikes  at  E,  F,  G,  If  and  finally  returns  to  A.  Bet  toe 
angles  of  reflection  at  E,  F,  G and  H be  p , y,  S and  ^ respective^* 
and  the  angles  of  incidence  are  «,  p,  (}r.~ y)  and  ({n-  5)  r«PtfC“* 
veiy.  - 


C 

H 

£ 

ii 

(Flg/34)  „ ,, 

Since  cotangent  of  angle  of  reflection- cxcotabgent  of  angle 
of  incidence,  so  we  have 
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{*  J*c°tp“ecot« 
" co*  cot  p 


or  tan/?- 
or  tan  y« 
a.«  or  tan  y* 

Alc>cotS"f  cot  (In-y)-c  tan  y 
cot  5=»(l/e)  tan  a 
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...(0 


(l/e)  tan  a 
(I/O  fan  p 
(l/e*)tana  ...(ii) 
e (I/e*)  tan  a,  from  (ii) 
- (>ii) 

»(iv) 


or  . cot#-eeotrts-*j«t«nS 

Nnw  r cot  5~(l/e*j  tan  a,  from  (iii) 

from  the  figure  we  can  see  that 
a~{£ffp+FD-BE+PF+FD,  since  AP-BE 

"ABitL **ABt*nfiHAB-GCi  tan  y,  since  PE=AB=DC 
**4B  l|  J5  T**fi+fn  VI  -GC  tan  y 

"•'WfiZi /' i tao  a ~(Cfl  tan  5)  tan  y,  from  (i)  and  (ii) 

J,T{/e+,^>  tan  *—(CB—HB)  tan  S tan  y 

tan«—  (AD—  AD  tan  ji)  tan  5 tan  y 
tan  a~^D  tan  5 tan  y+^5  tan  $ tan  S tan  y 
v\"r1/e+l/c’)  tan  *— v(Z)  e cot  a (I/e1)  tan  a 
cr  . tan  « cot  a (I/e*)  tan  a,  from  (ii),  (iii)  and  (iv) 

or  I??'45  (I + 1/e  *■!/*•+ 1/*8)  tan  a -AD  (1/e) 
jj!l*+(l/i)J“i<fi  K^+c’+^+IJ/e*)  tan  a 
f + U tan  (e*-fl)fe+J)  tana 

. An  ' **<*+ 1)  e*(e-H) 

^ 4?  - - «»  e*  cot  a 

AD  — 


, Ex-  5. 


Hence  proved. 


(e‘+I)  tan  a ' (H-c*)  * 

^gesT  A n»  i\5,In*rc  tabic  ABCD,  whose  side  Is  a,  ha<  raised 
oi  bits  »rr|!vB  °f  elasticity  <?  Is  projected  from  a point  P In  AB, 
-*Q  i'fu  bd  8 ®es  BC,  CD,  DA  In  Q,  R,  $ respectively.  Prose  that 
Uohn.ure  Para,,el- 

’ re*Drni  tn  r»  6 an***e  QP®  an*  BP*0**  prose  that  if  the  - particle 

,.  So|.  Tl,ihJn,f.(,_C' (1_C  C“!  ’)  , 

ie*osU  «aI*  IS  projected  fronr-P  at  en  angle  a to  AB.  Let 
tbe°then  °i  .tion  at  Q,  R and  S be  p,y  and  S respectively. 

, resPectively  C ,nc^ence  at  these  points  are  a,  $rc— /?  and  arc— y 

*i°n»,e??*P^ngent  of  angie  of  reflec- 
e°«e.  so  .:°a{an?ent  of  angle  of  Incid- 
or  w«  nave  cot  e cot  a 
- At/?  ta-n  0*»(l/e)  tan  a 
®r,  c«J°ty"'ecol.G*-  01 

;r  tai?retan^“,an«* 

o,  (irc-yjssfan  a 

' ^enc ipn?~* 
tal  AgalJ  u?  » Parallel  to  RS 
^U5fe»aa  (gjVg^j  °f each  side  of  ibe 

. Bp _ ^ p 

’*»  and  so  AP~a-x  (Fig.  35) 


...(i) 
from  (i) 
•••(it) 


44 


Dynamics 


Afso  for  the  impact  at  5.  we  have  • \ 

cot  8— c cot  (in— y)=*e  tany  • ' 

Afso  from  the  figure  we  see  that 

BQ*=BPy  tan  a*=x  tan  « ; j. 

CQ  ~ BC  - 2?P»o— x tan  a,  ' . <j 

In  A RCQ,  RS~CQ  cot  0~(o-x  tan  a)  cot  0 .-W 

fn  A APS;  AS~AP  tan  5»fa— x)  tan  5 2 

and  In  A PCS,  RD=»DS  tan  y*m{AD-AS)  tan  y 

«=»(o~(o— x)  tan  8]  tany  ' 

Now  DC**DR+RC 
or  tan  £}  tan  y-ff [o—x  tan  a)  cot  £), 

from  (ty,  and  (T) 

— [fl-(o-x)  {l/(e  tan  y)}]  tan  y+pa— X tan  «)  e cot «]; 

' from  (J)  and  I® 


««a  tan  y—  [(a  — jO/rJ-for  cot  a - ex 
or  • c—  a tan  y-ffo/O— ac  cot  ■"(x/cj-cx 
m a(l-*cot  *+(!/*)  - c cot  «]  — x (I  —c*)/e,  from  (if) 
or  a fr-c  cot  * t-1  — r*  cota]«-.x 
or  o(H-*»0  e cot  c*j  x 

or  *<l-e)-o<l-ecot»l.  . Hence  proved. 

••Ei  6.  A b.llofeteitlcltr  r.  h ptojrelrd  «lonE  • borliontil 
plsne  from  the  nldJle  point  oT  one  side  at  the  sides  of  ao  (fosctKV 
right  arRlei  triangle,  to  a*.  after  reflection  at  the  hypotenuse  at«f 
remaining  side  ; It  return*  to  tte  point  ol  projection,  proie  that  tat 
contaojjrnlt  of  auRlct  of  reOeclton  are  fr+l)  and  (c  + i)rt*ptctlt«ij 
Sofatfcn  Let  the  half  he  project'd  from  P,  the  middle  point 
of  the  side  Allot  A JPC-  It  hits  the  hypotenuse  EC  »t  t2  JJJ 
after  being  reOecteit  from  p hits  the  side  AC  at  R and  th<n  tetunn 
to  P Let  at  P and  0 the  angles  of  reflection  be  P acd  i »ou  *°* 
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Also  for  the  Impact  at  S . we  have  » 

* cot  S-*e  cot  ($n— y)**e  tan'y  * ' —fl® 

Also  from  the  figure  we  see  that 

tan  «n-x  tan  a ; 

CQ  * -JBC— BQ*°o--x  tan  a. 

In  A RC8,  RS-CQ  cot  0-(a-:r  tan  «)  cot  0 -(W 

In  A APS;  AS~ AP  tan  x)  tan  5 
and  in  & RDS.  RD-^DS  tan  y**(,4J5— AS)  tan  y 

*=»[a~(a—x)  tan  S]  tany  ’ •••^) 

Now  DC^DR+RC 

or  a»[o— (a-* x)  tan  5]  tan  y+[(o—x  tan  a)  cot  0],  ' 

from  (iy>  and  C*) 

»[a— (o—x)  {!/(<>  tan  y)})  tan  y+[la— x tan  «)  e cot «]; 

• from  (0  and  00 

*=Q  tan  y— ((a  — z)le\+ae  cot  a - ex  , 

or  o—  a tan  y+(a/e)— ae  cot  a»(x/c)~cx 

r>r  afl— cot  «+(!/<*) -e  cot  «j«x  (1  — c*)/r\  from  (ii) 
or  o {e -c  cot  o4-\  — c*  cot  et)«-x  (t- el) 
or  a (H-e»  (l  • « cot  #)«(!-  e*j  x ‘ 

or  x(l— e)*=a(i  — e cot  a).  . * Hence  proved. 

**Ex  6.  A bail  of  elasticity  c,  is  projected  along  a horizonj* 
plane  from  the  middle  point  of  one  side  at  the  sides  of  an  isosce 
right  angted  triangle,  so  as.  after  reflection  at  the  hypotenuse 
remaining  side-;  it  returns  to  the  point  of  projection,  proit  that 
contaogents  of  angles  of  refleciton  arc  (e  + l)  and  (c+2)  resPcCfI 
Solution  Let  the  ball  be  projected  from  P,  the  middle  P°  a 
of  the  side  AB  of  & ABC.  It  hits  the  hypotenuse  PC  at  "Q  , 
after  being  reflected  from  Q hits  the  side  AC  at  R and  then  * tes 
to  P,  Let  at  P and  Q the  angles  of  reflection  be  0 and  i and  8 ® 


‘OJ 
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(!) 
• (iO 


• - . * • ' -/  45 

o/ancle  of  f'CHVely-  Siace  of  reflection 

i angle  of  incidence,  tbcrefoic  \vr  b&>e  at  O 

sad  at  g - 

p * • , c°t  cot  y 

Z«nol^8Jire'  We  ,ee  ln  quadrilaterlal  CROQ, 

* H&1  ,ioce 

«'  ,fi+™+in=n  V 

*°  A/tpp'  A!>aRl'-  COS  S and  in  Afi/’g, 

>1  Sln.^^e  sTnJn  “V2cos« 

■ itos“ 

*"  “•  V /*  >s  the  mid-point  of  AB 

W c<"  J - fg.  c/2  cos  .„ff„  v/2  m. 

' ' PQ  cos  & 

®a*Q  J<Om  ApQR  ~ sin  <a  j-ffj 
_ * • J>n 


■ ti») 


w«/>  Eln  " pQ  ” mu  «>-+s7 
- fQ  ” „ Mo  g sin  g (col  g-f  cot  a) 

• sin«  „s5+co.,ysina,.  no  y sin  6 (cot  g+cor  y; 
. fliacol.+amcl  , 

XTT^T  J-  ftom  ( 


cos  S bm  b cos  y ■ 
V2  ~ bin  B . 
e cot  y.  c«8yf,°“^) 

V ? sin  (fa  0),  from  (iii) 


. . — r i «Ti-ui  a j - 

t!n.lr5isi7rclic,y  rCoTyJ’  ff°m  (l>  and  00 
= a)  fe-H  ) sin  g cos  a 

‘"VsintilootyHc+l)  " sniTwiy 
• " from  (>v)  and  (v)  we  get  _ am  geos  a 

ir^  «,  >>n  g 
w ■ °t.8  ” «»" 

r • , - - ■■■■  s*»  p>-  t"u 

cos  ?-cos  I"  sin  W““S  0-sing 
°r  ="  0=o+!  . ...(SO 

v’l*  «ot  8=c  cot  V=c  cot  (Jtr-g;,  from  (III) 

*“r- — y ' e n+tan  5 tan  dn)  - 

•an  Hit— g)  .tanjn-tSM 

. , - 'ii±Urt£±l)H  ' c(c+2j 

“ -(vio 

, . we  have  the  required  results. 

_ I0-  Impact  on  an  Inclined  plane.  - 

*(v^  We  piano  £ffltciec!  fTOm  ° w//A  o velocity  u making  an  angle 
*****  Cotton  cft  5 toettned  to  the  horizon  at  an  angle  p ; to 
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Dynamics  - 


. The  particle  is  projected  from  0.  The  successive  points  of 
impact  arc  A,  B,  C,.  etc.  Initially  i e.  at  0.  the  resolved  parts  or 
the  velocity  of  projection  u along  and  p:rpcndicular  to  the  inclined 
plane  are  u cos  a and  u sin  a respectively. 

Due  to  impacts  at  A,  B,  C,  ..the  velocity  components  perpen- 
dicular to  the  inclined  plaoe  will  only  be"  altered  and  the  velocities 
parallel  to  the  inclined  plane  will  not  be  affected  doe  to  impact. 

,*.  At  A,  B.  C ..etc.  the  velocity  components  perpendicular 
to  the  inclin  ;d  plane  after  impacts  will  be  eu  sin  a,  eru'sin  *• 
eht  sin  a,  -etc.  ■ 

And  times  of  flight  of  the  successive  parabolic  paths  from  0 to 


(Fig.  37)'  . 
Time  of  flight  upto  rth  rebound 
2»  sin  a 2 eu  sin  a 2eu*  sin  a . 

g cos  p g cos  p + g cos  0 

tsx'2.e  s,n  %.  (i+^+e’+.-to  r terms) 
g cos  0 

Total  time  and  distance  till  the  parti' 
Rebounding  ceases  after  an  infinite 
be  the  required  time  till  the  particle 

r sin  e . 2 cm  sin  a 2 c'u  S; 

T~  *cos0  ***  gcos0‘ 

.ad.  inf) 

g COS  0 1 

If  S be  total  distance  moved  along 
ing  ceases  ; then  considering  the  mof. 
inclined  plane  from  "J^ur  we 
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Impact  on  the  Inclined  Plane 

cos  a)  T — $ (g  $fn  B)  7* 

■“[(«  cos  a}-  i (g  sin  P).T]  T 

t/  bos  c-j  fe  sin  m.2ii-s?n  ? _J 1 

L £?cos/3*(|-e)J 


(Note) 


=.  _ 2u«  sin  a 
sjl-  c)  cos  £ 
2n*  sin  k 


[ cos  a ^[Da_sin_pi 

i-  (l—e)cos0j 


, £h  * I 

8 cos  0 * ( J — e) 


(1—e)  cos  0 J 
t(l-f)  cos  3 cos  p-sin  a Sin  (j) 


* £■  (I— t*)1  cos*  p 

am  ^U*  g 

,?(1— ej'cos*  0 Kcos  * cos  P-sin  a sin  £) 

• or  . o_  rn’sina  -<"ccs » cos  pj 

_ , , , ■i(l-?Jrc5?' 0 tcos  (*+B)-e  cos  a cos  p]  ...(ill) 
Pol.«Xo^.'l"D",,Cr,'l,rCb0""'’-'h'  Mrtldc  rooms  ,tc 

wciponcnt  o'  I'ha'jump’p^rpcndicuta'r  I “Ph™  -‘H  in"lal  vclocily 
« •ber.  have  beer,  (r^ ) jcmDs  til  thE  nen  ,nf ined  P'«”a  «"d 
Point  of  projection  O/therefcJe  * * partlc,e  ’returns  to  the 
total  time  of  (r*l)  jumps 

-»  3fL*!HiL  . 2g«  sin  q , 2 e'u  sin  « 

^ cos  fl  gcosp  + geos  R (r+ 1)  terras  • 

' ’ 2w  sin  a 

• g cos  p I +^+e*+  ..to  (r-f-ij  terms] 


a 2t/  gin  « 
g cos  p 


(*f 


-€r+ij 


,f  4.  \ 1-e  / 

^ *.  n„rm.,i,;:iLvn 

'**  g cm  a * t— c . from  (i) 

P1CV ,«K *ta!SBESS?!5S2^,fes?ffiS5» y ,hc  **  1- 

panicle  aionl'lt^ed  p&' 

0c-U  COS  a— «tn  p J?  sin  a Cl  — grJ 

or  • 8 cos  p * {i—e) 

0r  ' ’ l,,-/>.c.os  «**2  sIq  « tan  fi  f|  — <*» 

i If  the  pi  , ' 

and  r . * M 

frotc  that  em  : 
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The  particle  is  projected  from  O.  The  successive  poiotsef 
impact  are  A,  B,  C,.  etc.  Initially  l e.  at  0 the  resolved  parts  of 
the  velocity  of  projection  u along  and  perpendicular  to  the  tocliflto 
plane  are  u cos  a and  u sin  a respectively. 

Due  to  impacts  at  A,  B,  C,  .the  velocity  Am  portents  perpen* 
dicuiar  to  the  inclined  plane  will  only  be’ altered  and  the  velocities 
parallel  to  the  inclined  plane  will  not  he  attested  doe  to  impact. 

At  A,  B,  C ..etc.  the  velocity  components  perpendicular 
to  the  inslinsd  plane  after  impacts  will  be  eu  sin  a,  e'tr'si0  *■ 
e*u  sin  a,  . etc. 

And  times  of  flight  of  the  successive  parabolic  paths  from  0 to 
2u  sin  a 7cu  »in  a 2c' n sin  a 
•geos  £ 


A,  A to  Bt  .etc  will  be 


g cos  ^ g cos  p ' 

(see  projection  on  an  inclined  plane,  projectiles) 


V 


..etc. 


€***/>***. 


(Fig-  37) 

«\  Time  of  flight  upto  rth  rebound 
lusin,  2cu  sin  . + 2«?£om  + f terBt. 
g cos  p g cos  p g cos  P 


■2e  sin  a 


(l+«r+e,+  ..to  r terms}** 


i£L«  fh£)  ( 

jte  \l-f  > ' 


g CDS  p ' ' g CO?  p 

Total  time  and  distance  till  the  particle  ccasts  to  rcbowid-  ^ 
Rebounding  ceases  after  an  infinite  pumber  of  jump*  fe,i 
bs  the  required  time  till  the  particle  ceases  to  rebound, 

Tm  2u  + ?c“  *1°. ‘ + ad.  inf. 

g COS  p g cos  P g CO'.  P 

(i+e+«>+..«J.  i„n~— (r—l  ..d' 

geos#'  - * gccsp\l—cJ  ■ ' 

If  S bs  total  distance  moved  along  the  plane  till  the  rffcnl!h 
icg  ceases;  then  considering  the  tnoticn'of  ibe  particle  atcf'E 
inclined  plane  from  **j*=»uf  +//*" we  have 


Impact  on  the  Inclined  Plane 
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S-*(u  cos  a)  7—  | (g  sin  B)  T*  (Note) 

~lmcosa)~i.(g*5n0).r]7 

■"  [u  c°'  a—  { (c  .In 

7u  sin  a 1 
X jeosp  '(I-e) 

( m 2u*  sin  a f _ sin  a sin  0 1 

(1-fJCOS^L  c s*  (1  —c)  cos  B J 
“gn-fl"’w'7  l(l-«)cos»cos?-$in«si!iflJ- 

— e*cos  a cos  B) 

°r  . s~  g o'-V)»~Toyj[c°s  t*+$)-rcoi  ° «»  n -tin) 

Total  time,  if  after  Mb  tc-boond,  the  particle  returns  to  the 
point  of  projection. 

The  time  for  each  jump  depends  upon  the  initial  velocity 
component  of  that  jump  perpendicular  to  the  inclined  plane  ami 
Mther*  “ ' »s  till  the  particle  *retums  to  the 


-"K. .to  (r-f-I)  terms 


_ XU  9111  a , tiu  3111  U , XI-  W ’III 

” gco^d  ***  g cos  B + gco*p 

-~~f-  !»+«+«•+  ..*o(r+i)«e™»] 

„ 2u  8*n  8 1 1 —er*1 1 

“g  cos  B ’ \ l~e  I ».(iv) 

If  the  particle  at  the  rth  Impact  sttikes  the  plane  normally, .then 
Prore  that  2 tan  « tan  B (l— O 

In  whatever  manner  the  particle  may  strike  the  inclined  plane 
a.t  the  rth  impact,  the  time  or  (light  upto  rth  tebound 
2t/8in  a I— e*  r _ ... 

— «•  • 1 — T*  from  («) 

• g cos  a L — e 
Nowir*1*- — •*-*-  " *.  - 

Pac  - . 


nb(.//m  we  have 

2u  sin  a 


j uiuug  tue  inclined  plane 


0*«u  cos  a— sin  ^ - 


d-^) 

S cos  B ' * U— «> 

‘j  ' (T— #)  cos  a— 2 sin  s tan  8 fl— r*' 
or  **  ,, , 

' ‘ 1 angles  atVth 

M««  Ihrt  Je'+l-O.  ' . '"h  ,apM 
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In  atl  there  are  n jumps,  out  of  which  r jumps  arc  up  the  plane 
and  (n— f)  jumps  are  down  the  plane.  Also  the  time  for  each  jutnp- 
depends  upon  the  initial  velocity  component  of  that  jump  at  right 
angles  to  the  inclined  plane,,’ 

X Time  up  the  plane  for  r jumps 

2u  sin  ».(1  — 0 , ,.4 

“g  coi  0(1-,)  • from  {1> 

And  time  for  (n  - r)  jumps  down  the  plane 

_ y »*>  ■ + »«*  ^;+...+[0  (g-r)  term. 


geo*  0 


g Co*  0 


M1+<+ 


2u  sin  « 

* geos  p 

m sin  a ct  Li 
“gcos0  • (I-#) 


+ to  (n-r)  terras 


. sin  a (ef— e") 

" g COS0  (t-e) 


Since  the  particle  strikes  the  inclined  plan*  normally  at  the  rtb 
Impact,  so  the  velocity  component  parallel  to  the  Inclined  plane  »s 
destroyed  at  the  rtb  impact.  The  condition  down  -the  pl»nc  be,rtg 
the  same  the  particle  will  recover  the  same  velocity  u cos « t”1*0 
it  teaches  O in  equal  time 

X . Time  up  the  plane  for  r jumps, 

e.time  down  the  plane  for  r jumps 
2k  sin  « ( 1— c'l  2u  sin  a (c  - e*) 

F'  ~g  cos  0 ■ (|  - e)  ***  g cos  P * (,1-ef 

or  I — e*  or  e" -2er+l"*0,  • 

Total  time  and  distance  til)  the  particle  ceases  td  go  op- 
The  particle  ceases  to  go  up  the  inclined  plane  when  it*  vein* » 
city  along  the  inclined  plane  vanishes.  * There  are  two  stage*  for 
this.  Firstly  the  particle  ceases  to  rebound  and  then  It  slides  along 
and  up  the  inclined  plane  till  its  velocity  becomes  zero.  . 

For  both  the  stages  viz.  rebounding  and  sliding  tbe  velocity 
along  the  plane  Is  affected  only  by  gravity  and  therefore  if  * be  the 
total  time  till  the  particle  ceases  to  go  up,  considering  the  motion 
along  the  plane  from  Mv  - «+/*”  we  have  ' ' . 

0=0  cos  •—(£  sin  0)  t or  t«(u  cos  «/g  sin  0)  — (V,J 
And  total  distance  along  the  plane  till  the  particle  ceases  to 

go  np*»,'ut+|/t,,,-*(u  cos  a)  1- jg sin0  t*  > . 

. /U co*  «/»cosa\*  u*’cos*  * 

-“m5»li^riESraHiinni)  -5 tztf 
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39/1/4 


Impact  on  an  Inclined  Plane 


Solred  Examples  on  § 10. 

Ex.  I.  A particle  is  projected  from  the  foot  of  a plane  of 
nation  « in  a direction  making  an  angle  Q with  the  plane  and 
rebounds  vertically  at  the  first  impact.  Show  that 

col  P=(2-f  e)  tan  a,  where  c is  the  coefficient  of  restitution. 

Sol.  Let  the  particle  be  projected  from  O with  a%  velocity  u 
talcing  an  angle  Q with  the  inclined  plane.  Let  the  first  impact 
»c  at  A. 

••  Time  of  flight  from  O to  A. 

J,  ^2 u sin  a'*  2u  sin  8 , , % 

gcosp  g cos « lsaH  (i) 

The  ball  strikes  at  A with-a  velocity  whose  component  perpen- 
lcular  to  the  inclined  plane  is  u sin-0  (see  figure)  and  after  impact 
1 A lls  velocity  component  perpendicular  to  the  plane  will  become 
a sin  0 

' the  velocity  of  the  ball  after  impact  at  A.  Since  the 
Jurepottads  vPftica,,y  01  A so  its  velocity  at  A wifi  make  an  angle 
~«)  with  the  inclined  plane.  Hence  its  velocity  components  at 
Perpendicular  and  along  the  inclined  plane  will  be  v cos  a and 
s'n  a respectively. 


(«) 


‘ (Fig.  38)  • 

UheHir  .<  A v cos  «=»ew  sin  0 

airectjon  perpendicular  to  the  plane. 

-n  v sin  oi^w  cos 0 — g sin  •./  from  “y*=u-^■/f,, 

«=*»/  cos  8~g  sin  a {(2 u sin  8)Kg  cos  a)),  from  (J) 
(h/cos  a)  {cos  Q cos  *— 2 sin  8 sfn  a)  ...(iii) 


r >i 


'Vld,n8  (!!!)  by  (II)  wo  get 
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Dynamics 


of  cot  6 ^(e-J-2)  tan  a.  , . ' Hence  proved. 

Ex,  2.  A bait  Is  projected  with  velocity  u from  a point  of  a 
plane  Inclined  at  an  angle  • to  tbe  horizontal,  the  direction  of 
projection  Is  at  right  angles  to  the  plane.  3Prt>ve  that  beforecenslog 
to  rebound,  it  nil!  hate  described  a length  . 

(2uasta  «)/Jg  (l-ej*  cos*  aj  • 

Sol.  Let  the  ball  be  projected  from"  0 wilt  a velocity  u at 
tight  angles  to  the  inclined  plane.  Let  afterwards  the  .successive 
impacts  be  at  A,  B,  C,  etc.  Then  the  velocity  component 
perpendicular  to  the  plane  after  impact  at  A,  B,  C,  ..etc,  will  be 
eu,  e*u,  e*u,  ..etc.  (see  figure). 

And  the  times  of  these  jumps  from  O \o  A,  A to  Br  B to  C. . . 


2 u 2 eu  2e*u 

etc.  are  *— , — • . ...etc. 

g cos  a g cos  a g cos  a 


S*  Total  time  taken  by  ibe  by  the  ball  before  it  ceascj  torched 
+ ; 


2 eu  2e7u,  . 

•+■  ■ +,..od.  Inf. 

g cos  a g cos  a 


g cos  a 

«*L2u/(g  cot  «)1  {l-K*H,+...ad,  inf,)«={2u/(jf  cos  «)J  {1/(1  -f)l) 
A<s  f considering  the  motion  along  the  plane,  from 
*M— ut+\/tv*  we  have 

Required  fenstb— 0 + i fe  »ina)  ._JLJ*r 

Initial  velocity  along  the  plane  being  zero  and  acc.-**  sin  # 

— (2u*  sb  a)l{g  (I  - <■)*  cos?  a)  Hence  proved. 

Er.  3.  A perfectly  alastfe  ball  U thrown  from  the  foot  of  * 
plane  inclined  at  an  angle  9 to  the  bonaon.  if  after  striking  tbe 
plane  *1  a distance  l from  tbe  point  of  projection  it  rrboandt  *pd 
retraces  Ita  former  path,  show  that  the  velocity  of  projection  is 


Impact  on  Inclined  Plane 
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' So1'  Tllc  Particle  Is  projected  from  O and  strikes  the  inclined 
P'lne  at  A,  such  that  OA—1. 

'he  P»rtlc!e  can  retrace  ils  path  provided  it  strikes  the 
Hoed  plane  at  right  angles  at  A.  (Note) 


(P/g.  40) 

■ HenS,?^ot1cnt  °rvc,0'i,y  along  the  plane  vanishes  at  A. 
tn  A we  n0  ”Vx“u4'ft't  for  the  motion  along  the  plane  from  O 
the  plane  “ ^ 5,n  ^ tf  sincc  thc  *cceIcralion  along 

°f  n cos  m)J(g  sin  $)  ...m 

vitJnjj  this  time  distance  moved  along  the  plane  Is  /. 

\ for  the  motion  along  thc  plane  from 

u to  A,  wc  fiet 

/»*p0s,  : ig  s!n  9(u™L*Y-p?l'* 

• Vgsmtf/  7S  \gsmg)-  2g  sin  9 

• u*  co$*««t2g/sIn  0 ...(H) 

j Coring  this  time  the  distance  moved  perpendicular  to  the 

iota  plane  ^vltfa  an  acceleration—  g cos  g is  zero. 

From  the  motion  perpendicular  to  the  inclined  plane  from  O 

we  gCt  ■ 

or  °^-  (^)  imi  “on‘ 

2y  sin  ««u  cos  a cot  tf 

sin*  »=>(ti5  cos* «)  cot*  Q^2gt  sin  9 cot*  $,  from  (ii) 
or.  . a1  Bin's -g/ cos' «/(2  sin  «)  - ...(ill) 

Adding  (II)  and  (iii),  wc  get 


2 sin  j 4-  ?JLL 
2 sin  g 


J" 


“rt(l*3ain*  fl)/2  sine 
*,v'(gl(l+3  sin*  h)/(2  sin  ))}. 


(4  sin1 « +cos*/l) 


Hence  proved.. 
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Es  4.  An  imperfectly  elastic  ball  Is  projected  from  the  foot  of 
* plane  Inclined  at  an  angle  0 to  the  horizon,  with  a glvin  vctocitj 
u at  an  angle  a to  the  plane,  (a)  Find  the  time  that  elapses  before 
the  ball  has  ceased  rebounding  and  the  distance  described  by  it 
parallel  to  the  plane  in  this  time,  (b)  If  this  distance  is  maximum, 
prove  that  tan  2a-»(l—e)  cot  fi , where  e Is  the  coefficient  of  restitu- 
tion. 

Sol  Part  (a)  Sec  § 10.  Results  (il)  and  (til)  Page  47. 

Part  (b).  If  S be  the  total  distance  moved  along  the  Inclined 
plane  till  the  rebounding  ceases  then  ^e  can  prove  as  in  § 10  fe* 
•nit  (Hi)  Page  47  that 

5-12U1  sin  9/{g  (l-e)*  cos1  0)]  (cos  (a4-0)-c  <?r»  cos  0] ' • 

or  S~iu*/{gO~ e,s  cos5  0})  [2  stn  a cos  {a+pl-f  sin  7a  cos0J« 

If  S is  maximum,  then  ^ »»0  and^*?  *5  negative  ' 
da  da* 

Now  dS/da~(u*/(g  (1— e)*  cos*  0})  (-2  sin  a sin  (a*  0) 

+2  cos  a cos  (•4*0)— 2e  cos  2a  cos  0) 
(1-e)*  cos*  0}]  (2  cos  (2a+0)-2f  cos  7a  cos  0] 
dS\da^ 0 gives  cos  (2a  + 0)-e  cos  ?o  cos  0-0  ' 
or  cos  2a  cos  0— sin  2«  sin  p—e  cos  2a  co$0«O 

or  (1— e)  cos  2«  cos  0 —sin  2a ’sin  p 

or  (l-e)  cot  0-tan  2a  Hence  proved. 

Ex.  5 A particle  of  elasticity  e is  dropped  from  a vertical 
height  o upon  the  highest  point  of  a plane,  which  is  of  length  b and 
Is  inclined  at  an  angle  a to  the  horizon  and  descends  to  the  bottom  in 
three  Jomps  prove  that  (l+e)  U+'e+t*)  (l+e*j  ala  a. 

Sol.  Let  the  particlS  strike  tbc  inclined  plane  at  O after  f»B‘ 
ing  vertically  a height  a . 

The  velocity  of  the  panicle  before  impact  at  O 

«\/l2ga)«»u(say),  ..  (i) 

acting  In  the  vertically  downward  direction. 

. ' Hence  its  components  along  the  perpendicular  to  the  inclined 

plane  are  u co  (90°— a)  and  u sin  - «)  or'u  6ln  a and  u cos  • 
respectively.  ’ - , . 

. The  particle  afterwards  takes  three  jumps  striking  the  plane  at 
• A.  B and  C.  The  velocity  components  pcrpenorcular  to  the  inch'd* 
ed  plane  after  impact  at  O,  A and  .fi  are  eu  cos  a,  e2u  cos  • and 
«*y  cos  a respectively. 
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Tim«  of  flight  of  three  jumps  from  O to  A,  A to  D and  £?  to  <? 
- 2fu  con  a - ?f>y  cos « . , 

“TST,-;  “nd -r^r  r«P««,vc,r-  ' _ 


8 co*  a g cos  « “““  g ccs  a 
*e'  (2ru/g),  (2 c*ujg)  and  ilc'ufg)  respectively. 

Total  time  taVen  in  movJne  from  O toO 

~ ~ . Y ( 1 +<• +^'J  - r («ay> 


Jn<  7c'u  , 

7 + T + 


-.(iiO 


Throughout  the  motion  from  O to  C,  the  velocity  component  . 
Parallel  to  the  inclined 'plane  is  unaffected  due  to  impact  and  Is 
effected  only  by  gravity.  Also  the  acceleration  parallel  to  the  incli* 
0e<*  P^nc  i$  sin  c upwards. 


Considering  motion  front  O to  C parallel  to  the  plane,  we 
*llVe  0(7«u  sin  * T -f-4  (g  sin  •).  T2 
cr  b «(u+4gD  T sin  «,  where  T is  given  by  (ii) 

u+cu  (|  4-e*)J  (2 cufg)  (I  -fe-fe*)  sin  « 

^2/g)  «r*( l+e+e*+j';  (l+C+O  sin  • - 

’ '~(2/g)t  (Sag)  (!,+*+<*+&  (I +*+**)  <0 

. «*4<2e(l4e)(l+*?l(H-c+esjsin*  Hence  proved 

E*.  <S.  A particle  after  falling  from  rest  through  a distance  h 
strike*  a srnoath  plane  inclined  at  an  angle  e to  the  horizon.  Show 
tht  distance  between  the  first  two  point*  of  Impact  Is  4he 
■^0  sin  oc,-and  the  whole  range  on  the  inclined  plane  nben  the 
Article  c.ases .to  rebound  is  4he  sin  */(i-  <*/ 


Dynamics 


Sol..  Let  the  particle  strike  the  inclined  plane  at  O after  fall- 
ing vertically  a height  h. 

i.  The  velocity  of  the  particle  before  impact  at  O^t/Cigh)' 

(aay)-.(l)  acting  vertically  downwards.  Hence  its  components 
nlong  and  perpendicular  to  inclined  plane  a$e  u sin  a and  u cos « 
respectively.  The  particle  afictwaids  strikes  at  A,  B etfc.  lbe 
velocity  components  perpendicular  to  the  inclined  plane  after 
impact  at  O,  A,  B,  etc  are  en  cos*  a,  e’u  cos  a,  e*u  cos 
respectively. 

J.  Time  of  flight  from  O to  A l.e.  the  first  two  points  of 
Impact « 

geos  a g 

X Considering  motion  from  O to  A along  the  Inclined  plan® 
from  J/r*"  we  have 


CM«u  sin  s (1fu(g)+l  ( g sin  a)  (2c u[g)* 

ri+e] 


StoVsIn.  frWL-tgjj',  ffom  (|) 


Also  the  rime  for  successive  trajectories  starting  from  O »tc 
2eu  cos  « 2e'u~ cos  a ~ 2r»u  cos  a eJC< 
g cos  a-  * K cos  a . ’ g cos  a 
(2eu/g),  l2csu/g),(2e,u/S>.  -etc.  , * 

t.  Total  time  till  the  particle  ceases  to  rebauQ  d * 

_?!“  + t£l“  + + ...od.  inf.-  - T (>ay) 

/A  Whole  range  on  the  plane  till  the  particle  ceases  reboun 
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«)»  T+i  sin  s)  Tain  a 

" [“+(t£)-  ]fTT7r  rfn  '■  *"**“&$ 


_ 2eu*  sms  *4e/r  sin  m , . ...... 

fXfz rey«  - since  from  <«  u sh* 

Ex.  7.  A ball  makes  a series  of  rebounds  on  a glren  Inclined 
aa*‘ . how  that  angle  9 of  the  fttb  rebound  /s  given  by  4*  cos  0 
tf|C°t*~^*aD  where  0 Is  fbe  Indication  of 

e p ane  to  the  horizon  and  a the  angle  which  the  direction  of 
* projection  makes  with  the  Inclined  plane. 

Sol  Let  the  ball  be  projected  from  O with  n velocity  w making 
Ibc  ,ncl,Re^  plane.  Then  the  resolved  parts  of 
8 velocity  along  and  perpendicular  to  the  inclined  piano  are 
**  ^os  * and  u Bin  a respectively.  The  velocity  of  the  ball  perpend!* 
“ar  to  the  pfane  Is  affected  by  impacts  and  the  velocity  along 
l * ?.an,e  *s  unaffected  due  to  impacts  and  affected  by  gravity  only. 

• f “J  ba,i  'We  tbe  plane  at  A.  B,  C,  eto. 

■ . ben  the  velocity  components  perpendicular  to  the  inclined 
P a°e  after  impacts  at  A,  B,  C etc.  are  cu  sin  <r,  e\t  sin  «,  e*u  sin  a, 
'•.etc.  Therefore  the  velocity  perpendicular  to  the  inclined  plane 

ter  (n-i)th  rebound “e*'1  u sio  « and  after  «th  rebound**^ 

•in «,  r 


f,Ffg«) 

AUo  the  time  of  describing  n trajectories  are 
Basing  2vu  sins  ?euf  sin  a wjsfn  fc 

Sc°s  g*  g cos  p- 1 , g C0J  p * *■  "* 

' ^ Tc>tal  time  for  the  first  ft  trajectories 


^2usina‘  2*«fin* 
S cos  0 g cos  8 
-’«*  2ttSin  a 
gc&rj} 


- - '2 Busins 

g-COS  8 


W*\~ 


7u  sin  g / I - t*  \ 
geos 8 ’ \1~  < / 
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(say),  * .«(«)/ 

Also  considering  the  motion  along  thq  plane,  velocity  of  Ibc 
ball  along  the  plane  after  nth  rebound  i e.  alicr  time  T 
«-u  cos  a— g sin  0.  Tfrom  “fmu+ft” 

And  we  have  already  proved  that  velocity  perpendicular  to  the 
plane  after  nth  rcbound^e"  u sin  o. 

A If  after  the  nth  rebound,  the  direction  of  particle  make* 
an  angle  0 with  the  inclined  plane,  then 


velocity  along  the.  plane  ofter  nth  rebound 
velocity  perpendicular  toThe  plane  after  nth  rebound 
u cos  «— gsin  g T 
e*u  sin  a r 


ot 


r*  cot  0aicot  a- {(g  sin  p)J{u  sin  b)j  T 

t g sin  P 2 u sin  a f\—t‘ 


u sin  c g cds  p 


■ m 


from  (i) 


or  em  cot  0«cot  a — 2 tan  p f(J  — 0/(1—  e))-  Hence  proved. 

MISCELLANEOUS  SOLVED  EXAMPLES 
Er  I.  , Two  eqaal  spheres  A,  11  are  In  a smooth  horizontal 
circular  groove  at  opposite  ends  of  a diameter.  A is  projected  at^E 
the  groove  and  at  the  end  ot  lime  T impinges;  on  B.  Show  that  the 
second  impact  will  ocenr  aft*r  a farther  time  2T/c,  where  e is  the 
coefficient  ot  elasticity. 


8ol.  Let  the  sphere  <4  be  projected  with  a velocity  u.  Then 
in  time  T the  distance  travelled  by  A*»u  T.  Also  in  time.T  the  sp-. 
here  A has  moved  through  half  the  circumference  of  the  circular 
groove  of  radius  a (say).  . So  that  distance  moved  by  the  sphere  A 
in  time  T^na. 


'in  T«na  ...(I) 

Also  if  v and  v*  be  the  veto-  ' 
cities  of  the  spheres  A aad  B 
after  1st  impact,  then  from 
Newton’s  Experimental  Law, 


or  v'—v—eu  (tii) 

(v'— v)  is  the  velocity  of 
sphere  B relative  to  A and  the 
second  impact , will  occur  when 
B'  strikes  A after  making  a com- 
plete round  with  a velocity 
(v*-v).  . 
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Impact  on  an  Inclined  franc 


- Solred  Examples  on  § 10. 

. « *■*  *■  A particle  is  projected  from  the  foot  of  a plane  of 
'•*  na^on  * ’o  a direction  making  an  angle  0 with  the  plane  and 
m>DB06  vertically  at  the  first  impact.  Show  that 

co|  0==(2-f  e)  tan  a,  where  c is  the  coefficient  of  restitution. 

Sol,  Let  the  particle  be  projected  from  0 with  a velocity  o 
®a  mg  an  angle  Q with  the  inclined  plane.  Let  the  first  impact 
ks  at  A.  ' 

- Time  of  flight  from  O to  A. 

_ "2 u sin  a”  2 u sin  0 . . . 

g COS  P ""  g COi  « “*  (i) 

The  ball  strikes  at  /f  With* a velocity  whose  component  perpen- 
lco  ar  to  the  inclined  plane  is  u sin  & (see  figure)  and  after  impact 
si  V«I0Cily  comP°oeot  perpendicular  to  the  plane  will  become 

bill  velocity  of  the  ball  after  impact  at  A.  Since  the 

{90°~  i U > s VertlcaHy  at  ^ 80  >ts  velocity  at  A will  make  an  angle 
, '“«)  with  the  inclined  plane.  Hence  its  velocity  components  at 
^P«pcndicular  and  along  the  inclined  plane  will  be  v cos  a and 

, s1n*  respectively. 


la  the  ~ v cos  a=»c«sin  0 •*■(*•) 

Afilt  Ct!°n  pcrPcndlcular  to  the  plane. 

, v sin  aeay  cojfl—g.  sjn  9 ( from  •,v**u+ftu 

. au  cos  e~g  sin  a {(2n  sin  0)/(g  cos  a)},  from  (I) 

- *(«/cos  a)  (cos  $ cos  «— 2 sin  0 sin  a)  ...(Hi) 

Wd,n*  (II!)  by  <j|,  ,„c  EC, 

,ln  — -('A’)  («>!  *-  2 «> 

<*  cos  a sin  B v v 
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of  cottf  ^(tf+2)  tap  a.  . ' ’ Hence  proved. 

Es.  2.  A ball  fa  projected  wfib  velocity  u from  a point  of  a 
plane  Inclined  at  an  angle  c to  the  horizontal,  the  direction  .of 
projection  £ at  right  angles  to  the  plane.  Prove  that  before  ceasing 
to  rebound,  it  will  hare  described  a length  > 

(2u*  sin  a)/[g  (1  - e>*  cos.*  a] 

Sol.  Let  the  ball  be  projected  from  0 with  a velocity  u at 
right  angles  to  the  inclined  plane.  Let  afterwards  the  successive 
impacts  be  at  A,  B,  C,  etc.  Then  the  velocity  components 
perpendicular  to  the  plane  after  impact  at  A,  B,  C, ..etc,  will  be 
cu,  e*u,  e*u,  ..etc.  (see  figure). 

And  the  times  of  these  jumps  from  O to  A,  A to  Bt  B to  C.*» 


etc  are 


2 u Tea  c{c 

g cos  «’  g cos  a*  g cos  a 


S,  Total  time  taken  by  the  by  the  ball  before  it  ceases  to  rebuild 

u . 2eu  , - 2f’«  _ 

» — b — - 4-  + ...ad.  Inf. 

g cos  a g cos i « g cos  « 

»[2u/(g  cos  •)}  (1 +C+C1  -b—ud.  itk(.)-^{2uj(g  cos  «)]  {1/(1  — *)B 
A's  i considering  the  motion  along  the  plane,  from 
•V-wi-bl/l*”  we  have 


•Required  IenBth"»0+i  (gsinaj  ♦ 

Initial  velocity  afortg  the  plane  being  zero  nod  acc.«»£  sin  a 

-.(20*  sin  m)Hg  1 1 - «?)’  co**  ■}  Hence  proved. 

E*.  3.  A perfectly  elastic  ball  U ibrovro  from  the  fool  of  * 
plane  inclined  at  an  angle  9 to  the  honzon.  Jf*ftcr  striking  tbe 
plane  at  a distance  / from  the  poJat  of  projection  * II  rtboneds  acd 
tetraccs  Its  former  path,  show  that  the  velocity  of  projection  t* 
V(W(I+3slo*fl;/(  2»Inp)}. 
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Impact  on  Inclined  Plane 

Sol.  The  particle  Is  projected  from  O and  strikes  the  inclined 
" P'ane  at  A,  such  that  CM**/. 

'htnUV tbe  part‘cfc  ««o  «trace  its  path  provided  it  strikes  the 
,«*«aed  pfane  at  right  angles  at  A.  (Note) 


(Pig;  40) 


lV^nS°?ponent  velocity  along  the  plane  vanishes  at  A. 

CllCe  lfi>m  “V  sau-lmft**  frtr  fhA  mnlinn  dlnno  rvlnnfl  frn 


- to  A preit*  **r,>in  "v~u+f{"  for  the’motion  along  the  plane  from  O 
iv-  _*  °?v®  cos  «—(g  sin  9)  t,  since  the  acceleration  along 

..;0) 


•0>  PUne“ hlJXJ 


h ■ . tm?lu  cos  ■)/(*  0) 

. Ufmg  this  time  distance  moved  along  the  plane  Is  l. 

A from  ,,s*aut-\-lftv'  for  the  motion  along  the  plane  from 
u «M.  wc  get  ' 

- is  a(„  9l «*!•)' . 

\gs\n9I , \g  sin  9}  2g  sin  9 

• °r  * u*  cosa«*»2g/sln  9 . —(H) 

j *o  during  this  time  the  distance  moved  perpendicular  to  the 
• C.  plane  with  an  acceleration— g cos  9 is  zero. 

,Ff0[n  the  motion  perpendicular  to  the  inclined  plane  from  O 
t0<weg«  ...  - - 

' 0^8iQ  „ / «cos«\  cos  9 f «co^V  from  *-ut+W 

■ Vgsm  9/  ™ • \g  sin  9) 

, 2 u sin  e»^=w  cos  at  cot  9 

4u*  sin*  ««=(w*  cos*  #)  cot*  Q-=*2gl  sin  # cot*  9,  from  (li) 

1 u*  sin*  a«g/  cos?  9/(2  sin  9)  —(Hi) 

, Adding  (H)  and  (iiij,  we  get  - ■ • 

JL. 


or 


2 sin 


■ (4  sin*  0-pcos*  9)  > 


(1^3  am*  9)12  sin  9 
“v'fel  (1+3  sln>  »)H2  sib  8)}. 


Hence  proved. 
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Ex  4.  An  imperfectly  elastic  ball  Is  projected  from  the  foot  of 
• plana  Inclined  at  an  angle  0 to  the  horizon,  with  a given  velocity 
u at  an  angle  a to  the  plane,  (a)  Find  the  lime  ibat  elapses  before 
the  ball  bas  ceased  rebounding  and  Ibe  distance  described  by 
parallel  to  the  plane  in  this  time,  (b)  If  this  distance  i»  maximum, 
prove  tb*t  tan  2a—(i—  e)  cot  0,  where  e Is  the  coefficient  of  rest  1 1®' 
tlon. 

Sd  Part  (a)  See‘§  10.  Results  (il)  and  (Hi)  Page  4?* 

Part  (b).  If  S be  the  total  distance  moved  along  the  inclined 
plane  till  the  rebounding  ceases  then  we  can  prove  as  in  § 10  re- 
sult (Hi)  Page  47  that 

S»l2u*  sin  o/{g  (l— e)*  cos*  0}J  (cos  (a+0)— e <?os  cos  0] 
or  cos50}J  (2  sin  a cos  (a+pi-e  sin  2a  cosp]- 

If  S is  maximum,  then  «»0  and^*^  «» negative 
a a aa 

Now  dS/dtu-ltf/ffi  (1  — c)*  cos*  0)][ — 2 «in  * sin  (a  + 0) 

+2  cos  a cos  («+0)  — 2e  cos  -2a  cos  0] 
**[i?l{g  (1— e)*  cos*  0})  (2  cos  (2a  4*0)— 2c  cos  \a  cos  03 
•\  r/5/<fa«0  gives  cos  (2a4-0)~-e  cos  7a  cos  0—0 
or  cos  2a  cos  0— sin  2a  sin  0 — e cos  2a  cos  0=0 

or  (l— «)  cos  2«  cos  0«sin  2o  sin  0 

or  (I— e)  cat  0— tan  2«  Hence  proved- 

Ex.  5'  A particle  of  elasticity  e is  dropped  from  a vertical 
height  a upon  the  highest  poiut  of  a plane,  which  Is  of  length/*  and 
l«  Inclined  at  an  angle  a to  the  horizon  and  descends  to  the  bottom  I® 
three  jumps  prove  that  b**4ac  (l+e)  (l+<?+e-*>  (!  +<•*>  »in«. 

Sol.  Let  the  particls  strike  the  inclined  plancmt  O after  fall' 
ing  vertically  a height  o.  » 

- The  velocity  of  tbc  particle  before  impact  at  O 

=»v'(2£a)-u  (say),  ,.(«) 

acting  in  the  vertically  downward  direction. 

Hence  its  components  along  the  perpendicular  to  the  inclined 
plane  arc  u co  (90°— «)  and  u sin  (90°  - c)  or  'u  6in  a and  u cos  a . 
.respectively.  • - 

The  particle  aferwards  takes  three  jumps  striking  the  plane  at 
A,  B and  C.  The  velocity  components  perpendicular  to  the  inclid- 
ed  plane  after  impact  at  O,  A and  B are  eu  cos  a,  e'u  cos  * and 
«*«  cos  a respectively. 
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Tim*s  of  flight  of  three  jumps  from  O to  A%  A to  & and  B to  (? 
are£l£*L«.  &W»  .?Acos«  . . 

TeSTi and  'TTHsir  ^^y* 

***  (?«/*);  (2e*u/gj  and  (2eV^r)  respectively. 

time  taVen  in  movinc  from  O toU 
2 c*u  2 cu  . 


* W + 


■ (I«H>+e,)*»r  (say)  <J}J? 


(Fig.  4l) 

Throughout  the  motion  from  O to  C,  the  velocity  component 
,P*ta})d  to  the"  inclined  plane  is  unaffected  due  to  impact  and  Is 
8 cctc<*  only  by  gravity.  Also  the  acceleration  parallel  to  the  inclj. 
0tfd  plane  is  — g sin  « upwards. 


have 

Of 


Considering  motion  front  O to  C parallel  to  the  plane,  we 
OC*»u  sin  m.  (g  sin  m).  7* 

Igr)  7*  sin  e,,  where  T is  given  by  (ii) 

/l  4-e1))  (2«i/g)  (l-fc-te1!  sin  « 

'*“(2 (g)  c«*'(l+e+^*+e!j  (1  +<*+«*)  sin  » 

. ^(2/gl  e f&fflfl  *«+cH«a>  (M -c+r*|  sin  «.from  (i) 
*»4oc(l  +e)  (i-he»j  <t-fe+e5)  sin  a Hence  proved 


^x>  6.  A particle  after  falling  from  rest  through  8 distance  h 
1 C5  3 smooth  plane  inclined  at  an  angles  to  the  horizon.  Show 
the  distance  between  the  first  too  roiot»'  of  impact  Is  '4ht 
<V  sio  e.'HDd  the  whole  range  on  the  inclined  plane  iifctn  the 
Particle  c4  a»s  to  rebound  is  4kc.  sin  «)(1  -_<?/ 
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Sol.  Let  the  particle  strike  the  inclined  plane  at  O after  fall- 
ing vertically  a height  k. 

£.  The  velocity  of  the  particle  before  impact  at  <7~vW) 

(aay)...(i)  acting  vertically  downwards.  Hence  its  components 
along  and  perpendicular  to  inclined  plane  are  u sin  a and  u cos  a 
respectively.  The  particle  olierwatds  strikes  at  A , B etc. ' 1 he 
velocity  components  perpendicular  to  the  inclined  plane  after 
mpaet  at  O , A,  B,  etc  are  eu  cos*  er,  e*u  cos  a,  e*u  cos  ®,...etc 
respectively. 

A,  Time  of  flight  from  O to  A /.e.  the  first  two  points  of 

Impart-  COi  a „ *»' 
g cps  a g 

X Considering  motion  from  O to  A along  the  inclined  plane 
from  '*j«rur-f  ^ftv*  we  have 


OA**u  sin  a (2eu/g)+  } (g  sin  a)  (2rufg)* , 

-*“1 ‘IS*  (!+,)=  *<?<*> 


•=*4rA  (M*e)  sin  at. 


Also  the  time  for  successive  trajectories  starting  from  O are 
2 eu  cos  ■ 2e'u  cos  a 2exu  cos  a 
g cos m ' g co<  a . geos  a * ' 
t (2eu/g),  (2e*u{g)t  (2e*u/g)#,..etc.  * , 

Total  time  till  the  particle  ceases  to  reboua  d 

2ru  7c*u  2e*u  ' ’2 eu  _r  fsavl* 

~ t + t + + "r  (535) 

/X  Whole  range  on  the  plane  till  the  particle  ceases  to  rebound 
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, *»t»  »In  a).  T+\  fs  sin  a)  T>»(uf  Jfr>.  Tain  a 
• • ■ «»  r»  j_  ^ etl  1 2cu  . , _ 2eu 

' r+ o^y  I^Tr^r  ”n  5incc  T=^j  ■ 

«=.  gg*  s'°  ■ * 4ch  sin  « , 

g (fZi)a~*  since  from  <i;  u*~2gA. 

^*11  makes  a . series  of  rebounds  on  a giren  Incifntd 
„.  / an^e  ® nth  rebound  is  given  by  e*  cos  § 

is  the  inclination  of 

»h.-  ? ® *“e  horizon  and  a the  angle  which  the  direction  of 

prolectioo  makes  with  the  inclined  plane. 

so  flnpr  ^ef  .^C  be  projected  from  O with  a velocity  u making 
this  ve|C  ? W'1^  thcincljned  plane.  Then  the  resolved  parts  of 
wc-*«  oc,ty  along  and  perpendicular  to  the  inclined  plane  are 
cular  f U S,n  * r«P«tively.  The  velocity  of  the  ball  perpendl* 
the  ° thE  p,anc  *s  a^ected  'by  impacts  and  the  velocity  along 
i ..  E,*0*  Is  una®ected  due  to  impacts  and  affected  by  gravity  only. 

, “•  bll‘  «triko  the  plane  at  A,  B.  C,  etc. 

Plan  r”  lh«  velocity  components  perpendicular  to  the  inclined 

...etc  Th*  in?pacts  nt  A*  B‘  c etc-  aic  M 8*n  <*» e%u  8*n  •*  8^n  ■* 

apt  C‘  Thtrclore  the  velocity  pcipendicular  to  the  inclined  plane 

sjn  J ^rtr*i)tKreJ>ound*=»e*”1  u sin  a and  after  nth  rebound *=c"« 


(Fig  43) 

the  time  or  describing  n trajectories  are  ’ 
!tosinn  7eu  sing  7eu*  sin  • V"1  u sin  ** 

Scos  J5*  g cos  fj~*  g cos  0 " 4'  coi  0 

Total  time  for  the  first  ft  trajectories, 
fc^Susin^  2ew  sin 2c^~*«sina 
, ?C°S  0 £COS0“  ■**  ’ * gcos0 


a £^sina  - 
S cos  p l* +«+«*+ 


7 u sin  rt  f i-  \ 
g cos  0 ' \ 1 - e / 
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g am ; 
u sin  « 


' from  0) 
uoveiJ. 


=T  (say).  ^ . -W 

Also  considering  tbe  motion  along  the  plane,  velocity  of  the 
ball  along  the  plane  after  nth  rebound  i.e.  alter  urne  T . 

**u  cos  tt—gslnp.T  from  Uv~u+ft** 

And  we  have  already  proved  that  velocity  perpendicular  to  tbe 
plane  after  nth  rebound^e"  u sin  a. 

X If  after  the  nth  rebound,  tbe  direction  of  particle  makes 
an  angle  0 with  the  inclined  plane,  then 

cot  velocity  along  the  plane  after  nth  rebound 

***  velocity  perpendicular  toYhe  plane'after  nth  rebound 
^ u cos  a— g sing  T 
"*  e”u  sia  a 

or  em  cot  0«cot  a- {(#  sin  /3)/(u  sin  a)\T 

2u  sin  a n~- 1\  V ^ 
g cos  p \i-  f ]’ 

or  e"  cot  0=cot  *— *2  tan  p f(l  ~e)).  Hence  pro' 

MISCELLANEOUS -SOLVED  EXAMPLES 
Ex,  1.  Two  equal  spheres  A,  It  are  In  a smooth  horlWr,# 
circular  pinose  at  opposite  ends  of  a diameter.  K is  projected  •I0"8 
the  groove  and  at  the  end  of  time  T implrpes  on  B.  Show  that 
second  Impact  will  occur  aft<r  a farther  tiutc  T£(c,  where  c.  I* 
coefficient  of  elasticity. 

Sol.  Let  the  sphere  A be  projected  with  a velocity  u.-  Then 
in  time  T the  distance  travelled  byM  T.  Also  in  time^Tthe  sp- 
here A has  moved  .through  half  tbe  circumference  • of  the  circular 
groove  of  radius  o (say).  So  that  distance  moved  by  the  sphere  A 
in  time  T=na. 

.X  « T=»na  ...(i) 

Also  if  v and  v'  be  the  velo- 
citier  of  tbe  spheres  A aud  B 
after  1st  impact’,  then  from 
Newton’s  Experimental  Law,- 
. we  get 

v' -v=  — c (0 -u) 
or  v'— v*=eu  . ^ (iii) 

(v'—v)  is  the  velocity  of 
sphere  B relative  ta  A and  the 
second  impact  will  occur  when 
.B  strikes  A after  making  a com- 
plete round  with  a velocity 


•Impact 

If  the  second  impact  occurs  after  a further  time  /, 

Iken  (?*— p)  t*=>2  K<2f  circumference  of  the  circle 

0f  v)**2Tul(eu)t  from  (i)  and  (ii) 
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'or  * 


Hence  proved. 


E*.  2.  A smooth  ball  Impinges  oa  another  smooth  equal  ball 
*l  rp$t  In  a direction  that  bisects  the  angle  between  the  subsequent 
'Action  of  ballj.  If  ihe  direction  of  motion  of  the  fmpfngirg  ball 
, tfc  *®pact  makes  an  angle  a with  the  line  of  centres,  prore  that 
taoar.y'V  • 

- .Sol.  Let  the  im’plngfrig  hall  move  with  a velocity  u making  an 
• 8!>glc*  with  the  line  of  centres  before  impact.  After  impact  the 
0<i  k ^ w^icb  was  at  rest  will  move  along  the  line  of  centres 
w th  a velocity  \ say.  Therefore  impinging  ball  will  move  after 
mPact  in  a direction  making  an  angle  2a  with  the  line  of  centres. 
c*  v be  its  velocity  after  impact.  If  m be  the  mass  of  each  ball  we 
ave  by  the  Principle  of  conservation  of  momentum  — 


•mv'+m.v  cos  2 * = m 0+ma  cos  <»• 
v'*f  v cos  cos  ■ 


...(iv) 


Also  by  Newton’s  Experimental  Law,  we  get 

v'r*  cos  2*  = — t (0— it  cos  <*)  or  v'— v cos  2a  ~eu  cos  a fit) 

^“btracting  (ii)  from  lit  we  get 

/ - 2v  cos  2a  1 — e)  u cor  a (*^1 

_^so  as  *hc  spheres  are  smooth,  there  is  no  force  acting  per* 
-^D^ctl,ar  to  the  line  of  centres  during  impact,  hence  velocity  of 
-1JS  Perpendicular  to  the  line  of  centres  will  remain  unaltered., 
1 e‘  v sin  2«  u sin  ce  f* v) 

D‘Vid’ing  (iv)  by  (Hi)  we  get 
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t . „ tab  * 

*“"J— (TT3 


7 tan  9 


' 1 -tan*  a ^ (i  • e) 

— tan*  a or  tan*  ir?  or  tan  a^Vf.  Hence  proved. 


*Ex.  3.  Particle*  are  projected  horizontally  from  different 
points  in  a tower  of  height  hit  each  with  a velocity  dae  to  the  heigh* 
of  the  tower  above  the  point  of  projection.  Show  that  they  will 
cease  rebounding  from  the  horizontal  plane  through  the  foot  of  the 
tower  within  or  on  a circle  of  radios  ((I+e)/(l~i«))  fi,  with  Ur 
centre  at  the  foot  of  the  tower 

6ol  Let  PQ  be  the  tower  of  height  ft.  Let  0,be  a point  on  it 
at  a height  x from  tbe  foot  Q of  tfcc  tower,  then  its  depth  below 
the  top  P is  (A— x).  • . ' 

a according  to  the  problem  a particle  is  projected  horizon' 
tally  from  O with  a velocity  V{2g  tft  r *)}. 

It  strikes  tbe  horizontal  plane  through  Q at  A,  B.  C,...etc* 
in  tbe  subsequent  motion.  * „ 

At  O the  veriical.componcnt*of  velocity  of  the  particle  is  zero. 
A When  the  particle  reaches  A its  vertical  velocity  before 
Impact  is  • . 

V(2gx)~ti  :«ay)  ~ ; . 

Since' only  the  vertical  component  of  velocity  of  the  part|CJC 
will  be  affected  due  to  impacts  on  n horizontal  plane,  so  after  to* 

pact  at  A , B,  C etc.  (he  vertical  velocities  will  be  eu,  <%  e‘u> 

t*u  et  *.  • - 
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And  time  of  describing  successive  trajectories  stan-og  from  A . 
™(2eufg),  (2e*u[g)t  (2 Jufg),  ..etc. 

A Total  time  taken  by  this  particle  from  A till  rebounding 

erases 


-Ve“lg)+Qe*ulg)M2t’ulg)+.~zA.  inr. 


2 eu 


O-fe-f  e*-$....ad.  Inf.)«= 


2ey/(2gx) 


, from  (i) 


g(l~e)  g(\~e) 

. Mtne  taken  by  this  particle  moving  from  O to  A is 

en  by  1'j  |y>r>  or  or  ‘ts*\/(2xjg). 

Total  time  taken  by  this  particle  in  moving  from  O till  the  re- 
; ^JUWng  ceases  ==  ](f)  +.  f^f  - V(f )[,+  0^1 
**V{2x/g)[(l+c)/(l-e)]  ...(H) 

* . 1 trough  this  time  horizontal  velocity  remains  constant  and 
CilTh  ,0  Hence  total  distance  moved  by  this  particle 

9 horizontal  plane  (from  the  foot  Q till  the  rebounding  ceases) 
1=3 horizontal  velocity  x total  time  given  *by  (ii) 

(frj)”  (|'-~)v(* (*-*))  -(“O 

The  maximum  value  of  Ihls  distance  is  obtained  when  * (/.—*) 
“faxlmum  ; . 

"'hen  first  differential  of  x (/i-x)  with  respect  to  x vanishes 
*’  when  h— 2x=--0  l.e.  when  JA, 

, ,*•  . From  (iii),  maximum  distance  reached  by  any  particle  on 
'^rizontai  plane  through  O t 
' "**l(l+e)/fl ,-e)W{th  ( h-ih)),  putting  x^ih.m  (iii) 

Point  * Articles  arc  projected  in  all  directions  from  different 
t*rc)-S  °^,0Wftr»  so  they  lie  in  the  horizontal  plane  within  or  on  a 
centrc°f  radius  K*  +W(*  T h with  the  loot  Q of  the  tower  ns 

^aad  ^X‘  **  A ball  is  dropped'fro/n  the  top  of  a tower  of  height 
„lt(Jsal  16,5  s«me  time  another 'ball  of  equal  weight  fs  projected  up- 
lt  Jo  ..rrom  tfae  base  of  the  tower  ivlth'ietocitj  ju<t  soCicfenl  to  take 
Ptote  *owcr  collides  directly  with  the  falling  ball, 

of  ts. , t{l*  falling  ball  will  in  the  rebound  rise  to  a height  *hort 
<op  of  the  tower  by  J/i  (I  — r*/. 

1 ’ Let  A and  B be  the  top  nod  bj<e  of  the  tower  and  let 


hah 


°lhde  at  C.  .The  lower  ball  I*  projected  »<p»*rrtA  \ ilh  velo* 
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is  given  by  (i) 

dropped 

Since  the  “^"  initial  velocity  «. 
from  /<•  hence  It  jlncc  bo,h  the 
(say)  is  W”.  W simultaneously, 

s«s^  same 

time  r ""^c+BC-Uf+K' 
or  /i-u.t  of  ,®e 

lower  and^tpoef  balls  before  eolhdtng 

at  C as  v,  and  »i 

, .yt3<rl-sV(W2s1==v^!;*' 

Then  Vt-u.-s'  'f  0+gv/fftr2p)  — v/<iyrft1 

... 

1 the  weight  of  each  ball.  ..O'" 

or  , . L-  c (!-v,l  v,l=-e(v,4v,'  (iv) 

!'!’d  ’~e  " which 

S«b,rae.,»a«iO^;^^^b.c^^ 

h!,nB  «*.«»*  jpa  . 

'"TrtMWf-1'®  °r„  ,^lhe  topoftbe 

W'  . the  rebound  I.  rises  to  a heigh,  short  of  the 

,„wer  by  AD  «bj‘h ^CD-  p,„ved. 

Ex  5 T«"  F ( Is  proicetcd  fron.  the  foot  e<“  „rst  „,ll. 
zontM.pl®"®-  b ^act  u iust  clears  tl>e  top '«  **  , deptb 


velocities  In  the*  subsequent 
motion  of  the  ball,  let  it  strike 

.foe  second  wall  at  A and  after- 
wards just  reach  the  top  B of 
fee  first  wall. 


e^3 


,bet  ,be  depth  of  A below 
!~e*°P  C of  the  second  'wall 

' W 3, 


w*!i?Uie  lu  thc  imP3ct  With 
all  only  jhc  horizontal  velo- 
' <27  t 1 be  effected  ^nd  there- 
wsthe  horizontal  velocity  of 
fne  ball  after  Impact  at  A~fu. 


. — • (Fig.  48) 

^,mc  by  the  ball  in  moving  from  O to  A~(a/u)  and 
c taken  by  the  ball  in  moving  from  A to  B=(a/eu). 

Total  time  taken  by  the  ball  in  moving  from  O to  B 

*<*+0 

u eu  uy+e  / “"aT  ...(•) 

thc.ba11  just  reaches  B,  /.  the  vertical  velocity  at  Is 
o and  vertical  velocity,  is  also  not  affected  due  to  impact  at  D 
ace  considering  the  vertical  motion  of  the  ball  from  O to  B 
have 

Oto  wbcre  f **  the  time  taken  by  the  ball  in  moving  troni 

f=»(v/g);  which  is  the  same  as  thc  time  given  by  (i),  hence 
t.  S.  a (e4-  I ) a ev 

> A . * eu  0fu“  gKH)  ...(«)* 

so  for  the  vertical  motion  from  O to  B,  from  •*»*■=  t4,+2//s*’ 
*^avC(W_2g/,  . or  v'-2gh  ..(Hi) 


- ui  r — “l'"/ 

we  j.  Bd  for  vettlcal  motion  from  O to  AK  from  “s^ut+ift1” 
<3t  where  t is  the  time  from  O to  A. 

' "“*)***  («/«)— Jg  (o/u)*,  V f«=<w=»  time  from  O to  A 


- f Ifdkr]’- t,om  (li) 

[2  (7$V1' from  (;ii) 


*<e+U  L * 2 (7+1) 
(e+2) 


• 1«  e^h 
I J £ (r-H) 


r A/fe-HWWi/fe-H)1  Hence  proved. 

«t  Two  equal  elastic  balls  are  projected  towards  each  otter 

*9n,e  Instant  in'  the  same  lertical  plane,  v being  thc  velocity 
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and  a the  deration  In  each  case.  Show  that  after  Impact  they  will 
return  to  the  points  of  projection  if  gu  (l+ej^ev*  sin  2«,  where  2« 
is  the  distance  between  the  points  of  projection. 

Sol.  Let  O and  O'  be  the  points  of  projection  of  the  two  balls. 
Since  their  velocity  and  angle  of  projection  is  the  same,  so  they 
would  describe  equal  parabolas.  Let  them  strike  each  other  at  P, 
then  P is  vertically  above  N,  where  N is  middle  point  of  O0.'*=2a 
(given). 

After  striking  each  other 
at  j P,  the  balls,  return  to  their 
points  of  projection,  hence 
the  motion  of  e&ch  bail  is 
the  same  as  if  it  strikes  a 
vertical  wall  at-  a distance,  a 
from  its  point-  of  projection 
and  then  return  back  to  its 
point  of  projection. 

Due  to  the  impact  at  P,  the  vertical  component  of  velocity  of 
each  ball  is  not  affected. 


(Fig.  49) 


Time  of  flight  of  each  bad,  since  the  ball  returns,  to  the 
point  of  projection^  (v  sin  •))$  t •••(*) 

Also  as  the  horizontal  velocity  v cos  a remains  constant  fot  the 
motion  from  O to  P ot  the  ball  projected  from  O isimilar  is  the 
ease  of  2nd  ball),  so  the  time  from  O to  P^{ajv  cos  ■)  ’ -*•  (W 

After  impact  at  P#  the  horizontal  velocity  of  this  ball  become* 
ev  cos  m,  which  remains  consta  t for  its  motion  from  P to  0. 

A the  time  taking  by  this  ball  in  movnjg  from  P to  O 

.«*o/(et>  cos  «)  . * ...(IW 

-A  Total  time  taken  by  each  ball  to  return’  to  its  point  of 

projection  - v~^.+.ev  o5T«  ■ (ii)and  (Hi) 
r *=>fl  (e+l)/(or  cos  s) 

/ Since  time  given  by  (i)  and  (iv)  are  equal,  so  we  get  . 


ot  "*  2*“°E  (>+c>  Hence  proved. 


2r  sin  a ■_ 

S 

•Ex.  7. . A sphere  of  mass  m falls  on  a smooth  hemisphere  of 
mass  M testes  with  its  plane  face  oo  smooth  horfzoctsl  fable,  ?0 


Impact 


63 


ibt  '."“J"0"'  nf  imP5c<  l*M  of  centres  makes  on  angle  a with 
‘ • Ftod  *hes  equations  foe  determining  the  kIocUIh  of 

u „ „ “ “,ler  fotpaet,  the  Telocity  of  the  sphere  jost  before  Impact 
4ni*  e *5  the  coefficient  of  restitution. 

Lel  the  sphere  strike  the  hemisphere  at  P.  Let  the 
..  y oftbo  sphere  after  impact  be  v whose  components  along 
ciive^Cnt  norma*  aI  ? t0  the  hemisphere  are  y,  and  v,  respe- 

After  impact  the  hemisphere  moves  on  the  horizontal  table 
“h  a velocity  r (say). 

On  the  system  as  a t^hole  there  is  no  horizontal  force  acting 
anog  the  period  of  impact,  hence  change  tn  momentum  of  the 
I cra  the  horizontal  direction  remains  unaltered. 
o ‘ Total  momcQta  after  impact— total  momenta  before  impact 
r A/F-f  mv,’ cos  a-f  mr,  cos  (9t)°— a)=.Jf  0-f  mu  cos  VO" 


mv%  cos  a-Hmv,  sin  «=*0  ...fi) 

Also  by  Newton's  Experimental  Law  in  the  direction  of  com- 
00  Dormal  at  P.  we  have 

0f  ‘ vt—  Vcos  (90®— «)=*  — e [(—  u cos  *)— 0] 

F sin  Qt*>eu  cos  a.  . (ii) 

^on  n • 88  *^e  vclocity  *ke  sphere  perpendicular  to  the  coir.* 

> n°tmal  remains  unaltered  due  to  impact,  so  we  have 

p„,  ’ • ’ vi=«  sin  a ...(iii) 

^Seations  (i),  (il),  and  (iii)  will  give  the  values  of  J'f  v,  and  v,. 

Is  e 8.  A hall  at  the  focus  of  an  ellipse  whose  eccentricity 
passe«  2?,TCS  a hl°w,  and  after  one  Impact  on  the  eljptic  periphery 
botnet  f0t,^k  the  other  end  of  tbo  major  axis.  Find  the  point  of 
be  ®al*lc  ellipse  and  show  that  coefficient  of  restliuiion  can  not’ 
sweater  than  2c/(l-f-e*). 

Ihe  n°^.  ^*11  *s  Pr°i*cted  from  the  focus  S'(t-c*,  OJ,  strikes 

e 'Ptic  periphery  •*{  F (a  cos  b sin  and  then  rwhts  the  • 


/ 
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other  end  A (a,  0)  of  the  major  axis.  Here  the  equation  of  tte 
ellipse  has  been  taVen  as  (**/o*)+0'V6V=’l. 


Let  PG  be  the  normal  to  the  ellipse  at  P, 

Let  a and  £ be  the  angles  of  incidence  and  reflection  at  P. 
Then  If  e'  be  the  coefficient  of  restitution,  we  have 


cot  cot  a or  tan  «> 
Also  the  slope  of  the  normal  PG* 

the  slope  of  tbe  line  S'  P= 


tan  p 

dy 
h sin  <f> 


a sin  j> 
«•  cos  4 * 
-0 


...(0 


a cos  oe) 
(6  sin  4)l[a  (e-f-cos  ji)}; 

* ™ 4 - 0 b sin  4 
a cos  4~o  “ 


and  the  slope  of  the  line  PA*  - 7 — 7_ 

a cos  o o(cosjS— Ij 
Since  a is  the  angle  between^'  />and  PG  so  we  have 


°.sin  £ fr  sin  . 

- 6 cos  ^ oly-hcos^r 
biin  4 


b cos  0o(e  + co.*^ 

^ q*  sin  4 (g-fcos  4)~b2  sin  4 cos  4 
“ ob  cos  4 (c+cos  4)+ob  sin1  4 
o»e  fecos^Mjsin^ 
ab  (l-fe  cos  tf) . ' * 

tan  a - (ae  sin  4){b  —(*0 

Also  p is  the  angle  between  PG  and  PA.  so  we  have 
B f(6  sin  4)H o (ca*  4— 1))}~  Ha  sin  4)}jb  cos  4)  1 __ 

WDP”l-t.[(h8m*)/{a(costf— i)}j  Ha  tm  tf)/tb  cosffT 
b*  sin  4 cos  j-f  Q1  sin  4 (1  —cos  ^ 

*“  ab  cos  4 (cos  <5— Jj-f  ab  sin*  f 
* q1  stn  4~ (o'-'b*)  sin  4 cos  4 
*“  ab— ab  cos  4 

a (t  — e*  cos  sin  4 , 

- — r<i-c «■« 


or  ..tan  p 


x Impact 

If  the'second  impact  occurs  after  a further  time  t, 
then  (r'— p)  2 n a,  Circumference  of  the  circle 

or  f«2jia/(y/— v)=27u/(e«),  from  (I)  and  (ii) 


of 


t-ar/e. 


Hence  proved. 


2.  A smooth  ball  Impinges  on  another  smooth  equal  ball 
*jre,t  8 direction  tbat  bisects  the  angle  between  the  subsequent 
'Action  of  balls.  If  the  direction  of  motion  oftbe  implngh  g ball 
ore  impact  makes  no  angle  a with  (be  line  of  centres,  prore  that 

Sol.  Let  the  impinging  ball  move  with  a velocity  u making  an 
6 * whh  the  line  of  centres  before  impact.  After  impact  the 
^ ^*11  which  was  at  rest  will  move  along  ,the  line  of  centres 
. ( a velocity  say.  Therefore  impinging  ball  will  move  after 
raPact  in  a direction  making  an  angle  2a  with  the  line  of  centres, 
bav  *tS  vc*oc,ly  °^tcr  iropact.  If  m be  the  mass  of  each  ball  we 
t by.  the  Principle  of  conservation  of  momentum  — 


m.O+mu  cos  a 
u cos  a 


} (Fig.  45; 

AJso  by  Newton’s  Experimental  I.aw,  we  pet 
' cos  2ot  = — c.(0— u cos  «)  or  p* — r cos  2#’B 
°btiacrin*  (H)  from  (1)  we  get 

2 v cos  2«^-()  — ej  u co*;  « 


(it) 


..  (tit) 

Pcnrf^*0  *^c  sPberes  arc  smooth,  there  i«  no  force  acting  rcr* 
ih  ,'CU^ar  *he  Ime  of  centres  during  impact,  hence  velocity  of 
c 8hs  perpendicular  to  the  line  ot  centres  will  terrain  unaltered  - 
; l t'  „ v sin  2vc~u  sin  a * 

^hiding  (ivj  by  fiii)  we  get 
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§ tan  2a 


2 tan  a tan  a 
1-tan3  a “ (i~e)  ' 


a et 

1 — e^*l  - tan*  a or  tan*  or  tan  a*=vV.  Hence  proved. 


•Ex.  3,  Particles  are  projected  horizontally  from  difTertdl 
points  in  a tower  of  height  hx,  each  with  a velocity  doe  to  the  height 
of  the  tower  above  the  point  of  projection.  Show  that  they  will 
cetic  rchonndlng  from  the  horizontal  plane  fhrongb  tbe/oot  of  It* 
tower  within  or  on  a circle  of  radios  f(l-f  e)/(l— *))  A,  with  it* 
centre  at  the  foot  of  the  tower 

fiol  Let  PQ  be  the  tower  of  height  A.  Let  O be  a point  on  it 
at  a height  x from  the  foot  Q of  the  tower,  then  its  depth  below 
the  top  P is  (A— x), 

i according  to  the  problem  a particle  is  projected  horizon- 
tally from  O with  a velocity  V {2g  (A  - x)}. 

It  strikes  the  horizontal  plane  through  Q at  A,  £, 
in  the  subsequent  motion.  i 

At  O the  vertical.componcnt  of  velocity  of, the  particleis  z*ro. 

/.  When  the  particle  reaches-/*  its  vertical -velocity  before 
Impact  is 

V(2gx)«=t/(say)  . "V 

Since  only  the  vertical  component  of  velocity  of  the  pat‘jc 
will  be  affected  due  to  impatts'on  a horizontal  plane,  so  after  u11- 
pact  at  A,  B,  C, ..  ..etc.  the  vertical  velocities  will  be  eu,  t'V,  * u> 
e*u  et  *. 


P - 
h'*  ■ 


59 


Impact 

' And  time  of  describing  successive  trajectories  starting  from  A 
are(2 a[ls),  (2 d*ulg),  (2c*ujg),  ..etc. 

A Total  time  taken  by  this  particle  from  A till  rebounding 

ceases  • ' 


t*QwI$+Qe*ufg)M2*9u/g)+.„aiS.  inf. 


2eu 


~ (i:i-e+e1*...ad.  Inf.)- 


2 eu 


W(_2y»)  ff0m(i) 


f 

. Also  the  time  taken  by  Ibis  pa. tide  rooviop  front  O to  A is 
sfven  by  or,  x,*»U4-Jgr*  or  t=\/(2xlg). 

Total  time  taken  by  this  particle  in  moving  from  O till  the  re- 

^■V(2*te)[(l  +e)l(l-e)]  -(H). 

“ Through  this  time,  horizontal  velocity  remains  constant  sed 
* lo  V{2g(A— *)}.  Hence  total  distance  moved  by  this  particle 
n!ne  horizontal  plane  (from  the  foot  Q till  the  rebounding  ceases) 

, ^horizontal  velocity  X total  time  given  by(ii) 

: , ; -vo.  2) . ({±?j-  (&)«*  -ciio 

The  maximum  value  of.this  distance  is  obtained  when  x (A—x) 
Maximum  . 

e*  when  first  differential  of  x (h-x)  with  respect  to  * vanishes 
• e‘  when  A— 2x»P  l.c.  when  x*=5A.  • 

jl  *■  Trom  (ilj),  maximum  distance  reached  by  any  particle  on 
” horizontal  plane  through  f? 

**2  [(i+c)/n  (h-hh)}.  putting  x~ j//  in  (ill) 

^Ul+eJ/d— e)]  /, 

> pQ,  s.lhe  particles  are  projected  in  all  directions  from  different 
cj,ci 5 tower,  so  they  lie  in  the  horizontal  plarne  within  or  on  n 
centre°f  fa<Ji“S  tfi+r)/Cl  -1  <*)]  h with  (he  loot  Q of  the  tower  as 

/,  t . ^*‘4  A hall  is  dropped  from  the  top  of  8 tortfr  of  height 

Wa  . same  time  another  ball  of  equal  weight  Is  projected  up- 
It  tte base  of  the  tower  with  >elocity  ju*t  sufficient  to  take 

Pro  6 *^e  *0ffer  collides  directly  with  the  falling  ball. 

tl,e  WHng  ball  will  In  the  rebound  rise  to  a height  short 
of  the  tower  by  J/i  (I  — f1/. 

bj  i.  ^et  A and  B be  i he  top  and  h«?sc  of  the  tower  and  let 
to  iide  m c.‘  The  lt>vcr  bait  t*  pioiecicv  np^rid*1  \ ith  velo* 
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city  just  sufficient  to  lake  it  to  the  top 
hence  its  velocity  of  projection  ut  (say) 

is  given  by 

n»u»'-7g(i  nr  ul  = VOsl<)  •v,i) 
Since  (he  upper  ball  l(  dropped 
from  A.  hence  its  initial  velocity  1 /, 
fray)  is  zero:  Again  since  both  the 
balls  start-  moving  simultaneously, 
hence  bnth  of  them  take  the  same 
time  I (savl  to.reach  the  point  C. 

orh-u.l  or  r-Mt»,-s/(«2g)  Mi) 
nutting  the  values  nf  velocities  of  the 
lower  end  upner  balls  before  colliding 
at  C as  r,  and  vt. 


> S 

(Fig  47) 


'and  V,'  and  - 


Then  a,= u,  -gt  — </ <2g)  -ft  if ' h'2^) = \A(igh) 
and  Vl=u,+gt“0+gs/(/it2p)-v/()pA) 

If  their  respective  velocities  after  the  impact  he  s,  — . 
hoih  downwards  (say),  then  from  the  principle  or  conservation  » 
momentum  and  Newton’s  experimental  law  »e  have 

OWyl  (-i1)+'“'/p|-»,-fw/g)  v/.f  {wig)  p’i. 
where  w Is  the  weight  of  each  ball. 

or  ' v\+v',=0.  V r,-_r,  . • ' - 

aid  v’,- v',=  - <•((-»,)•  v,)=n(v,+  v,) 

-a  [v/(}gh>  WtfeAU-e i/Oghl  - (,v> 

■ suhtractina  (Iv)  from  (ill),  we  get  v',--ev/((p/i),  which 
h-ina  negative  'hows  that  the  railing  ball,  after  the  impact,  moves 
: „,rd  with  velocity  e\ZHgV).  Suppnselt  rebounds  upto  D,  then 
“ehavc  0=[<V(Jg*)l'-2sC7>  or  CO-Jhc-. 

WC  * In  the  rebound  it  rises  to  a height  short  of  the  top  or  the 

tower'by  AD  which  is  given  by  . * - 

' AD~AC-CD-\gt'-\he' 

-}g  (h/2g)-  t hr'"=Vi  <1  — e').  Hence  proved. 
- s Two -parallel  vertical  rsnlls  of  heicht  h stand  on  a horl- 
l T * , [<  pro]"ct(d  from  the  foot  of  one  wall  towards 

■rental  plane^  impact  it  just  clenrs  the  top  of  the'  Brst  wall, 
the  other  an  (njpaCf  -ill]  the  tccoiid  Is  at  a depth 

W(°+a)"wo"  »'  ' h C""i£'S 

Sol.  OB. nd  Ware  the- 


the  bill  b=  P^Jct 


led  liom 


rociiijiv. 
a drsta^ 


Let 
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iJ'Sas?  W1" a!  ^ Md »"«-  : 
<Sfcr.,h',o^°r  x* 

tbtih'lS'  d£P'h  of  -4  below  g^\  . 

l<  (,j  P C of  fbe  second  wall  ~R  . 

•nli?,V*  ltL'hk  wiIh  V'  Z'  £,!'S 

4,3  ™_  horizontal  velo-  ' / 

„.fmSin!...a,ffec,ed  there-  - / 

; ,i horizontal  velocity  of  oV  °u  a 

I r ^'“P-t  (Fig,  4S, 

■ liltttk;Vb»'t°h?h,n':bal1  moviDS  from  O to  d-=(o/n)  and 

",  y *^e  kali  io  moviftg  from  A to  B=(a/eu). 

TotaUime  taken  by  the  ball  in  moving  from  O to  B 
A!jo  “ ' E CU 

f l**?eroan3Ver«^i!,  JUiSt  fca^es  R»  *.  the  vertical  velocity  ai  B 
Wence  cons?H  • 8 Ve  oc*,y  ,s  a,so  not  affected  due  to  impact  at  D 
from «.  8 the  vertical  motion  of  the  ball  from  O to  B 

■ 0 "+/'  we  have 

Olofi  St  w^crc  * ts  the  time  taken  by  the  ball  in  moving  troni 

/S),.wbjchjs  the  same  as  the  time  given  by  (i),  hence 
- ^ gfg+D  Qr  a ^ ev 

Also  tor  .h.  , »•(>•) 

**  have  o-  i % CTtlC®  motion  from  O to  B,  from 

: ^Z\Zrg\"  or  v,“2^  ••(»») 

Wehave(a  rt,cal  motion  from  O to  A,  from 
°T  (A ~ V/ where  1 is  the  time  from  6 to  A, 

r ~ {aW-ig(olui\  ' v r=oa=»time  from  Oto  A 

* Mr- 1_*  j «»  V 

Uje+n  J ^ J • from  00 

rrom  <m> 

tx<6  */(*+•  )*J«»/i/(e+l)*  Hence  proved.  ' 

II  **>« Slnje  w° 'equal  elastic  balls  are  projected  towards  each  otter  ' 

, ns  *nt  in  the  same  vertical  plane,  v being  the  velocity 
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and  e the  elevation  In  each  case.  Show  that  after  Impact  they  wfll 
retarn  to  the  points  of  projection  If  ga  (l+c)»ev*  sin  It,  where  2t 
Is  the  distance  between  the.potnts  of  projection. 

Sot.  Let  O and  O'  be  the  points  of  projection  of  the  two  bath- 
Since  their  velocity  and  angle  of  projection  is  the  same,  so  the? 
would  describe  equal  parabolas.  Let  them  strike  each  other  atf, 
then  Pis  vertically  above  iV,  where  JVJs  middle  point  of  0fl'«=2a 
(given). 

After  striking  each  other 
at  P,  (he  bills,  return  to  their 
points  of  projection,  hence 
the  motion-  of  each  b3tt  is 
the  same  as  if  it  stnUs  a 
vertical  wall  at-  a distance,  a 
from  its  point  of  projection 
end  then  return  back  to  Us 


point  of  projection.  (Fig.  49; 

Due  to  the  Impact  at  P.  the  vertical  component  of  velocity 
each  ball  is' not  affected. 

.%  Time  of  flight  of  each  ball,  since  the  ball  returns  w 
point  of  projections  (v  sin  m)/g  —W 

Also  as  the  horizontal  velocity  v cos  a remains  constant  fot 
motion  from  O to  P of  the  ball  projected  from  O isimilaf  U the 
case  of  2nd  ball),  so  the  time  from  O to  P=«(a/v  cos  a)  ..<«  - 
After  impact  at  P,  rhe  horizontal  velocity  of  this  ball  become* 
ev  cos  «,  which  remains  consta  t for  its  motion  from  P to  O.  • 
h.  the  time  taking  by  this  ball  in  moviog  from  P to  <7 
' =*a/(ev  Cos  9)  _ . 

JL  Total  time  taken  by  each  ball  io  return  to  its  point  of  | 


, from  (ii)  and  (ill) 
«=»a(e-fl)/(ei' cos  e)  / 

Since  time  given  by  (i)  and  (iv).are  equal,  so  we  get 

2vslna«-  , , 

~7~=  »**■-«*  (*+«)  Hwce  proved. 

•Ex,  7.  A sphere  of  mass  m falls  an  a smooth  hemisphere  of 
mass  M restina  wllh  its  plane  face  on  smooth  horizontal  table, 


• Impact 
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lie  / J18 1 Oome°t  of  impact  Hoe  of  centres  cakes  an  arglc  a with 
j.  ^ ' Ficd  tfae  eqnaUons  for  determining  the  velocities  of 

9 Fts  after  impact,  the  Telocity  of  the  sphere  just  before  impact 
? ac“  c 1*  the  coe IScleat  of  restitution. 

^*et  thesphere  strike  the  hemisphere  at  P.  Let  the 
th*  u ^ °*X^Z  sP^crc  after  impact  be  r whose  components  along 
ttive|^eDl  Bn^  norma*  at  ^ 10  hemisphere  are  r,  and  r#  respe- . 

AffCr  ^®pact  the  hemisphere  moves  ou  the  horizontal  tabic 
° « velocity  V (say).' 

the  system  as  a s$bole  there  is  no  horizontal  force  acting 
inS  the  period  of  impact,  hence  change  in  momentum  cf  the 
/ncm  *a  *be  horizontal  direction  remains  unaltered 
0f*  ^otaI  nioroenta  after  impact— totQl  momenta  before  impact 
MP-fm?,  cos  «-bmr,  cos  (90*— Q+rr.u  cos  ytT 


MV+mvx  cos  sin  «*»0  ..(i) 

^ Newton’s  Experimental  Law  in  the  direction  of  com* 
a normal  at  P,  we  have  ' 

,r  . vt— Fcos  (90®— «)=*— c [(— u cos  •}— 0]  i 

v,— -K  sin  a=«/ cos  «.  . .Hi) 

Jon  n 0 Rs  ibe  velocity  of  the  sphere  perpendicular  to  the  com* 
normal  remains  unaltered  due  to  impact,  so  we  have 
,p  ~ ' v,»usina  • ...(hi) 

^nations  (i),  (il),  and  (lit)  will  give  the  values  of  1', andv,. 

,is  e,  fer*‘  £ ball  at  the  focus  of  an  ellipse  whose  eccentricity 
Pi  . " " * 

•a  . • ‘ um  ’/  ‘ *‘mm  " ... 

bt  Jk'wter  than  2e/(l+e*>. 

theeh^*-  **•  projected  from  Hie  focus  S'f—fle,  0),  strikes 

lPltc  psflphcpy  -it  P (a  cos  b sin  ancl  then  re  j tins  <he 
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and  a the  elevation  in  each  case.  Show  that  after  impact  they 
return  to  the  points  of  projection  if  go  (l+c)«ev*  sin  2*,  ^&er 
Is  the  distance  between  the. points  of  projection. 

Soi.  Let  O and  O'  be  the  points  of  projection  of  the  two 
Since  their  velocity  and  angle  of  projection  is  the  same,  so 
would  describe  equal  parabolas.  Let  them  strike  each  other  r 
then  Pis  vertically  above  A\  where  Nh  middle  point  of  OCX' 
(given). 

After  striking  each  other 
at  P,  the  balls,  return  to  their 
points  of  projection,  hence 
the  motion'  of  each  ball  is. 
the  same  as  if  it  «tnUs  a 
vertical  wall  at-  a distance . a 
from  its  point  of  projection 
and  then  return  back  to  its 
point  of  projection. 

Due  to  the  Impact  at  P.  tbe  vettical  component  of  veloct*. 
each  ball  is?  not  affected. 

.%  Time  of  flight  of  each  ball,  sipcc  tbe  ball  returns  » 
point  of  projection^  (v  sin  •)/# 

Also  as  the  horizontal  velocity  v cos  a remains  constant  f°t  •$ 
motion  from  O to  P of  the  ball  projected  from  O (similar 
case  of  2nd  bail),  so  (he  time  from  O to  P=(a/v  cos  «)  • | 

After  impact  at  P,  the  horizontal  veJocity  of  this  ball  bccoj 
ev  cos  «,  which  remains  consta  t for  its  motion  from  P to  O' 

A the  time  taking  by  this  ball  in  moving  from  P to 
\~a/(ev  cos  a)  v 

A Total  time  taken  hy  each  ball  to  return  to  ■ its  po‘°] 
projection = , from  (ii)  and  (Hi) 

(«4-l)/f«v  cos  «)  > ‘ 

Since  time  given  by  (i)  and  (iv)  are  equal,  so  we  get 

2vslnn.  .afr-Wl  . * 

~r~  = ^rSSTore’’  lln2*-^(|+0  „cn«p4 

. *Ex,  7.  A sphere  of  mass  m falls  on  a smooth  hemJspfc{*| 
raw  M resting  with  its  plane  face  on  smooth  horizontal 


Imp,!  U 


o5 


Substituting  values  of  fan  a and  tan  p from  (ft)  and  (tit)  in  (I), 
,,se,«sln#  -J  a (1  cos  ltl  sin  i 

i,  , ‘ * tl— c93 

£’=Ml-cos^)/(l_e»cos  #)]  ■ ...(iv) 

Iff IVC  t va*ue  ‘t’  and  hence  the  position  of  P 
c va  ac  °f  e'  given  by  (iv)  is  maximum  when 
, ‘ ds‘  rfie‘ 

df>  **®  and-f^r*  ” negative. 

P^ra(>vj,<fe7</#~D  gives. 

, ’ 1 • cos  j>)  (e  sin  ^-<?(|-.Cos  rf)  (f » sin  fr) 

or  j/i  . ■ (i~t**cos^a  “ 

4 Burl  n8m,S”*0  °f  sin^°  or  ^«»nndrc 
P^silio  corresponds  to  the  point  A,  but  P can  not  take  the 
11  A as  if  is  against  hypothesis. 


2e 

!+«** 


Hence  and  so  form  (.y)  we  lgs  c (1  cosir) 

^Ichhm  1 - ea  cos  n 

’ . q a*.  value  ofe',  the  coefficient  of  resistution.* 

Allard  tahi  ^ Perfcc*ly  elastic  ball  Is  at  the  focus  of  an  elliptic 
‘Mmitel  * sho"  lbe  ba,,» in  whatever  manner  struck,  will 
Sol  y Th n,0TIDS  a,onS  the  major  axis, 

(trikes  tii  jC  18  projected  froin  the  focus  S of  the  ellipse. 
M\  pg{  cjNptic i periphery  at  P,  making  an  angle  a with  the  nor- 
• 0 tnc  ellipse  at  P.  Since  the  ball  Is  peifcctly  elastic  ie 
-1  so  of*-,  i 

th^saj,.  Vmpact  at  P’ibc  on8Ie  of  reflection  wdl  be  equal  to 
, ^js  C 'ncidcnce.  ( •?  cot  p=?c  cot  a gives  p=  a w hen  e*-- 1 ) 
radii,  so"  Q,an  *Hfpse  the. normal  at  any  point  bisects  the  focal 
foiuj  £ j Cr  ^pact  at  P,  the  ball  will  pass  through  the  other 
impact  at*  of  \f  fitr>ke  the  elliptlc*periphery  again  at  Q and  attci 
the  elii-, i 1 ^iii  as  before  pass  through  the  focus  S and  meet 
^"iphery  ««/><«*>. 

5ojn  «.  £dSA  is  a part  of  APS  A,  so  £DSA  is  less  than  APS  A. 
5vory  observe  ' that 

l*W  st?iLth°  ban  rcturns  to.  s. 

*bery  B ,n®  Hie  elliptic  peri* 

he  Poiat0 1 passine  throgh  S’, 

1 *nd  tii.iJ? ' wl11  • como  nearer  *to 
Uniber  o?^tcIy  aftcr  an  infinite 
idc  wiih  I,mpacl«  i>will  coin- 
511  *ill  be  £ , ulti“elely  * the 

Moving  along  the  major  axis. 


(Fig.  52) 
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39/1/4 

i 

other  end  A {a,  0)  of  the  major  axts.  Here  the  equation  of  tfce 
ellipse  4as  beeti  taVen  as  (;t,/a,)+(J'*/fc,)“,  1. 


Let  PG  be  the  normal  to  the  ellipse  at  P. 

Let  a and  be  the  angles  of  incidence  and  reflection 
Then  if  e'  be  the  coefficient  of  restitution,  we  have 
cot  0=»e'  cot  * or  tan  a*=»e'  tan  p « 

Also  the  slope  of  the  normal  PG-  - ~~  . 

(he  slope  of  the  line  S P- y—j-  _ . COJ-#_(_^g-  \ 

*(6  sin  t)J{a  (e+cos  <&)}; 
b sin  ^ - 0 ^ b sin  4 

a (cos  l)  ‘ 


at  P. 

...(0 


and  the  slope  of  the  line  PA 


acor<f>- 

Since  a is  the  angle  between  S'  P and  PG  so  we  have  • 
a sin  ^ b sin  j 
. & cos 


<*mt— mt 


1 + 


a (<f-fCOS  tft) 

a sin  # h sin  ^ 


h cos  <x(e+coj^  1 , 

oa  sin  6 (e-f  cos  sin  ^ cos  4> 

**  oi~cos?(c+cos  ^T+o6  sin*  ^ 

oV  (e  cos  1)  sin  ft  M a*e* 

” fl6(t+ecos  ft)  ’ * / 

tan  a«(oe  sin  ft),/ 6 

Also  0 is  the  angle  between  PG  and  PA,  so  we  have 

[(b  sin  ft)/(a  (cos  ft-  1))]-  j(o  sin  ft)/(ft  cosjH 
tan  p«  j sm  *)/{o  (cos  ft—j )}]  l(o  sin  ft)/(h  cos  9)1 
b*  sin  ft  cos  ft  4- a*  sin  ft  (1  —cos  ft) 

**  ab  cos  ft  (cos  ft  — J )+a&  sin*  ft  - ' . 

a*  sin  6*)  sin  ft  cos  ft 

""  ab-~ab  cos  ft 

a ( \ - t%  cos  ft)  s in  ft 
tan  /r  cl  — cos  ft)  ' 


(fin , 
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• Substituting  values  of  tan  a and  tan  p from  (ii)  and  (lit)  in  (I), 
t „c. , a ([  «>  cos  Sj„  i 

1 i,  . . ' Ml-C9s^j 

f *blch  • 0-cos  cos  #)]  ...(iv) 

I T|flVe  V2*uc  °f  4 and  hence  the  position  of  P 

f 6 Va  iuc  e’  given  by  (iv)  is  maximum  when 

*.  , ’ as'  ‘ 

M “0  and  J - ^negative. 
f ; prom  (iv).  rfe7rf#~o  gives. 

I . ; Or  v*  W it ) (e  sin  rfl-  e (t-cos  rfl  l,<  -in  i« 

"or  . . ( I — e*  cos 

■ Batin' m55“°  °r  sil‘^=0  or  ^“Hnndrt 
1 Posi’n«  « CorresP°nds  to  the  point  A,  but  P con  not  take  the 
• Cof^  « Ms  against  hypothesis. 


ejl-cosr) 

M 


2e 

l+e *' 


Hi!  ^ **en  and  SO  form  (iv)  wc  RCt 
' . E^r13*’  va,ue  of  *\  the  coefScient  of  resolution.' 
blllljrt  * I,  ^ Perfcctly  elastic  ball  Is  at  the  foens  of  an  elliptic 
’Sltiujig,  e»  show  that  Hie  ball,  in  whatever  manner  struck,  will 
Sol  y “0tInS  a*°ng  the  mai°r  al‘S- 
^'ktsti/  IH  b.aU  is  ProJected  from  the  focus  •S’  of  the  ellipse, 
.tt&l  fo  |C  ^ pt*c  periphery  at  P,  making  an  angle  « with  the  nor- 
• 0 ellipse  at  P.  Since  the ^ ball  Is  petfcctfy  elastic  i e 
at  ^the  angle  of  reflection  will  be  equal  to 
A!s  t°^'nc^cncc-  (?  cot  p^c  cot  • gives /3«n  when  c*^-l) 
rsdij,  so  3 30  C,,,PSC  the-normal  at  any  point  bisects  the  focal 
fosa,  p “ tc*  impact  at  P,  the  ball  will  pass  through  the  other  * 
str^e  the  elliptlo'periphery  again  at  Q and  alter 
ilieellWj  as  before  pass  through  the  focus  S and  meet 

• z-DS*  *•  “ part  of  APS  A,  so  Z.DSA  is  less  than  APS  A. 


CTfcry  tlml'.7a^  observe  ' that 
e tiJ  l'me  the  halt  • ^ 


8f!tr‘  stnvt hc  1,3,1  feturns  to  S 
Phery  B ,°8  *be  elliptic  pert* 
{ht  Point1  i pass5nS  throgh  S', 
utai5  - *!I1  - .cotn=  nearer  -to 
^ tuber  «??tCly  aftcr  an  inflmte 
2**  with  D will  caln- 

^ *'l!  be  uUimatcly  the 


loving  along  the  major  axis.  (Fig.  52)  ■ 
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' 2w'i -V3«m  /«  WfCn  and  (li‘)  wc  Set 
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...(ifi) 

...(iv) 


And  v’=^  #1*4.1^^!  8ct  *“(m+<S«w*)  uf(tn—6m') 
spheres  after  Impact  ' rn~~^m  ^ w^*ch  fMvcs  the  veldcjties  of 

. djrecHmH«h/  ^m^U^se  °P  onc  °r  the  lower  spheres  In  the 
tfte string.  . 4fJS  which  Is  balanced  by  the  tension  in 

' ‘ Hulsife-fcns^nthe,t’mCofirnpact'  we  have. 

-3  W(,:T“/cos  30‘= j /v/3*.}  ,2m- ^3,  from  (iii) 
6m'),  substituting  the  value  of  v\ 

. E*.  i T SCELt^NEOUS  EXECISBS  ON  IMPACT 
ja  ContW°  *nc*astic  balls  of  equal  size,  but  the  masses  m and 
; 4 Erection  (h  °Q  8 smootb  table.  The  former  receives  a blow  in 
centres,  gij  r°U8^  1,5  centre  making  an  angle  a with  the  line  of 
°w  that  the  kinetic  energy  of  the  balls  is 

i(  wouidfcint"' si0'  <•>"”  ,m'+m  sln'  ■) 

8d  received  the  blow  ^CCQ  thc  ,s  had  ,Dtcrcban^etJ  and  w 
pIane»oth*  ^ W^at  ang,e  must  B 8mo°th  ball  strike  a horizontal 

former  *mPact  its  direction  may  be-at  right  angles  to 

* Path. 

Hllni.-ij. 

**  Subjj]  CrC  8n  °f  refiection«=90*— (angle  of  incidence) 

- Ejt  3 ^tC  for  0 in  cot  0=e  cot  oj.  Ans.  tan"1  (Ve) 

- elastic  body  is  projected  from  a given  point  with  a 
cltv  j . ' - . .... 


giveQ  m ™ v,asuc  ooay  »s  projected  rrom  a given  point  witn  a 
fro  ^ U and  a vertical  wall  returns  to  the 


p0^tfrom  . — -««»»••  »***'*“e  « ’**•*.•*««  '«»«»*>  ioc 

from  the  W^IC^  ^ started  Show  that  the  distance  of  the  point 
c'ent'0f  rehtH^U$t  be  *ess  tban  eu**8  (I+e).  where  e is  the  coeffi- 

« Fr°m  result  (iv)  of  Ex.  8 Page  37  wc  have 
.e  ■ u'  ' e 

* * O+o*  si.n  2-  < J-  fr+3)  as  s5n  2a  < *3 
"ari<5  Until  i/0  a.cerlalft  8an,e  11  bal1  is  rolled  along  a -horizontal 
f rcbou0(js  strites  an  inclined  plane  of  inclination  8 from  which 
fading  f u Thc  obJcct  °f ,be  £arac  «*  to  make'  the  ball  after  re- 
a into  a hole  in  the  inclined  plane  at  a distance  d from’  - 
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its  junction  with  the  horizontal  plane*.  Show  that  in  order  that  the 
ball  may  enter  the  hotr,  its  velocity  of  projection  V mart  be  g'ven 
by  gJtz'7eVi  sin  f l — c tan*  0). 

Ex.  5.  Three  small  spheres  A,  F%  C whose  messes  are  8 rj,  m, 
7 m,  arc  at  rest  in  a line,  and  AB^BC^a,  The  middle  sphere  B 
is  projected  towards  C with  velocity  u.  Assuming  till  the  spheres 
to  be  perfectly  elastic,  determine  the  subsequent  motion. 

Ex.  6.  A wedge  of  mass  M is  capable  of  moving  freely  on  a 
smooth  horizontal  plane  and  a sphere  of  mass  m is  dropped  upon 
its  face  and  rebounds,  vhow  that  the  intial  velocity  of  the  wedge  is 
m (t  + e)  h sin  a cos  «/(A/-fw»  sin’  e),  where  u is  the  velocity  of  the 
sphere  on  striking  the  face  of  the  wedge,  a is  the  inclination  <*! 
face  of  the  wedge  and  e is  .he  coefficient  of  restitution. 


Impulse,  Work  and  Energy 


51.  Work. 

Definition.  A force  acting  on  a body  is  said  to  do  work  wben 
its  point  of  application  moves  through  some-distance^^^ 

The  work  done  by  a constant  force  is  ra.CJJ su/v  d it  ^fannU* 
oithc  force  and  the  distance  through  which  th®  P°>ot 
cation  moves  in  the  direction  of  the  force.  Work  done 
quantity  and  is  generally  denoted  by  the  letter  W» 

1 c*  *.  «u. -«•  „ .A 


uji  01  me  luice. 

Thea  the  amount  of  jvork  done 
*=*/''.  J.cos  a or  Jf  cos  x.s. 
s.^e  <i?n  take  cither  the  force  multi- 


Fig.  1 (a) 

► the  direction  ot 
resolved  part  of 


\ nl!'h*  directions  of  the  displacement  and  the  force  WJJJJ 
J ; 5C  w°rk  done  is  positive.  If  their  dutch ions  are 
for«lhC  WOrk‘done  is  negative  U.  the  work  is  done  against  tnc 

By  Vector  Method : 

,^u®  to  the  application  of  a 
4 to  bI-°TC*  V'  thc  Par*icle  ffl0VC  fr?® 


W > nd  ,ct  the  displacement  vector 
Cv'V0*  be  denoted  by  d'tben  the 
define  vncUby  the  constant  force  F is 
fitedby  IV,  where  fF~F«d.  ...(i) 
ofMM;  the  angle  betwceo  the  line  i rtc  «,v 

tk ‘”ion  »fF  and  AB . then  in  scalar  notation,  the' "<>*  do01 “ 
S1?"®  force  Ffrom(i)  is  given  by  <F=Ftf  cos  S, 
Mr'f-|FUndrf_(d(_ 


From  (ii)  „e  gnd  t'hat'  ir9  is  acute  ,he  'v0.',cod.0“'rift,?? 

' work  done  is  negative  and  if  6 is  n right  angle 


ifa  i,  V?  >")  we 
i th.  2 DVtuse  the 
, ,1>"»nk  don, 


the  Consider  the  motion  of  a particle  0^mas*  insider 

>«&wintg'S«'-':<°8raVI,1,0'lly'  N°W  39|lWE(l 


2 Dynamics 

Case  I.  If  tbs  particle  is  moving  vertically  downwards 
fallsthrough  a distance  ft,  then  work  done  by  the  weight  OitM 
particle** (mg)  h^mgh,  as  0=0  in  this  case. 

Case  II.  If  the  particle  is  moving  vertically  opwards  f.*. 
through  a distance  ft,  then  the  work  done  by  the  weight  of  tfet 
particles  ~(mg)  ft = — mgh,  as  §*»«  in  this  case. 

Case  III.  If  the  particle  is  moving  horizontally  through  a 
distance  ft,  then  the  work  done  by  the  weight  of  the  particle  »vi 
as  in  this  case.  Hence  no  work  is  done  in  this  case.  , 
Units  of  Work. 

In  the  C.  G.  S.  system  the  unit  of  work  is  known  as.an  frg.  I 
Is  the  work  done  by  a force  of  one  dyne  in  displacing  its  point® 
application  through  one  centimetre  in  the  direction  of  the  tor  - 
In  the  F.  P.  S.  system  the  unit  of  work  is  foot-poandal.  ‘ 
the  work  done  by  a force  of  one  poundal  in  displacing  «*  P 
of  application  through  one  foot  in  the  direction  of  the  fore  • 

- ..  . « » r — *»-.  — i * -r V .V  inni.  U is  the  wort 

jlicat- 


The  units  of  work  given  above  are  absolute  units. 

The  gravitational  unit  of  work  in  C.G.S.,  F.P.S.  and 
systems  are  foot-pound  and  kg-m.  respectively  an0 

systems  are  related  as  follows  i— 

One  gm-cm.«=98l  ergs. 

. One  foot*pound=32  foot  poundals. 

One  kg.-cm.— 9-8  joules. 

and  One  joule—One  uowtonxl  metre**  I0T  ergs.  . . 

[Note  : One  newton  =>100,000  dynes=(J/9*8)  kg-*wcif ^ of 
one  newton  is  that  force  which  can  produce  an  accelcrati 
l metre/sec*  in  a body  of  mass  one  kilogram.) 

The  units  of  force  are  given  as 
One  gm*we)ght*a®  dynes =98 1 dynes  * 

One  kg*weigbt=y  newfons=>9-8  newtons 
One  lb-weigbt**g  pouadats=32  poundals. 

§ 2.  Work  done  by  a variable  force. 

Case  1.  Let  OAB  be  . 

the  straight  path  upon  which  A f ' -**- — ■ — “ 

the  point . of  application  of  ® P ° 

the  force  F moves.  This  force 
Fis  tarylng  lo  magnitude  Fig.  2 (a) 

Let  OA**a  and  ‘OB**b.  We  are  to  find  work  done  by 
force  F as  the  particle  moves  from  A to  B.  Let  after  time  * 
particle  be  at  P,  such  that  OP=*s.  Let  PQ**ts*  • \ 
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In  vector  notation. 

We  know  if  v be  the  velocity  vector  of  a particle 
instant  r,  then  the  displacement  ir  of  a particle  during  ft*  ® 
interval  of  time  It  Is  given  by  5r*=v  it. 

Also  from  § 2 Page  2 we  know  that  the  work  done  by  a «<* 

F in  this  short  interval  of  time  8t  is  given  by  ... 

W-F.Sr. 

A From  (i)  and  {»),  we  get  SIF«F»v  5f 


or  SlF/Sr^F-Y. 

Hence  P,  the  rate  per  unit  time  at  which  a 
at  nay  instant  is  given  by 

D Lim  SIF  dW  ~ 

P=St-,0  3 r T dr  F 


force  P »*  worVio! 


This  P is  called  the  power  of  the  force. 

From  (lii),  we  have  dHr**P  dt.  ^ 

A From  (ii)  of  § 2 Page  3 of  this  chapter,  we  get 

*Pdt,  ..  (iv) 

which  gives  another  form  of  expressing  fV.  b? 

If  however  the  particle  is  moving  in  a straight  line  an 
direction  of  F and  t are  the  same  l.e.  0=0,  then  F *V“Fv, w . 
v—j  t | and  F«aj  F ),  And  from  fill),  we  have  P^Fv. 


Units  of  Foner. 

In  the  C.  O.  S,  system,  the  unit  of  power  (ace  defini*’101' ® 
power)  is  one  erg/sec.  In  F.  V.  S.  system  It  Is  one  foot  posa^*1' 
and  in  M.K.S.  system  it  is  one  jonle/sec. 

The  units  given  above  are  absolute  units  of  power. 

The  gravitational  (or  practical)  units  of  power  are  one  a* 
in  M.K.S.  system  and  onc-horse,powcr  in  F.P.S.  system  and  t e 
two  systems  of  units  are  related  as  follows : — 


One  wat  t =»  one  joulefsec^l  O’  ergs] sec, 

OQe  Horse  power  (or  H.P.)=»550  foot-pounds}sec. 
One  metric  horse  power=4500  m-kg  per  minute 

= 735  jouie/sec=» 735  watt, 
=(735/746)  horse  power. 


Solved  Examples  on  work.  1 

Note  : First  two  examples  arc  for  the  practice  of  units  only- 
Ex.  1.  A train  of  120  metric  tonnes  which  is  running  at  * 
speed  of  60  kras/br.  is  stopped  fa  12  seconds  by  applying  brake*- 


Work 
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What  Is  the  distance  covered  by  the  train  daring  this  time  and  what 
Is  the  force  applied  by.-tbe  brakes  in  ton-weight  ? 

Solntion.  Let / m/sec*  be  the  retardation  produced  by  the 
brakes,  ‘ - 

Here  initial  velocity  4u’*“60  km./br.=  m./sec.,  */’■=  12  see,, 

final  velocity  V*=*0  and  */*==“•/  m/sec*. 

From  “vsstt+/r”,  we  get 

0=^-/X12or  /- n)/scc*. 

if  the  train  covers  a distance  of  x metres  in  J2  seconds,  then 
from  +$//*”,  we  get 

.1=  1°  x 1 2 -i  x X(I2)'=  100  metres.  Anj. 

Also  from  "P’-uif",  we  get 

Ole  required  force  «=(  120x1000)*  — newtons  (Note) 


_ 120X1000X25  120X1000  * 25  m ,on.wl. 

~isTirs — - v*  *,~  is  xtt‘8 xtooo 

“ 1 ?8x^85  “ 1 7 metric’,0“  »rel*1,t  ncarly-  AOS. 


Es.  2.  A man  is  standing  on  the  weighing  ntpebine  placed  in- 
5ia'  • lift.  When  the  lift  is  stationary  the  machioe  indicates  the 
*'lgtt  of  the  man  as  75  kgs.  If  the  lift  rises  with  an  acceleration 
Whcm/sec*,  wbar  weight  of  the  mao  will  be  indicated  by  the 
“■chine  7 Here  g-980  cm(sec>. 

Solntion.  Here  mass  of  the  man=m=75  kgs=  75x1000  gms. 
The  lift  is  ascending,  so  the  equation  of  motion  is 
mf=R~jne,  where  R is  the  reaction  of  the  lift 
»t  (j,+/)„75x  1000  (980+196)  dynes 

_ 75x1000x1 176  75 X 1000x1176  . v, 

•no  --  gm.  wt.-=  psuxiOOO  e . 


»90  kp.wt. 

1 he  weight  of  the  roan  indicated  by  the  machine  when 
'“rWlis.isccnding-901.g-wt.  - Aos; 

Lx.  3 |.'or  uniformly  accelerated  motion  of  a particle  of 

?nit  0llsx  its  velocities  at  two  instants  are  Or  ft/sec  and  o,  U/stc. 
In,i  the  work  done  by  the  forct  during  this  time  interval. 

. (Calcutta  *5j 
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(b)  Find  (he  work  done  by  (he  force  /a  part  (a)  *hore  H 
0^=3  f(/sec  and  o3=5  f(/sec. 

Solution  (a).  Mass  of  the  particle=l  lb. 

Let  /be  the  acceleration  produced  by  the  force. 

Then  from  /s’*  we  get  u/^uf+2/i 

or  »t*, 

where  s is  the  distance  moved  in  this  time  interval. 

Required  work  donc*=(mf-)x (2/s) 
■=l(D(V-»,’),  V 2 

(uj*— ttj*)  ft.  poundaU  ' 

(b)  Do  as  part  (a)  above.  Ans.  8 fit.  PoUD 

Ex.  4 (a).  What  Is  (be  work  done  by  gravity  ou  a mas*  0 ® 
lbs.  during  the  t th  second  of  Its  fall  7 (Catcutta 

(b)  What|  Is  the  work  done  by  gravity  on  a atone  o B* . 
70  gm.  daring  the  101b  second  of  Its  fall  7 

Solution,  (a).  Distance  moved  in  / th  second  of  the 

-Uu+}  (2«— l)/”=0-f$  (2 t-\)g 
<2f — 1 > (32),  V g~32  ft/scc* 

= 16  (2/— J)  feet. 

Required  work  done=*twe/ght  of  the  particle) 

X (distance  moved  in  r tb  secoo  / 
=mgXl6(2(-l)=mx32xl6  (2(— 1) 

=5J2  m (2r— 1)  foot'poundals.  ^D,‘ 

(b).  Do  as  part  (a)  above. 

Here  £=981  cro/scc*,  t=10  and  70  gm. 

Distance  moved  io  lOtb  second**}  (20—1)  X981  cm*. 
Weight  of  the  body— 70#  dynes  = 70x981  dynes. 

Required  work  done==(70x981)x}  (19x981) 
«=35xl9x(98[)*  gm.cms. 

Ex.  5.  Has  many  cnbic  metres  of  water  will  be  taken  «D* 
from  a depth  of  50  metres  by  a 75  kilowatt  engine  7 (mas*  °^°et 
cubic  metre  of  water=l  metric  ton). 

Solution.  Suppose  the  engine  draws  x cubic  metres  of  *atcf 
per  minute.  ». 

mass  of  x cubic  metres  of  water=*xxl000kg, 

weight  of  x cubic  metres  of  water=atx  1000  x 9'8  newfofl 
/.  ‘ Work  done  per  second  in  drawing  wafer  by  the  enginc 

xxsl°00x9-8x50  joule'  (Pj„(e) 


Work  <7 

■=coXtt£7siv™n7„,,V'r.^V-r  ,he  ™ric  donc  Per 

I Si05=>75xlOOO  joule,  .-  1 kilowatt-1000  joule/sec 
•V  60  XIX1000:<9'SxS0=75x1OUO 
or  I=,  75x60_  450  . 9 , . 

9-8X50  T 49"  =s  2o  cublc  ruetre. 

- Ex  fi  A , K . **  AnS. 

Emend  and  Ibete  Imt**  ' V!^0”'"8. 12  bricts  rer  min",e  from  lire 
“errMnbt  of  t',  ,be  roof  Bhicl>  is  3 3 metre*  high.  If 

»'0cl,  (be  laLnref  isVorUo^.''  ‘bt°  8”fi  “*  b°rSe  Pl",er 

8 ih^°bi  sasaisE?  ^‘"aVoti’ef^Soir e> 

TL.  K . . - “12x3-75=45  kg-wt. 

• fre  tbrowa  t0  a height —3*3  metres 

.prk  done  by  the  labourer  per  minute 
If*bet,  "45X3-3  metre-kilogram  ...(i) 

required  horse  pow,er,  then  the  metric  horse 
°Wtr  of  the  labourer =*X  Zi6 

The  work  done  by  the  labourer  per  minute 

\XX  735)  X4500  metre-kilogram  ^ 

inut’e  by  thMabo'urer^w  Cq  tat,n8  va,ucs  of  work  tfbnc  per 
_ 45x3-3x735 
746x4500 


**  ^5  X 4500=45x3-3 


33x735 


=0  0325 


He  ^ 746X1000  W8'*' 

ncc  the  required  horse  power  of  the  labourer 
£x  ? “0  0325.  , Ans. 

Urds  10  nnlfiL1®  *n  ebgrne  which  can  project  vertically 

Solnf  * ° b9'  °*  w*,er  Per  minute  with  a velocity  of  80  ft/sec. 
i°n.  Work  done  by  the  engine  per  second 
— (weight  of  water)  x (distance  moved  per  second) 
10.000  , \ 

\ gQ  x32Jx80  ft.  poundals 
=(128,000)/3  ft.  poundals 
“{128,000/3  x 32)  ft.  pounds=(4000)/3  ft.  lbs. 

**  Squired  H P = v 1 '...See  units  of  power 

« \ * 4 * <Tn  r> a 


3 550  . , on  Page  4 

= 80/33=2*4  neraly 


Aus. 
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**Ex.  8 (a).  Prove  (hat  (be  work  done  against  ft*  (flwto®*? 
strechlng  a light  extensible  string  is  eqaal  to.the  product  of  ft*** 
tension  and  the  mean  of  the  initial  and  final  tensions.  (Ranch 

Solntion.  Let  / be  tbe  natural  length  of  the  string*  Let  ft  J 
extended  from  A to  J3,  such  that  OA «=rr  and  OP**b.  We  arc  to 

the  work  done  against  the  

tension  in  stretching  the  P 

string  from  A to  B.  Let  ^ ' p (L  * 

A be  the  moduls  of  elasti- 
city of  the  string.  ^ ... 

Let  OP~x  and  PQ^Sx.  This  distance  PQ  being  ‘ 
tensions  at  P and  Q can  be  taken  to  remain  practically  the  ss 

Tension  in  the  string  when  it  is  stitched  upto  /,c=(A/f) 
acting  in  the  direction  PQ  (by  Hooke's  Law). 

Work  done  in  stretching  the  string  from  ? , 

against  the  tension={(A //)  (*—/))  8x. 

/,  Work  done  against  tension  in  stretching  from  A to  B 

«J‘  _ (»//)  (X  -/)  dx^O/l)  [ } (x-l)'  ]* 

"IWDHMH*-/)'!  ",W 

«=i  (»//)  [((6  -0  -<«-/»  !(6-/)+(»-/!) 

-»  «I0  <6-«)  «»-D+(«-W 

=*(*+*)  i [7-  <6-0+  y (.-!,]  ...<») 

Also  if  71  and  7.  be  Che  tensions  in  the  string  at  A and  Bl*-1* 
Tt  and  T*  be  the  initial  and  final  tensions,  then  we  have 

7,«  y (n-i)  and  7,^  A ((._/)  ,..(iii) 

Also  extension  produced ^AB^b -a. 

, From  (ii)  we  find  that  work  done  against  tbe  tensio 
stretching  frrm  A to  B . „ 

^(extension  produced)  (T,+Tt) 

«=(extension  produced)  x (mean  of  T,  and  7$) 
^(extension  produced)  x (mean  of  initial  and  final 

, . tensions'' 

[Also  from  (i)  we  find  that  work  done  against  the  tcnsi°n  10 
stretching  from  A to  (//A)  (7*,*  - r,*)J. 

Ex.  8 (b).  Find  tbe  work  done  in  extending  a Ugh*  e'8S 

striog  to  dooMe  its  length. 

Solution.  Do  as  Ex.  8 (a)  above.  Here  tbe  string  is  extec 
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from  * ; to  x=2!  where  / is  the  natural  length  of  the  string. 

, Required  work  done  (Note) 

r*i  A 

""  J,.,T  dx‘  see  part  (a)  above. 

={  m (*-/)’]’'=)  m [/>_  oj=jA;. 


*E  i • j{  * '••»■/  h*  -wj-j/ii. 

?t  "Mhcit'ytqutlfto  hTne/ihr  S'  ce"‘nS  !>f  a "mead  of  modules 
■“S  "ith  an  expenditure  If  l l-  S',ow,  *hat  “ elirab  to  the  ceil- 
*ls‘  would  be  reqoired  if  l it  V ,0  ,0D1J’  ,hrte  qoorters  of 
flotation  r . S.  “ tb"1"1  were  '"elastic, 
extended  length  whenetheaSICtnElh  °-  ,hc  Strhg  a"d“  ba  its 

tie  mass  of  the  spider  P d hanSs  ,n  equilibrium.  Let  m be 
lo  this  position  of  equilibrium,  we  have 
or  n in  the  string-,  weight  of  the  spider 

or  . A (a~l)fl=*ntp 

or  m"  *mgt  since  A *=mg  (given) 

° /==/  "r  a=2/*  ...(]) 

b>^sP>Z!nriZl'Tat  ia't'htie'ufng"  roa8ni,ude  °f  W°A  d°"' 
Ifth  =«ig.o=.2mg/.  since  a=2l.  ...fiy 

l'»8'boL,.'«7rimB“i8  f!:,%rorve.d0"5  *"  S'r"Chi"8  i"°  8 

-(mean  or  initial  and  final  tensions)  X extension  produced 

Whe  +'"'?)  ...(Hi, 

5*  tbreaS  ShriS^froT^'n  ,h*  “J11".*, aad  ,h'  string  is  elastic, 
of  work  done  aga’/rtthe ?<£??!  ■ To  r°rm • so.,he  “agoitude 

•*.  Tht*'  SJ,nsl  tbc  tcnsron  is  the  same  as  given  by  (iii). 

s,ri"8  is  elastico.l!hJt^/7j(^^2f»in^*m^'n8  th'  c'n'"8wl,en  lhe 
(2mg/)-.»  (work  done  if  the  string  is  inelastic). 

..  Ex.  10  a , . Hence  proved, 

ffij  ,0Pe  whose  modidm  fn'w  fn'"8;.*'  *h' C.n<?  of  a "eH  Mien- 
“nd  point.  He  nroceed!  , ,'VV,te  °,heT  tpd  lelng  fa‘tened  to  a 
"■'bed  then  J * «•  climb  op  the  rope.  Prorelbat  whrn  he 

h«Te  to  do  |„  ell  v'”1  b°  fc’5  d°"C  2n  + 2 ,imts  ,bc  "°,k  be  would 
Solution  ltC  San,C  d,S,”°“  °p  an  '"extensible  rope, 

'"ended  length  when  rh  ° "a,ul:alJ=nE'b  of  the  rope  end  a be  its 

Position  of  cquHibrium*7cnsfonIinljh8,«qic=^veiplnrif,th/5ii3bc 
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i.e.  ~ (a— !)*=> Wt  where  \*=nW  (given) 

or  n (a— /)=/  or  a^l{l+\Jn),  ••■0) 

If  the  rope  were  inelastic,  the  magnitude  of  work  done  by 
the  man  in  climbing  to  the  fixed  points  Wa. 

If  the  rope  were  elastic,  the  amount  of  work  done  in  the 
process  of  shrinking  of  the  rope 

=(mean  of  initial  and  final  tensions)  x extension  produced 

= } p— +0  ]x(a'-/)=  .where  A"  nil’ 

= Wl/2n. 

The  actual  work  done  by  the  man  in  reaching  the  6«d 
point,  when  the  rope  is  elastic-*  Wa~  1Vlj2rt 
a W (/+//«)— (fW/2n),  from  (i) 


fVl  Qn 4-1) 

(sm-wAin 


(2n+l)pV(2n+2)n 

(2/1+2)  L 2n-  J 
!$-).«».  ito-m 


-*  (work  done  if  thejropc  werejinelastic). 

Hehce  proved. 

Ex.  11.  A uniform  elastic  string  has  length  ax  when  the  tenstoB 
4sTj  and  length  c*  whence  tension  is  T,.  Show  that  Us  nator*l 
length  is  (a,^— atTt)ftlt— Ttl,  and  that  the  amonQt  of  work  done 
in  stretching  it  from  the  natural  length  to  (a,+u,)  is 
i fciTt-fl,T,)« 

**  (Tt-T,)  (Qi~o,) 

Solution.  Let  / be  the  natural  length  of  the  string  and  A be 
its  modulus  of  elasticity.  Then  according  to  the  problem, 

y («Ti— 0 and  r,=.  y-  (ax—i) 

• - - ’ or  r,(o,-n=T,(a,-l) 


HT,-Tl)~a,T,-a,Tl 

OiTt—o^Tj  ^ o,T,. 
Tt-Tt 


i 


e,T, 


, , Tl~r> 
which  give  the  natural  lentgh  of  the  string. 

AH.  from  r,-(J//)  (a,-/),  we  have  (A/Zj—r./to,-/) 


...0) 


Work 
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(0 


Now  the  required  amount  of  work  done 

={mean  of  initial  and  final  tensions) x extension  produced 
*i  [0+W/J  {(o,+o,)-/)]  (0,+a,-/) 

■"  -ly 


=1  < v 

(«.- 


(ai+ajT“0*>  rrom  (ii) 


i,7%^7rL0,+fl,_  r”rr  j ■rro,n(0' 

(e.r.-Oir,)1 


(r»-  r->  x tn.r.-o.r,)1 

(o,-n,i  (T.-r,)*- 


2 12-.- 


r.)  (0,-n,) 

Hence  proved. 


*Ex.  12.  If  a light  elastic  airing,  whose  natural  length  Is 
Ihlt  of  a uniform  rod,  he  attached  to  rod  at  hoth  ends  and  suspended 
hy  the  middle  point,  show  that  the  rod  will  descend  until  each  of 
the  two  portioos  of  the  string  is  inclined  to  the  horizon  at  an  angle 
given  by  the  equation  cot’  (0/2)  - cot  (0/2) ~ 2 n,  the  modulus  of 
elasticity  of  the  string  being  n times  the  weight  of  the  rod. 

. Solution.  AB  is  the  rod  of  Jengtb=2o  (say).  O is  the  middle 
Point  of  the  string  AOB,  whose  natural  lengt.'t=»  length  of  the  rod 
la. 

Initially  the  rod  AB  was  at  rest 
witv  !r?  point  C'  coinciding 

titi  , then  rod  moves  downwards 
am  it an<*  OB  are  inclined  at  an 
fi  to  AB. 

Thus  vertical  distance  moved  by 
Ibe  rod  AB^OC^a  tan  8. 

' **ence  work  done  by  the  weight 
^ofthe  rod=mg.fl  tan  0.  ..  (i)  _ . 

Fot  equation,  work  done  by  the  weight  of  the  rod 
®*work  done  by  the  tension  of  the' string.  -.(ii) 

Also  from  the' figure,  we  have  OA^OB^a  sec  0. 

\ Work  done  by  the  string  AOB  in  stretching  from  a length 
2a  sec  0. 

Hmean  of  initial  and  final  tensions)  x extension  produced 
[0+ (A/2a)  (2a  see  d— 2a)]X(2a  sec  0— 2a),' where 
^(Mmg/4a)  (2a  sec  0 — 2a)*=nmga  (sec  0—  I)*.  ■ J 
\ from  (Ii)  and  (i),  we  get ' ' ’ 

mg. a tan  6—nmga  (see  0—1)* 
r tan  0=i7  (sec  0— l)*==n  (1— cos  0)*/cos*  0 
| sin  0 cos  B~n  (I  — cos  0)*  - 

2 »m  }8  cos  i0  (cos*  sin*  j0)=«  (2  sin*  JO)* 
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or  2 sin  *0  cos3  {0~2  sin*  \9  cos  |0=4n  sin4  \9 
or  cot*  |0-cot  \6=*2n.  Hence  proved 

Er.  13  (a).  Find  (fie  horse  power  of  an  engine  which  draw** 
train  at  a uniform  rate  or  V ft./stc  against  a resistance  o?Plh*-. 
wt.  ( Calcutta  85J 

(b)  Find  the  H.  P.  of  an  engine  which  draws  a train  at  a 
uniform  rate  of  45  miles/hour  against  a resistance  of  900  lbs.  wt. 
Solution  (a)  Distance  moved  per  secondly  feet . 

Pull  of  the  engine=Resistance  of  P lbs.  wt.,  as  the  engine  is 
drawing  the  train  at  a uniform  rate. 

Work  done  by  the  engine  in  one  sccond*=Px  Vft.  lbs. 

Required  horse  power=~^ 


(b)  Distance  moved  per  second^4**  1760x3^^  feet, 

6 s'  60 

ns  1 mite=el760x3  feet 

Pull  of  the  engine e=Rcsistancc=^ 900  lbs.  wt. 

Work  done  by  the  engine  in  one  $econd=>900x66  ft.  Ibs. 


Required  horse  powers* 


900X66 
55<T  : 


108. 


M»- 


•Ex.  14.  A motor  car  weijllioj!  8 quintal*  and  rniMinS  41  M 
metrcs/sec  is  brought  to  rest  in  20  metres,  by  the  application  ol 
its  brakes.  Find  the  work  done  by  the  force  of  resistance  doe  tof<» 
brakes. 


Solution.  Let  the  resistance  due  to  brakes  of  the  car  be  uni- 
form and  let-/ be  its  retardation. 

Then  from  •'vx~u'+2fs"  we  get  0— (10)*— 2/(20) 
or  /—  (5fZ)  m/sec*. 

Also  we  are  given  mass  of  the  car=8x  100=800  kg. 

Force  of  resistance **800x3 =2000  newtons. 

Hence  the  required  work  done=2000x  20  joules 
2000x20 . 


9*8 


kg  -m.**408l-6ke.  j 


Ex.  1,  Die  earth  s attraction  on  a particle  paries  inversely  •* 
the  square  of  its  distance  from  the  earth's  centre.  A particle  whose 
weight  on  the  surface  of  the  earth  is  \V,  falls  to  the  surface  of  the 
earth  from  a height  5a  above  it.  Show  that  tbe  work  done  by  the 
earth’s  attraction  is  (5/61  a IK,  where  a is  the  radius  or  the  earth- 
Solution.  At  a height*  above  the  centre  of  the  earth,  let  the 
earth’s  attraction 

On  the  surface  of  the  earth  x*=a  and  this  attraction's  IK, 

JU  IK.- A /a1  or  A«=a*IK 


**  Attraction  at  a height  x above  the  centre  of  the  earth 

. ~o*WJxK 

..  work  done  by  the  particle  in  moving  a distance  — S* 
--(fl*W7**)$;c 

A Required  work  done— aW  j — 

*=a'fV  [(1/a)—  (l/6o)]=(5/6)  alv.  Hence  proved. 

Hht  aad  his  machine  together  are  of  mass  M lbs. 

■uniform  nS  Pedalllog  down  an  incline  of  1 in  m,  with  an 

speed  v ft/sec,  show  that  to  go  up  an  incline  of  1 in  n at  the 

,a®e  rate  he  mast  work  at  -f  JLV.2L  h.P. 

p.  \ nt  n /550 

hori2nnfft°n,‘  ^nchne  of  1 in  m means  a plane  inclined  to  the 
matal  at  an  angle  a,  such  that  sin 

& Uniform  ^ cXc*lst  rides  without  pedalling  down  this  incline  with 
»oW  n?  ?pc,  ,•  tb’s  means  that  resistance  to  the  motion=re. 
part  of  the  weight  parallel  to  the  plane— A/g  sin« 
v *.  -Mg  (1/m).  ...(i) 

rtsolved  J » cycIi«  m°ves  up  an  incline  of  1 in  rt,  then  the 
motion  wc,8hi  parallel  to  the  plane  also  resist  the 

,rcsistflnce  to  the  motion 

Part  °f  the  weighty  resistance  due  to  friction  etc. 
8 (1/n)  +Afg  (i/m),  from  (i) 

W“  ({  + ~-)e  Pouadals-A/  (i-  + lbs.  wt. 

i'ss n^T9  ******  °f  the  man*  then 

fotal  resistance  x distance  moved  in  one  second 

°"™-M(L  + ±h 

, Hence  proved, 

of  l u *’  A train  of  mass  M lbs.  is  ascending  a smooth  incline 
Uoa  {j  * when  the  velocity  of  the  train  Is  v ft/sec.  its  accelera. 
b Mv /'ri  ef!:  Pr0*e  that  the  effective  horse-power  of  the  engine 
'•'+g)/5J0  mg, 

"*C  of  ^ Lct  « **  the  incli- 
z°otal,  thca  6 Plftnc  t0  the  ilori" 


sin  ( 


**/«■ 


--(») 


en**nfUhj5  Pu,,ipg  force  of  the 
#CC^«ationP?,;|!da,san£l/be  the 
Pr  ,on  °f  the  train. 

second  law  or 

*»<#*«  plane"'  Para"''  ,b' 


yy^F 

\ 

^/UgCCSt* 

\ 

Me  . 

(Fig.  5) 


a velocity  v la  t seconds,  show  that  the  average  H.P.  at  which  the 
tngine  has  worked  is  cos  *+sl° 

Solution.  Let /be  the  acce- 
leration of  the  engine.  Then  from 
we  have  s_~ 
v«0+/t 

Of  . /«v/r.  ...(i) 

Let  the  pulling  Force  of  the 
engine  be  Fpoundals  and  R be  the 
normal  reaction  between  the  engine 
wd  the  rails.  Then  force  due  to 
>nct}oD«fiA*»pm£  cos  «,  since  re- 
solving the  force  perpendicular  to  the  inclined  plane,  we  have 
< R=*rrig  cos  «c. 

From  Newton’s  second  law  of  motion,  wo  have 


(Fig.  6) 


*'rflS 


m.f^F-mg  sin  a—pR^F—mg  sin  a—firng  cos  « 
F«m  if+g  sin  a+f*g  cos  a]  poundals 
F— m [(Wg/)+8 in  cos  «}  lbs.  wt„  from  [i). 

Also  distance  moved  in  / seconds«i//,,=,Jvr»  from  (i). 
Work  done  in  t seconds=Fx$v  ft.  pounds. 

Average  work  done  in  one  second=*Fx$v  ft.  pounds. 
Required  H.P.  of  the  engine=Fx|v/550  . 


v 

1100 


XF- 


mt  T v~ 

1100  Ur 


+sm  «-H*  c°s  * 


1 


Hence  proved. 


*£x.  16.  A body  of  mass  M lbs.  starts  with  a speed  ft./ sec. 
body  move's  under  the  action  of  a force  which  does  work  at  the 
constant  rate  of  H horse-power,  prove  that  the  equation  which 
demines  the  speed  v ata  time  l is  Afr  r/v/</r=> 550  gH. 

• Write  down  the  initial  acceleration  of  the  body  in  terms  of  M, 
*04  w and  prove  that  the  time  which  the  acceleration  takes  to 
'^e  <>ne  quarter  of  its  initial  value  is  3M«*/220  gH. 

Solution.  Let  F poundals  be  the  force  which  acts  on  the  body 
8Tid  does  work  at  the  constant  rate  of  U horse-power. 
j.^Then  f/x550=(F/g).  v,  where  * is  the  velocity  of  the  body  at 


F-550gtf/v. 

Also  from  Newton’s  second  law  of  motion,  we  have 
mass  x acceleration ■=  force  acting. 

•••  From  (i, , « * _ F_  «°-£g  ot  SI,  d~  - 500  SH  ...(«) 

Hence  proved. 
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A sin  « 
or  F—M  [f+g  sin  *] 

or  -Af  (/+*(]/*)],  froa(i) 

— Af  [fn+g)}n  poundals, 

or  F=Af  lfn+g)Jng  lbs.  wt.  . • ; .... 

If  x be  the  required  horse-power  of  ttie  engine  when  i 
moving  with  a velocity  v ft./sec.,  we  have 


x.55D< 


■[- 


jfr±g)] 

”g  J 


j xv  or  x* 


Mv'(fn+g) 
! 550  ng 


Ex.  18.  An  engine  works  at  the  constant  rate  of  H ho 
power  In  drawing  a train  of  total  mass  M tons  op  an  Incline  of 
n,  frictional  resistance  being  r lb.  wt.  per  too,  where  r Is  a cowt*11  • 
Prove  that  the  maximum  speed  that  can  be  generated  is 


(550  nH)/[M  (2240-i-nr)]  ft.  per  sec. 

SoJotfon.  If  <*  be  the  inclination  of  the  slope  to  the  hotnofi 
tal,  then  sin«e»l/n.  ' . , 

mass  of  the  traiu=*A/ tons=A/X2240  lbs.  ^ 

The  resolved  part  of  the  weight  of  the  train  down 
inclined  plane*=Af  *2240  xg  sin  « poundals 

*=A/x2240  x 32x(l/n)  poundals. 

The  resistance  due  to  friction  *=rxAf  pounds  weight 

e=rAf  g poundals=rA/X32  poundals  . j} 

Total  resistance  to  the  motion  or  the  train  wbic 
moving  up  the  inclined  plane 

=[A/x2240x32x(l/n)+32  r Af]  poundals 
— 32Af  [2240 x(l/n)+rj  poundals  . ^ 

Let  v fj./sec  be  the  maximum  speed  of  the  train  up  th®P  4 * 
then  the  work  done  by  train  in  one  second 
'=32d/[2240x(l/n)+r]xvft.  poundals. 

_ 32J/f22«>xaMJJXy  ft  pound) 

_ ft.  lbs. 


Now  it  is  given  that  the  engine  is  working  at  the  constant 
rate  of  ft  horse  power,  so  we  have 

Af  (2240+nr)  v 550  Hn  ^ 

11 n4-550  ' r M~\22W+nr)~  Hence  P«>v^ 

Ex.  19.  A locomotive  engine  draws  a load  of  tn  lbs-  ^ 
Incline  of  « to  the  horizon,  the  coefficient  of  friction  being 
starting  from  rest  and  moving  with  naiformaece]eratIoB  M *cqu 


Work 
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« Telocity  y to  t seconds,  show  that  the  average  H,P.  at  which  the 
Toglne  h*s  worked  Is  -J-M  cos  ct+slo  «j* 

Solution,  Let/be  the  acce- 
ptation of  the  engine.  Then  from 
>=«+•/{”,  we  taVe  x 

v«0+/r 

°r  i **• 0 ) 

„„  •'  pulling  force  of  the 
sgtne  be  Fpoundals  and  R be  the 
faction  between  the  engine 
fwl!«  e ra'*s*  Then  force  due  to 
® cos  a,  since  re-  (Fig.  6) 

80  ving  the  force  perpendicular  to  the  inclined  plane,  we  have 
i?=>mg  cos  <t, 

..  From  Newton's  second  law  of  motion,  we- have 
Qr  m •/**  F—  ntg  si  q «— fi  R b*  F — mg  sin  a — prig  cos  « 

or  £=*m  ( /+g  sin  a-f  ng  cos  *]  poundals 

. m twfcO+iiii  cl+p  cos  «]  lbs.  wt.,  from  (i), 

A so  distance  moved  in  t seconds «=$//*«  Jv/,  from  (i). 

Work  done  in  r secoods=Fx$v  ft.  pounds. 
r verage  work  done  in  one  second=»Fx  jv  it.  pounds. 
Required  H.P.  of  the  eogine«Fx$v/550  . 

-JL  s,p.  r »• 

UOU  1100 1 w w • )•  Hence  proved. 


> fTBol^ +5in  cos  *]• 

Theb'£/f  A bo^  0*  mass  M lbs'  starts  wJtb  a 9Pted  v-  ft  /sec. 
coast  ° ^ W0Tes  onder  (be  action  of  a force  which  does  work  at  the 
deter  in*'  ra*e  ^ h°rse-power.  Prove  that  the  eqoation  which 

«‘nes  the  speed  r at  a time  t is  Mv  d'vjdt  *550  gH.  , 

'll  .r  tfe  t*°Trn  the  initial  acceleration  of  the  body  in  terms  of  M, 
t£e  M #al*  Pr(»e  that  the  time  which  the  acceleration  takes  to 
”e  garter  or  its  initial  value  is  3M «*/220  gH. 

Sad  j0*U1*®0,  *"et  F poundals  be  the  force  which  acts  on  the  body 
oes  work  at  the  constant  rate  of  //  horse-power, 
time  t C°  ^*^50as(F/g).  v,  where  v is  the  velocity  of  the  body  at 

A.  F~550g///>.  ...(i) 

o trom  Newton's  second  law  of  motion,  we  have 


®assx acceleration^ force  acting. 

From  (i),  5i2*2  or  Mr  ‘ 

at  y c 


= 500  gff  ...(H) 
Hence  proved. 
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From  (»j)  acceleration  at  time  r»  —.  — — 

at  MY 

Initial  acceleration  «*  550  g///M«,  where  u is  the  initial 
velocity  of  the  body. 

No*  from  (iij,  » 

Integrating,  v*-.(1 100  r+C,  where  C is  constant  of 

Integration. 

Initially  van  and  fesO  c»u'. 

/.  t=.(I100g/fW)  r+n'  or  v=[(H00  glltU)  l+u']'1' 

DifTercotiatiog  <*/<*={  [(l  100  g/f/Af)  r+u*J-‘l*.(l  10 

Let  time  when  acceleration  dv]dt**\  (initial  acceleration) 
From  (iiij,  { [550  gftlhfu ] 

[(1100 gBIM)  T+u*Tr**K(lM gWO 
or  UllOO gftJM)  r+ii,J,,,*=4i/ 

or  (U00gH/Af).T=16u*-u*,squf  • ig  and  transposing 

15uMf  3 ii*  A/ 

i TTWi&“220i7f*  Hence  proved 

Exercises  on  Work 

Ex.  1.  A train  of  total  mass  250  tons  is  drawn  by  an  engine 
working  at  550  H.P.  If  at  a certain  instant  the  total  resistance  ) 

IC  Ibs.  wt.  per  ton  the  weight  of  the  train,  and  the  velocity  ^ 
nt.p.h.,  what  is  the  train's  acceleration  measured  in  miles  PCI 
hour  per  second. 

Ex.  2.  A train  of  mass  40  tons  is  kept  moving  at  the.  uniform 
rate  of  40  m p.h.  on  the  level,  the  resistance  of  air,  friction,  etc. 
being  30  lbs.  wt.  per  ton..  Find  the  H.P.  of  the  engine. 

Ex.  3.  An  engine  is  raising  water  from  a depth  of  55  ft. 
discharging  960  gallons  a minute  with  a velocity  of  44  f ' 
Find  the  H.P.  at  which  the  engine  is  working.  One  gallon  oi 
water  weights  10  lbs.) 

Ex.  4.  State  whether  the  following  statement  is  tru*  of 
false  : 

‘The  work  done  by  a force  is  a vector  quantity.* 

• Ans.  False- 

**§  4.  Energy.  Energy  of  a body  is  its  capaci  ty  of  doing  work* 

(Kanpur  »5) 

The  energy  is  of  two  types.  Kinetic  and  Potential. 

The  energy  of  a body  which  it  possesses  by  virtue  of  > 
motion  is  known  as  Kinetic  Energy  and  which  it  possesses  j 
virtue  of  its  position  is  known  as  Potential  Energy. 


[ ■ §5.  Kinetic  Energy.  Kinetic  Energy  is  .measured  by  the 
israount  of  work  which  the  body  can  perform  against  some  resis- 
tance till  it  is  reduced  to  rest.  . ^ 

, Let  the  mass  of  the  body  be  m ■ and  • its  velocity  be-  V.  To 
ormg  this  body  to  rest  there  must  be  some  opposing  force.  Let 
•ois  force  be  F which  reduces  the  velocity  of- this  body  from  V to 
tfro. 


Tbeafrom  Newton’s  second  law  of  motion,  we  get 


dv 

m.v  -r  «*— JT.. 
ds 


...(0 


'•  WotIc  done  by  the  force  F in  moving  through  a distance  &r 

•r  1 „ ■ 

•*  Kinetic  energy^  | f ds=*  f — mv  4^.  ds,  from  (ii) 

Jt-f  Je-V  as 
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S,K~. » 

1 oerorr* «?».«_  ..  4 

(i’i )t>ppr  _ 1 Olter  examples 

S:0"' 00  <h'  “m«  »«W?  nmonm8or 

P°tS$-^‘"8  ‘"'W-k  .0  its  original 

'.IZ  ^fincipl/of^n'5  °°'  “ CQnEervat,’vc  force. 

lEatrKt  equation) 

'°  f”  C''TSe  tn -,he  kln,,k 

A panic!  ,hc  Par<kte.  y f " lKh,ch  man  be  con- 


Utjw « timer. 

^«4SS3v^:  ° 


4, 

r1  arc  be  nw,„  0 * ' <Fi*-9) 

wr.« thc  •»-'■'  1 

Into  ’ . !pect,v"y-  ’■  and  “»  vebPity  a,  X and  B 

■ Seating  (i).  We  „ - - 


!'’’[»>>  '•  -r,;  * I’-** v rf'=IxLJl  Ec°s  i.d, 

FC°S  0 *=Workdoneby  Fin  moving 
PWfiele  from  S_r,  to  r=Jt 


2 K'-r  ■ ,n< 

0'':"8^pSj"^,ic 


,h„  , f e.  from  A to  B. 
..  forccs  ">  moving  the 


^^icl^l'^-workdone  by  the  forces 'i„ 
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of  the  particle  at  P 

(according  to  definition  given  on  Page  17).  , - ' 

Vls-vlva,  Two  times  the  kinetic  energy  of  a particle  is  called 
"vis-viva.” 

Units  of  kinetic  energy:  According  to  definition  kinetic 
energy  is  measured  fay  the  amount  of  work  done  in  a particular 
way  hence  its  units  are  also  tbe  same  as  those  for  work  done  as 
given  in  § 1 Page  2 of  this  chapter. 

*§6.  Conservative  Forces, 

If  a variable  force  F is  acting  on  a particle  which'  moves 
along  the  curve  C on  which  the  points  A and  B lie  (See  Fig.  7 
Page  17}.  then  the  work  done  by  the  force  F in  moving  from  A 
to  ,B*=J  F»dr. 

This  expression  appears  to  depend  on  the  extreme  positions 
of  the  particle  but  it  may  also  depend  on  the  path  Calong  which 
the  particle  moves. 

If  the  force  F is  such  that  the  expression  f F-dr  depends 
upon  tbe  extreme  positions  A and  B of  the  particle  only  and  not 
on  the  path  C followed  by  the  particle,  then  the  force  F is  said 
to  be  consemtive  and  if  this  expression  depends  on  the  path  C*  ■ 
also  then  the  force  F is  said  to  be  non-conservative. 

A field  of  force.  If  e force  F is  uniquely  defined  at  each  and 
every  point  of  a region  of  space,  then  tbe  totality  of  all  such, 
vector  forces  F defined  throughout  the  space  is  known  as  a field 
of  force.  ..  - 

Another  Definition  of  conservative  force.  > * 

If  a force  acting  on  a particle  be 
such  that  the  total  work  done  by  it  on 
the  particle  is  zero  as . the  particle 
returns  to  its  original  _ position  after 
describing  any  path  . in  the  field  of 
force,  then  the  force  is  said  to  be 
conservative. ....  * 

. If'  a force  F be  acting  on  a particle 

d «Aunri  f rirt  fr-nrn  A 

" r ■ 

- (Fig- 8) 

F is  conservative,  the  total  work  done  in  moving  in  this  way 

= j F-dr-  \A*'dt  +LF‘rfr  (Note) 

ADBEA  (along  APB) ' (along  BE  A) 

^j^F.dr  -j^.F-dr^O.  ., 

(along  ADB j (along  ABB) 


(Note) 
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Examples  of  conservative  and  non-conservativeforces.  - 

(f)  Earth’s  gravitational  field.  ' 

The  work  done  by  gravity  ( l.e . weight  force)  when  a particlb 
of  mass  m ascends  to  height  h and  thencomes  back  to  its  original 
position  is  -*mgh+mgh*=0. 

.’.  The  force  due  to  gravity  is  conservative.  Other  examples 
of  this  type  are  tension,  reaction  etc. 

(Ji)  Fractional  force. 

If  ai  body  is  dragged  against  a constant  frictional  force  F 
through  a distance  s on  a horizontal  plane,  then  the  work  done 
by  the  frictional  force  /’is  —Fs.  If  this  body  is  brought  back 
to  its  original  position  on  the  same  path,  the  amount  of  work 
done  is  —Fs,  again. 

Total  work  done  in  bringing  the  body  back  to  its  original 
positions— Er—  2Fss£0. 

Thus  frictional  force  is  not  a conservative  force. 

*§  7.  Principle  of  Energy.  (Energy  equation) 

In  any  displacement  of  a particle  the  change  In  jhe  kinetic 
energ ; is  equal  to  the  work  done  by  the  forces  ( which  must  be  con- 
servative) acting  on  the  particle. 

A particle  is  moving  along  a cur- 
ved path  under  the  action  of  given 
forces.' 

Let  P be  its  position  at  time  t. 

Let  F be  the  resultant  of  all  the 
forces  acting  at  P , inclined  >at  an 
angle  d to  the  tangent  at  P. 

i ..Considering  motion  along  the 
tangent  at  P,  we  have  the  equation 
of  motion  as  mv  (dvfds)^F  cosJJ  *Fig.  9) 

or  mv  dv*=>Fcos  0 ds  , ..,(i) 

L,et  arc  be  measured  from  the  point  O on  the  path. 

Let  arc  OA**st  and  arc  OB^sl  and  the  velocity  at  A and  B 
be  and  respectively.  v 

Integrating  (i),  we  have  m lUf  v dv^=>  P*  Fcos  $,ds 

J S—Sx 

or  j^V*  '^cos  done  by  Pin  moving 

' the  particle  from  s**st  to J~sz 
/ e.  from  A to  B. 

or  4mu,*-'imul1«=work  done  by  the  forces  in  moving  the 
particle  from  A to  B.  J 

. Hence  change  in  kinetic  energy  = work  done  by  the  forces  in 
moving  the  particle  from  A to  B. 


20 


Dynamics 


913-33 


In  vector  notations (Refer  Fig.  7 Page  17  of  this  chapter). 

Let  P be  the  position  of  the  particle,  which  is  moving  along 
a curved  path  under  the  action  of  the  given  forces,  at  time  /.  Let 
Fbe  the  resultant  of  alt  the  forcesacting  on  the  particle  at  P and 
let  ? be  the  velocity  vector  of  the  particle  at  P. 

Then  the  equation  of  motion  of  the  particle  is  m ^ -=»F.  ..»(>) 

Now  the  work  done  by  the  force  F acting  on  the  particle  in 
moving  from  P to  Q — F*8r,  where  r and  r+Sr  are  the  position 
vectors  of  the  neighbouring  points  P and  Q referred  to  some 
origin  O.  ■ . ' 

Z,  Work  done  by  F acting  on  the  particle  .in  moving  from 

[B  rB  / dr\ 

XtoB—j  F»dr— j f m jp  from  (i) 

("$)*•$  *“i*m  2?  V ! 

-/*  (mT-  t»)  *r I'  sr  «r’J  ]’  , 

, aa  v—J  t J nnd 

where  vA  and  v*  are  the  velocities  of  the 
particle  at  A and  B respectively 
—(Kinetic  energy  at  £)—  (Kinetic  energy  at  A) 

—Change  in  kinetic  energy  of  the  particle  as  it  moves 
from  A to  B.  *•  ' Hence  proved. 

*§  8.  Potential  Energy  and  Potential  Function. 

Definition.  The  potential  energy  of  n particle  is  the  amount 
of  work  that  would  be  done  by  the  forces  (which  must  belong  to 
conservative  system)  acting  on  the  particle  if  it  be' allowed  to 
move  from  its  present  position  to  some  standard  position. 

Thus  if  we  denote  the  potential  energy  by  V,  the  resultant 
force  acting  on  the  particle  by  F,  the  position  vectors  of  the 
present  and  standard  positions  A and  E oi  the  particle  by  r and 
r0,  then  • 

H?'-*  - ...co 

If  r—  *i-hxJ4-zk,  then  dr— I dx-J-j  dv+k  dz 
and  let  F-F1l-t-Fii-t-Ftk.  » ' 

F.dr«(F114-FJ+f',kV(i  dx+j  dy+k  dz)  ' 

«F,  dx+  Ft  dy+  F,  dz . ...(it) 

Now  let  us  assume  that  there  exists  a function  V(x,y,  *) 

; ,.1  3x*  dy,F*  dz*  - * ..■(!”) 


such  that 
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ay  BY  av 

then  from  (ii).  we  get  F.rfrus—  ^ dx—  ^ dy — — dz 
~*~dV. 

From  (i),  the  work  done  by  the  force  F in  movlngifrom 

-* ,o  H'  r-*H'  'H' 

A Under  assumptions  (iii),  the  work  done  depends  upon 
the  positions  A and  B only  and  not  on  the  path  followed  by  the 
particle  and  hence  force  F is  conservative.  . 

Conversely,  if  F is  conservative,  then  there  exists  a function 
V (x,  y,  z)  such  that 

IY  * dV  „ 3V 


dx 


- where  F»F,i+FJ-FF,k. 


Such  a function  V (x,yt  z ) is  called  the  potential  fnnctlon  of 
the  conservative  force  F. 

Note  1.  If  m be  the  mass  of  a particle  placed  at  a point 
lying  to  conservative  field  of  force,  then  the  potential  energy  of 
the  particle  in  that  position**wF,  where  Fis  the  potential  mnc> 
tion  at  that  point. 

Note. 2.  Generally  V denotes  the  potential  energy  of  the 
particle  or  mass  m.  Here  we  suppose  that  m is  ubsorbed  in  the 
potential  function.  , , . 

**§  9.  Principle  of  conser ration  of  Energy. 

{Bhopal  SS,;  Lucknow  87) 

If  a particle  is  acted  on  by  a conservative,  system  of  force,  and 
be  In  motion  then  the  sum  of  the  kinetic  and  potential  energies  of 
the  particle  remains  constant. 

Let  P be  the  position  of  the 
particle  at  time  t and  let  v be  Its' , 
velocity  at  that  time.  Let  X,  X . 
be’  the  components  of  the  forces 
acting  on  the  particle  parallel 
to  the  coordinate  axes. 

- Considering  motion  along 
the  tangent  at  P,  we-,  have  j the 
equatiou.of  motioo  \ 

,mv  jjj1®1-*’ cos  ? *> 

where  0 is  the  inclination  of  the 
tangent  at  P. 

dr  vdx  v dy  . 


Of  .m*  3J“JrS+1"’ *’  ”nc‘  CM!‘ 


mv  dt^X  dx±Y  dy 
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Integrating,  m (.rtfx-f  r</y)-f  C.  ^ 

If  the  particle  moves  from  P Or,  yj  to  Q (x+3x,  y+3y),  then 
the  work  d6nc  by  the  forces  X and  I'm  moving  the  particle  from 
P to  Q is  „YSx-f  F3y,  hence  J (A'  dx+Y dy)  is  the  total  work  done 
by  the  forces  X and  Y In  moving  the  particle  from  its  initial 
position  to  P.  , 

Also  suppose  (Xdx-t-Ydy)  is  the  complete  differential  of  some 
function/(x,  y),  then  from  (i)  wc  get  y)+C 

l.c.  K.E  .-/(x,y>+C  , ...(ii) 

Also  potential  energy  of  the  particle  in  the  position  P(x,y) 
is  equal  to  the  amount  of  w ork  that  would  be  done  if  the  particle 
be  allowed  to  move  from  its  position  P(x,y)  to  some'  standard 
position  (Xj,  A1,)  say. 

P.  E.  .!  (Xdx+rjy)=]t£*)  dHx.y) 


.-/(Xi,  y,)-f(x,  y).  •'  .«  ..  (iii)' 

Adding  (ii)  and  (iii)' we  have  at  P,  11 
K.E.+P.E.— f[xlt  y,)  +C=constant,  since  x„  y,are  constants 
. ns  (x,.  y,)  is  the  standard  position  of  the  parti* 

, - cle  he.  a fixed  point.  : Hence  proved. 


In  vector  notations  : 


Also  we  know  change  in  kinetic  encrgy=work  done 

(See  6 7 Page  19  of  this  chapter).  • 
T^-Ta r work  done  by  F as  the'particlc  moves  from  A to  B, 

. Uj°  F.</r=J^  (P,  dx+F,  d,+  F,  tl:); 

•*  - - “ ' , , as  in  § 8 (ii)  Page  20 


■ . taking  F,=a  - 3 F/3x  etc. 

. . . --■> ; ■ •; : 

or  <*’  'Tb+Vd^Ta+Va  _ 

i.e.  sum  of  kinetic  and  potential  energies  of  the  particle  remains 
constant.  4‘  Hence  proved.  ^ 
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Solved  Examples  on  Energy. 

Ex.  1.  A ballet  loses  tbe  ot  its  velocity  in  passing  through 

a plank.  Find  with  the  help  of  principle  of  work  and  energy,  how 
many  such  nniform  planks  will  be  required  to  bring  the  ballet  to 
rest. 

Solution.  Let  the  bullet  strike  the  plank  with  a velocity:/. 
The  velocity  of  the  bullet  is  reduced  to  1 1 — "fs)  u X3  0 *Q 
passing  through  one  plank  of  thickness  x,  say/ 

Let  F be  the  resistance  offered  by  the  plank. 

We  know 'change  in  K.E.=work  done’  , 

imu*—  \m  |||  uj  t^F.x  • -s  ' 

or  F.»I-1[!-(|']=1»«'k|  ' ' ...ft. 

Let  us  suppose  that  n , planks  will  be  required  to  bring  the 
bullet  to  rest,  it  means  that  the  velocity.of  the  bullet  will  be 
reduced  to  zero  from  ii  in  passing  through  a thickness  nx*. 
From  'change  in  K.E.— work  done',  we  have 
\mu%— (n  x x) 

or  \mux—nFx^n  jggj,  from  (i) 

or  n-  ™ =7-76  nearly  l.e.  8.  AnJ 

Ex,  2.  ,A  shot  of  mass  m fired  horizontally  penetrates  a thick- 
ness s of  a fixed  plate  of  mass  prove  if  that  M is  free  to  more, 
thickness  penetrated  is  Afj/(Af-fm),  " ' ' ' 

Solution.  Let  the  shot  strike  the  plate  with  a velocity  u.  Let 
F be  the  resistance  offered  by  the  plate.  ' ‘ ’ 

When  the  plate  is  fixed,  the  velocity  of  the  shot  is  reduced 
from  u to  zero  after  it  has  penetrated  a distance  s, 

'Also  we  know  change  in  K.E.“swork  done.  . ' - * 

imu*--Jrn.O*=?F.s.  or  . : .„{}) 

' When  the  plate  is  free  to  move,  let  v be  velocity  after  impact 
of. the  plate  with  the  shot.  Then  as  ■ . , 

total  momenta  before  impact ^toial  momenta  after  impact 
so  mw-f  Af.0=»(md-A/)  v or  f*=/w uftm+Af)  ...(ii) 

If  j,  be  the  distance  penetrated  in  this  case  when  theplate  is 
free  to  move  from  the  principle -of  energy  viz.  ‘ 

’ i*  change  in  K.E.=» Work  done, 
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we  have  } (m+A/)  v*— F.*,. 

or  Jmu*—  I (m-f-Af).(mu  (m+A/)}*,  from  (ii) 


ajffla1-  $ 


(m*u*) 


(m+Af) 

Af«V(m+Af). 
Dividiog  (iii)  by  (i),  we  get 
Jj  Af  Afj 


i mu*  ^ I 


m+A/  ) 


...(iii) 


(m+Af) 


t"*n  Af) 


l+(m/Af) 

Hence  proved. 

•Ex.  3.  A ballet  of  mis?  m,  moving,  with  velocity  v strikes 
a block  of  mass  M,  which  is  free  to  mote  In  the  direction  of  the 
bullet  and  Is  embedded  in  It.  Show  that  a portion  M/(m+M)  of 
the  kinetic  energy  is  lost.  ( Lucknow  87  ; Rohilkhand  86) 

If  tbe  block  is  afterwards  strnck  by  an  -equal  ballet  moving  in 
the  same  direction  with  the  same  velocity,  sbow  that  there  Is  a fur- 
ther loss  of  K.E.  equal  to  mMV/2  (M+- m)  (M+2m). 

Solution.  Let  V be  the  velocity  of  the  block  embedded  with 
the  first  bullet  when  it  belongs  to  move. 

From  principle  of  momentum  vte.  total  momenta  before' 
impact^total  momenta  after  impact,  we  have 

mv«(m+Af)  V or  F=>mv/(/ii+Af)  ... (i) 

*,  Loss  of  K.E.«K.E.  before  Impact— KiE.  after  impact 
(m+Af)  V* 

\ (m-t-Af)  fm*v*/(m+ Af)*},  from  (») 

1 Hence  proved, 

.Let  I"  be  the  velocity  of  the  block  after  the  second  bullet 
strikes  it,  then  from  Principle  of  momentum,  we  get ,r  ' 

Irtf+Ant+M)  V-(2m+M)  V,  - c * . 
the  first  term  on  the  left  hand  side  is  diie  to  "second  bullet, 
or  , mv+mv- (2m-f-A/)  V from  (i)'  - 

or  F'e=2mr/(2m-f'Af).  ‘ * * 

„■»  Loss  of  K.B.  due  to  this  impact.* 

• *=K.E.  before  impact-K.E.  after  impact 

(m+A/)  F*J-Ii(2m+A/).r*)'  ,, 

-i  e-+*J. 


—(ii) 


■)».’  I+. 


A . . 

(m+i l)  ~.Uin+j.oJ 


=},- 


mM‘t 


{m  + M)(2m+M)  ' 
Hence  proved. 
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• Ex.  4'.  A shot  of  mass  m Is  fired  from  a gun  of  mass  M with 
velocity  u relative  to  the  gnn  ; show  that  the  actual  velocities  of 
the  shot  and  the  gon  are  Mu/(m-f-M)  and  mu}(m+'\\)  respectively, 
and  that  their  kinetic  energies  are  inversely  proportional  to  their 
masses.  ( RohUkhand  85) 

Solntion.  Let  v and  V be  the  velocities  of  the  shot  and  the 
gun  respectively,  the  directions  of  these  velocities  being  opposite 
-to  each  other. 

Since  u is  velocity  of  the  shot  relative  to  the  gun,  therefore 
(—  V)  or  u—v+V. 

Also  as  momentum  of  the  shot-*  momentum  of  the  gun. 
mVcaAff'. 

...  . ....  , MV  , (m+Af)  V ■ 

From  0)  and  (it)  we  get  — +V= — — 


„ mu  and  k=*=  ^ u 

m+M  x m **  m\-\l 


K.E.  of  the  shot 
K.E.  of  the  gun 


jwv1  m v* 

3 MV* 

in  A/*  f .... 


...(iii) 


Hence  K.  Energies  of  the  shot  and  the  gun  - are  inversely 
proportional  to  their  masses. 

**Ex.  5.  A gun  of  mass  M fires  a shell  of  mass  m horizontally 
and  the  energy  of  the  explosion  is  such  as  would  be  sulTicient  to 
project  that  shot  vertically  to  a height  h.  Show  that  the  velocity 
of  recoil  of  the  gun  is  (2  (m-fM)]1*1. 

Solution.  Let  E be  the  energy  of  the  explosion.  As  this 
energy  is  just  sufficient  to  raise  the  mass  m to  height  /;  so  we 
Save  ’ 


E~mgh.,  ...(i) 

Let  v and  V be  the  velocity  of  shell  and  the  recoil  of  gun  res- 
pectively; ' 

T[hen  as  momentum  of  the  shell = momentum  of  the  gun  so 
we  have  ' • rnv^AfV.  ..  (jj'j 

, Also  energy  £«=J  mv'+JA/K*.  . ...(iii) 

from  (i)  and  (iii),  we  get  mgh^mv'+lMV* 

■ * tMV\* 

**■  *;  ) -fMVs>  from  (ii) 

or  __  K*=»2m’gh/A/(m-fAO  . ; 

or  ' Y-Vm'ghlM  Cw+M)Jin.  ’ Hence  proved 
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• Ex.  6.  Assuming  that  in  a cannon  the  force  on  the  ball  depends 
only  on  the  volume  of  the  gas  generated  by  the  gen  powder,  show 
that  the  ratip  of  the  final  Telocity  when  the  gun  is  free  to  recoil  to 
its  velocity  when  the  gun  is  fired  is  V{M((m+M)}>  where  M and 
m are  masses  of  the  guD  and  the  hall  respectively. 

Solution.  Let  V be  final  velocity  of  the  ball  when  the  gun 
is  fired  and  E be  the  kinetic  energy  released  by  explosion.  ' ' 
E^lmV*  % 

When  the  gun  is  free  to  recoil,  let  u and  v be  the  velocity  of 
the  ball  and  recoil  of  the  gun  respectively. 

Since  momentum  of  the  ball=  momentum  of  gun,  •'>' 
therefore  mu*=Mv  , t ...(ii) 

Also  kinetic  energy  E=\  muJ+J  A/y*  ...(iii) 

From  (i)  and  (iii),  we  get  ImV’—lmu'+i Afv* 
or  mFa»amus+A/v,=»Afu,+A/  (mw/M)*,  from  (ii) 

=u*  [ m+ T^]*8  a*(A/+m)  , ,t 

u*  M u ‘ jl  M \ 

or  p***  [m+M)  °r  V )‘  Hence  proved. 


and  potential  energies  when  it  has  fallen  through  u distance  oi  2 
metres  ? Find  answers  in  joules,  (given  that  g«=9-8  m/sec*). 

, ■ .Solution.  Mass  of  the  body=400  gms.=}  kg*  * ’ • * • 

■ Height'above  the  grounds 3 metres.  ' ’*•  ' 

Potential  energy  at  this  height«.‘/ngft’ 

«»2  X 9' 8 x3«  11*76  joule's.'*  ' Ans. 

« . v»fr,rf«v  r»r ( h a horty  when  it  has  fallen 

. . ■ ■■■  tial  position  lx.  at  a 

; 5 ■ ■ ‘ 2 X 9'8  x 2 or  vf«*  39"2  • . 

K.  Energy  at  this  height=,‘{rm’*”=ij  xjx39'2  - r 

'•=*=7*84  joule.  - Aris. 

and  Potential  energy  at  this  height’(/.e.  I ro.  above  tbe’grourid) 

— ‘,myh”!=s!x9*8xl=*i  (19‘6)=*3*92  joule.  *•  1 f * Ans. 
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Solution.  Let  O be  the  peg. 
Initially  when  the  string  of  mass 
At  und  length  2a  is  placed  sym- 
metrically over  the  peg  and  the 
masses  m and  m'  are  at  the  two 
ends  of  the  string,  then  the  depth 
of  the  centre  of  gravity  of  the 
system  from  the  peg  O {see  fig.  (i)j 
-mg  o+m‘g  fl-HAfola-HA/g’  io 
" n’g+m'g + kM*+ i&g 

. Af+  2 ( m+m*) 

= 


(Fig.  II) 


Af+m+m' 

Secondly  when  the  string  runs  off  the  peg  [see  fig,  (ii)],  the 
depth  of  the  centre  of  the  system  from  the  peg  O is 
mg  2o-f  m'g.O-f  Atga  Af+  2m 
~ ™g+ m'g+Mg ~ "* C At+in  + m‘  ..  (ii) 

The  Initial  velocity  of  the  system  was  cero  and  the  velocity 
of  the  system  when  the  string  runs  off  the  peg  is  v (say),  the 
The  change  in  K.E.«$  (M+nt+m')  i*~ } (Af+m+m')0, 

•=*  (Af+uU  »>')  v».  ...(ill) 

Also  work  done  (by  the  weight  of  the  system) 


-(Af+m-f-m')  g. 


■M±2m 


Al+m+W  M+m+rri  J’ 

from  (i;  and  (ii) 

«=i  ag  {Af+ 2 (m— m')). 

From  the  change  in  K.E.=work  done,  we  have 
i (M+ni+m')  v**=|og  (Af+2  ( m-m ')) 

.*  jfAM  (m-m')  ] • 1 <■ 

°r  ' VL  Al+rn+m'  Hence  proved. 

Ex.  8 (b),  'A  flexible  but  inextensible  chain  of  length  /and 
weight  wl  is  held  oh  a smooth  table,  with  t the  length  /-a  on  the 
table  and  the  length  a over  hanging.  Apply  the  principle  of  energy  i 
to  obtain  the  velocity  with  .which  .the  chain  will  leave  the  table  If 
released,  . ^ . 

Solution,  Let  AB  be.the  chain  of  length  /.  Initially  the  length 
(/ -a)  is'on  the  table  and  the  length  s is  overhanging.  [See  fig.  (/) j, 

w (/r-o)X(H-B’axia  . . , 

- w (/~aj4-wd'  where  w 13  the  weight  per  unit 
v,  ' 1 " • length  (given) 


At  4-  2tn+2m‘' 


DV"3' 


tntee 


18  „ the  e'13'"  / 

S«S^rc9;.of 


gsqS*#"- 


jiV  ;2 o.^",v 


tfl*W  '-'cWtitt 

t«tttoW.?rtte  »Y*“  • >*l.O-'-  g . 


U"’  ‘ . heve 


• ^e  eh338'  ; cbsnge  '^.(te® l-  " 
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energy  oftH?  {ta  *"  t-^*4  * 
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5?  VTl 
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a* 

.V 


if 
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X* 
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Hertc*  {wped. 

Ex.  10.  A shell  of  nt«  « I*  p rejected  ftv**  * S*»  ef  tetiv*  M 
by  xb  explosion  which  ceoerotra  kinetic  energy  Fs  Frew*  that  t>e 
fnitial  reloeity  of  the  shell  is  yf{2BXfin  it Mag  assumed 

that  st  the  instant  of  explosion  the  giro  is  free  to  recoil. 

Solution.  Let  u and  r he  the  velocities  of  the  shell  and  recoil 
of  gun  respectively.  Then  as  momentum  of  the  shells  momentum 
of  the  gun,  sn  we  get  ’ m—Xtr. 

Also  energy  £— «.(»U 

Eliminating  * from  (i)  and  (ii).  ms  get 

or  u=\/{lES(!m  (rri-h.tf)}.  Hence  proved. 

Ex.  11.  A body  of  miw  (mt-f  w,|  m cuing  In  a straight  line  Is 
split  Into  two  psrts  of  masses  m,  and  wt  by  an  internal  explosion 

■■**  1 *-—•*-•  r »c  «■'*-  -•>  *h*t  if  after  the  explosion 

- ■■  ■ ’ their  relative  speed  is 


Solntlon.  Let  u he  the  velocity  of  the  body  before  explosion. 
Let  the  velocities  of  the  parts  of  masses  mt  ntul  «i,  be  v,  nnd  v, 
after  explosion. 

' • Then  by  principle  of  conservatioh  of  momentum,  we  have 
(mr{-m,)  M-mp'v-f  m»v».  *».(() 

Also  total  kinetic  energy  before  explosion— kinetic  energy 
after  explosion.  <{  . . 

l.e.  £-f-4  fWj+W|)  t/,«Jw,v,**hlnil>*#1 
or  2F+(ml+/»,)  «*— /»lvt,+/M,v4*,  ,**.(11) 

Squaring  (i).  we  grt  u1«w(itikv14«iiiara)>  ...(HD 

; Multiplying  (11)  by  («,+ we  get 

,2£  (nh+ntt)  +(w»+w,)»  «*-(//!,+»»,)  (/«,»•, *»•( ’ 
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Subtracting  (iii)  from  (tv),  we  get 
2 E (m^-f  m2)= 

= (vx>  + V'-2 Vf)  - mtm*  “>'*)* 

or  -Vj— V2=v'{2fi,(m14*m2)fw1m2}. 

Relative  velocity  of  the  two  parts  after  explosion 

cVj—  (mx • Hence  proved. 

**Ex.  12.  A shell  is  moving  with  velocity  u in  the  line  AB. 
An  internal  explosion  which  generates  an  energy  E,  breaks  it  Into 
two  fragments  of  masses  m,  and  m»  which  moves  in  the  line  ABi 
show  that  velocities  are 

u+\/{Z£milm1  (nia4*m2l}  and  u~ y/{lE.mltmz 
Solotion.  Let  the  velocities  of  the  fragment  of  masses  m; 
and  in,  be  v,  and  v,  after  explosion. 

Then  by  the  principle  of  conservation  of  momentum,  we  have 
u«mlv1+mtrt.  —(0 

Also  total  kinetic  energy  before  explosion»kinetic  energy 
after  explosion  ...  r < - . 

i.e..  ttt+E=s\mlvl1+int1v,» 

or  • • ti*+2£=m,vJ  , .TijV,*.-  •••<”) 

Also  by  inspection  we  find  that  Vj^u-fx/m,  and  vt=u—x/ma 
satisfy  (1)  for  all  values  ofx.  • 

If  these  values  satisfy  (ii)  also  then  we  have 


(m,+w, 


' f IP,  [--  ■' ]'  • ’ 

”*a' 


++*  ti+  k) 


or  2E*=x*  fw1-f-m,)//n,A  . 

or  < or  . x— V{2£'w4Wt/(n>i+w»)b  • ' 

Hence  vJ«“o4-x/mj-»i.,4-s/{2£>W|fnt|  (w,*f "»*)] 
and  v,«=u— xlmt**u—  V[2£mi/ort  («i+w*)J» 

. ••'Ex.  13-  A hammer  of  mass  Af  gras,  tills  freely  from  a 
height  h cm,  on  the  top  of  an  Inelastic  pile  of  mass  m gms.  which 
driven  Into  the  groond  to  a distance  a cm.  Assoming  that  the 
resistance  of  gronnd  Is  constant,  show  that  ttte  time  doting  which 

the  pile  Is  In  motion  is  else"  by  ° ( Jf)  • (Km> w 8S> 

jti-j  nlso  the  kinetic  energy  lost  nt  the  Impiet.  Wbat  weight 
would  btre  to  be  pieced  os  tbe  tsp  of  p’le  In  order  to  drlye^U 
slowly  Into  tbe  ground  7 


{RoMlkhanJ  87) 


Cwiniton  Let  u ctn/sec  be  the  velocity  with  which  the 
hammer  strikes  tbe  pile,  then  «»-2g*.  ...(D 

Let  velocity  of  the  pile  after  being  struck  by  the  hammer  be  v 
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cm  /sec.  Then  the  pile  being  inelastic,  the  hammer  will  not  rebound 
after  striking  but  will  move  with  the  pile  with  velocity  v of  the  pile, 
from  principle  of  momentum,  we  have 

Afa^iAf+tn)  v . or  ,..(ii) 

Let  the  force  due  to  resistance  of  the  ground  be  P dynes. 
Then  the  force  acting  on  the  system  is  P-(m+M)  g„  which  brings 
the  pile  to  rest  after  moving  through  a distance  a cm. 

Now  change  In  kinetic  energy**  work  done. 

A { (m+Jf)  r*-0 **tP-lm+Af)  g ] a 
or  P**i  (m+Af)  (v*lo)+(m+M)  g 

”“-(^W+lm+;l,^’frorn  (ii) 


dynes 


la  (m+My 

Also  loss  of  kinetic  energy«=$Afu*— $ (m+Af)  v* 

■1W-!  T~~£j,  • <«) 


Afmu * 


..  m 


Ads. 


2 (m+ M) 

Let/cm/sec*  be  the  retardation  due  to  resistance  of  the 
ground,  then  from  ‘V=n,+2/r,\  we  get  0=»v*~2/o 
or  /*=»v*/2o.  .-(iv) 

Also  if;  be  the  required  time,  from  “v=*« +//*’,  we  get 

tW-//  or  ■—**  Vj~r  , from  (iv) ' ’ 

or  ,_2£  =.?»£”+£>,  fromOi) 

' - v mu  ' * 

l__2 a (m+Af)  _ a (m+Af)  h 2\ 

“ m.V(2gh)  . m * v IgA  ‘ . Hence  proved. 
Now  if  tV  be  the  weight  placed  on  the  top  of  the  pile  in  order 
to  drive ‘it  slowly  into  the  ground,  then 

‘ 1 W+  weight  of  the  pile^resistonce  of  the  ground 
or  . iV+mg—P 

r._  M'+g 

“Uc- 


~+{m+Myg  ],  -mg,  from  (iii) 


a (m-MO 

’ “W[i^HB)  + 1Js<lj'DCS-  An.. 

Ex.  14.  .Prove  that  if  a hamper  weighing  W lbs.  striking  a 
nail  weighing  w lbs.  with  velocity  V feet  per  second,  drives  it  a fret 
into  a tired  block  of  wood,  the  average  resistance  of  tbe  wood  in 


32 


Dynamics 


39/1  WE/2 


pounds  lo  the  penetration  of  the  null  Is 


\V»V» 


2go  ( W -f  »•) 

If  however  the  block  is  free  to  recoil  and  weighs  M lbs.  the 
resistance  obtained  weald  be  ^ JjTW^T)  • «■?«»» 

the  case  of  a nail  being  driven  is  in  the  horizontal  direction. 

Solution.  Case  I.  If  the  block  be  fixed.  Let  the  hammer  and 
the  nail  move  with  a common  velocity  v after  the  nail  is  being 
struck  by  the  hammer. 

Then  as  total  momentB  before  impact «*»total  momenta  after 
impact, 

so  tl'|/_(ir+,v),  or 

If  I?  be  the  average  resistance,  by  the  Principle  of  Energy, 
we  have  $ (JK+w)  v***Rag 

or  /?«(>  V+w)  v*l2ogm{ fV+w). W*V*J2og  [W+w)',  from  (i) 

' **W*V*l2ag  (}V+w).  Hence  proved. 

Case  If.  If  the  block  be  free  to  recoil . 

Let  the  hammer,  nail  and  the  block  move  with.®  common 
velocity  vx  after  the  penetration  ceases,  then  wc  have 

WV 

_ <«+H'+hO,1- IVV  .or  (ji) 

If  JRt  be  the  average  resistance  in  this  case,  then  by  Principle 
of  Energy,  we  have 

i (W+x)  v*~l  (A/-HV+W)  vf^Rsga 

or  K,~  ~ [(H'+w)v»-(Af+R;+w)vl'] 

from  (i)  and  (ii) 

_ w'vn  1 i 1 

2 ag  iW+w  ■ W-^M+w] 

= MWtVtl[2ag  (IK+w)  (A/+ JE+w)]. . Hence  proved. 
Ex.  15.’  A hammer  of  1 kilogram  strikes  a nail  of  100  gms. 
with  a velocity  of  100  cm.fsec.  Find  the  loss  in  kinetic  energy  dae 
to  striking. ' ..... 

<.  j . .. . * ■ • J . . -r  - r — u— ed  body 


.■  ■ • ■ • ■ . ■ ' • .300  gm. 

.1100  v«  1003x103  or  v*»(1000/ll)  ems./sec. 

Total  K-E.  before  impact  =4  x 100x  D*-Hx  1 000  x (IDO)* 
♦ - ; • 1 , =500x(100)*  cm.-gm. 


39/1 WE/3 
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and  total  K.E.  after  impact"'}  (lOO-hlOOO)x 

«*550x (1000/1 1)*  era.  gra. 

A Required  loss  in  K.E. 

~(500x(100)»-550x(lOOO/M)»]  cm.-gra. 

-30nx(l00)>jl-ilg|?j-500x(l00j*xi- 

«=*(53/H)xlO*  ctn.-gra.— (4*555)xl0*  ergs.  Ans. 

•Ex.  16.  In  Stirling  * train  the  poll  of  the  engine  on  the  rails 
Is  at  first  conflict  and  cqtJ*I»  P,  after  the  speed  attains  a certain 
▼aloe  u the  engine  works  at  a constant  rate  R— Pu.  Prose  that 
when  the  engine  has  attained  a speed  v > u,  the  time  / from  the 
start  Is  gfren  by  r»M  (r*-f*u*)/2R,  where  M is  the  mass  of  the 
engine  and  the  train. 

Sojntfon.  Let  tx  be  the  time  taken  in  the  first  part  of  the 
journey  when  pull  is  constant  and  equal  to  P and  let  tt  be  the 
time  taken  in  the  accond  part  of  the  journey  when  the  engine 
works  nt  a constant  rate  R—Pu. 


In  the  first  part  the  velocity  of  the  train  changes  from  O to 
u and  /n  second  part  it  changes  from  v to  r,  Let  xt  and  x,  be 
the  distances  moved  in  these  two  parts  of  journey. 

Since  change  in  K.  Energy— work  done  in  the  interval. 

.*.  \Mu'**Px i,  for  tbe  first  part  of  the  journey 
Mu* 

0r  2P'  ...0) 

And  for  the  second  part  of  the  journey, 

where  F is  the  variable  force  In  this  part.  ' 

Let  w be  the  velocity  of  the  particle  at  any  point., /■ 

Then  ' * F,o}<b>R 

or  "F*aRJw.  . (iii) 


From  (ii),  }M  (v*— u*)ej**  ~ dx 


„ M (V*— u») 

1 , ...(iv) 

Also  change  in  momentum— Impulse  of  the  force. 

•*»  M (u—Oj—P/,,  for  the  first  part  pf  journey 
/, ’*=Mu)P—Mu'}Rt  V R~Pu  " 

Acquired  loIai  tiine=r1+(1«  i^p  + . 

■r  ‘ • *’*  t •' i'*  «A/ (r*«f Hence pfoved. 
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Exercises  otj  Energy 


' **Ex.  1.  A shell  lying  in  a straight  smooth  horizontal  tube 

suddenly  breaks  into  two  portions  of  masses  mt  and  m,.  if  s is 
the  distance  apart,  in  the  tube,  of  the  masses  after  a time  t,  show 

that  the  work  done  by  the  explosion  is  1 

iRohitkharunS) 

[Hint : As  in  Ex.  11  Page  29  of  this  chapter  we  can  show  that 


, „ l\2E 

1 * V [ >«i m,  J 


Also  here  x=relative  distance  of  the  portions  after  explosion, 
at  time  / 

or  vf)  t.  Find  ■**/**]. 

Ex.  2.  A bullet  is  fired  at  a speed  of  600  metres  per  second 
on  a target,  of  mass  12  kg  and  free  to  move.  If  the  target  embed- 
ded with  the  bullet, -after  it  penetrates  the  target,  moved  with  a 
velocity  of  l-5  metres  per  second  then  find  the  mass  of  the  bullet 
and  also  the  percentage  of  loss  of  kinetic  energy. 

Ans.  kg  and  99’7% 

Ex.  3.  A stone  is  projected  vertically  upwards  with  velocity 
980  cm./sec.  Find  the  height  at  which  its  kinetic  and  potential 
energies  arc  equal. . (Take  g«980  cm.fsec*).  Ans.  245  cm. 

Ex.  4.  A shell  of  mass  (mj-f  m,)  is  fired  with  a given  velocity 
In  a given  direction.  At  the  highest  point  of  its  path,  the  shell 
explodes  into  tVvo  fragments  of  masses  mj  and  ma.  The  explosion 
produces  ao  additional  kinetic  energy  E and  the  fragments  strike 

the  ground  at  a distance  which  is  equal  to 

•where  V is  the  vertical  component  of  the  velocity  of  projection. 

•*Ex.  5.  A shetl  of  mass  M is  moving  with  velocity  V.  An 
Internal  explosion  generates  an  amount  of  energy  E and  breakes 
the  shell  into  two  portions  whose  masses  are  in  the  ratio  mt  : mt. 
ft  The  fragments  continue  to  movein  the  orig’nalline  of  motion  of 
tho  shell.  Show  that  their  velocities  are 


'+V0S£)  “4  ”-</(; 


2mtE\ 

mtM  ) 


[Hint:'  See  Ex.  12  Page  30]. 

§ JO.  Impulse  of  a force.  ( Calcutta  85;  Kanpur  85) 

Case  I.  When  the  force  Is  con  t tan  t,  If  a force  F remains 
constant  (in  magnitude  and  direction)  for  an  interval  of  time  t 
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seconds,  then  Ft  l.e.  the  product  of  the  force  F and  time  / is 
called  the  impulse  of  the  force  /’during  the  time  t. 

Case  II.  When  the  force  is  variable.  At  time  t,  let  the  mag- 
nitude of  the  force  be  F.  In  the  interval  of  time  5/  the  force 
practically  remains  constant,  so  the  impulse  of  the  force  Fin  the 
interval  of  time  S/—FS/. 


In  an  interval  of  time  tx—  tlt 
the  impulse  of  the  force  — 
In  vector  notations  : — 


* F dt. 


Definition.  If  a force  F acting  on  a particle  remains  constant 
(both  in  magnitude  and  direction)  for  an  interval  of  time  /,  then 
the  vector  I — / F is  called  the  impulse  of  the  force  F during  the 
time  t.  • 


. If  however,  if  a variable  force  F (/)  is  acting  on  the  particle 
then  during  an  interval  of  time  rx,  the  vector 


...w 

is  known  as  the  impulse  of  the  force  during  the  interval  (/lt  /*). 


If  Fis  the  resultant  of  the  number  of  concurrent  forces 
Fj,  F, F„  then  us 

W'Vii-Y?  i F,  A-  £ f'1  F,  dt 
]'r  J'l  (-J  1-1 


Impulse  of  F~I=  Tide,  during  the  interval  (r„  r.) 

l.e.  the  impulse  oFthe  resultant  of  a number  of  concurrent  forces 
is  equal  to  the  sum  of  the  impulses  of  the  concurrent  forces  taken 
separately. 

§ 11.  Impulse-momentum  Principle.  s 

Statement : The  change  in  momentum  of  a particle  during  on 
interval  of  time  Is  equal  to  tk?  impulse  of  the  force  acting  on  the 
particle  during  that  interval. 

Case  II.  When  the  force  Inconstant.  In  this  case  acceleration 
/is  also  constant,  since  force  F(say)  is  constant. 

Ifu  and  v are  the  velocities  of  the  mass  m (which  is  being 
acted  upon  by  the  force  F)  at  the  beginning  and  end  of  the 
interval /,  then  we  have  v*=,u+ft  or  ft=v—u.  ...(i) 

Also  F.t—mft,  since  F=»m/ 

, ' ' ',«-w  (v-u),  from  (i)  ' 

or  F.t^mv-mu.  ' « . 

- /.  Impulse  of  the  forcemchaoge  In  the  momentum. 

Case  II.  When  the  force  U variable.  It  the  force  is  variable, 
the  acceleration  is  also  variable. 
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*.  acceleration-atM^L  where  w is  the  velocity  at  time  /. 

.*,  Force  F—m.dwfdt 
or  Fdt^mdw. 

In  (he  Interval  (/* — f^),  we  have 

fcFdt-m  dw»m  ^ *»/7i(v~tf) 

or  impulse  in  the  interval!/,— f^eamv— mu *=»change  in  momentum 
Note.  If  u and  v arc  finite  and  interval  ((,— fj)  is  very  small 
then  the  force  must  be  very  large  and  such,  a force  is  called 
impulsive  force. 

In  vector -notations : — , , 

Let  F he  the  force  (resultant  external  force)  acting  on  the 
particle  of  mass  m during  an  interval  of  time  (/„  tt).  Let  v,  and 
r,  bo  the  velocity  vectors  or  the  particle  at  the  instants  t\  and  /, 
respectively  and  let  v be  the  velocity  vector  of  the  particle  at  any 
instant  during  this  interval  (fx*  r,). 

Then  the  equation  of  motion  of  the  particle  is 

m (rfv/rfr)** F.  ..  (i) 

If  I be  the  impulse  vector  of  the  force  F during  the  Inter* 
vaf  (txi  tt)  then  we  have  “* 

‘-ft*  , , 

- *■*!» 

‘ Hence  Impulse  of  the  forie  F during  the  interval  (tu  r,)=chang( 

In  momentum  of  the  particle  on  which  F is  acting.  Hence  proved. 

, ' §,I2.  Units  of  Impulse.  ^ 

The  units  of  impulse  are  those  used  for  momentum,'  since 
from  § 11  above  we  know  impulse  of  a force-** change  in  momen- 
tum. .*  . 

Thus  the  absolute  units  of  impulse  are  * ' ’ '» * - v 

In  F.  P.  S.  system  lb.ft.fsec  ; in  M.  K.  S.  system  kg.-m/sec. 
and  in  C,,G.  S.  system  gm.-cm./sec. 

§ 13.  Principle1  of  conservation  of  linear  motnentnn  for  a 
particle.  , “ “ f/|\  / (Ranchi  85)' 

' , 'Statement,  y If  the  resolved  part  ' in  a given  direction  of  the 
resultant  force  acting  on amoving  particle  is  zero,' then  the  resolved 
part  of  the  momentum  in  that  direction  remains  constant. 

Proof,  Let  F be  the  resultant  force  acting  on  a panicle  of 
mass  m at  the  instant  when  Its  velocity  is  v.  Then  from  Newton’s 
dv  _ </•*■■’  ' * * 

II  law  we  have  m *»F  , or  (mv)=*F, . ; ..  •,  t . 

Now  let  Fcos  a be  the  resolved  ‘part  of  force  F in  a givea 
direction  and  let  it  be  zero  i.e.  F cos  «“*0,  where  * is  constant.  * 
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Then  we  have 

d , x d , . 

(mv*  cos  et)«coSK.  (mv) 

«(cos  a)  F,  from  (i) 

=0,  V F cos  a«0 
mv  cos  a *»  constant 

l.e.  the  resolved  part  of  the  momentum  in  the  given  direction  is 
constant.  Hence  proved. 

In  vector  notations : 

Let  F be  the  resultant  force  acting  on  a particle  of  mass  m at 
the  instant  when  its  velocity  vector  is  v.  Then  from  Newton’s  II 

law,  we  have  mr=F  or  ~ (mv)=F  ... 

at  ...(in 

Let  e be  the  unit  vector  in  the  direction  in  which  the  resolved 
part  ofF  vanishes. 

Ue.  F*e=0.  where  e is  a constant  vector  being  in  a given  direction. 
.*.  -—■  (e-mv)=c«  (mv),  y e is  constant 

“e*F,  from  (ii) 

=0,  V F*e=0. 


e •/»!?"•  const  ant 

f,e,  the  resolved  part  of  the  momentum  vector  mv  in  the  given 
direction  is  zero.  Hence  proved. 

§ 14.  Principle  of  conservation  of  linear  moraentnm  for  a sys- 
tem particles.  ...  * 

Statement.  If  the  sum  of  the  resolved  parts  in  a given  direction 
of  the  external  force  acting  on  a system  of  particles  Is  zero,  then  the 
resolved  part  of  the  total  momentum  of  the  system  in  that  direction 
remains  constant. 

Proof  : In  vector  notations : — Let  us  consider  a system  of  two 
particles  of  masses  mt  and  m,  only,  let  their  velocity  vectors  at 
any  instant  be  vt  and  v,  and  let  the  resultant  external  forces  act- 
ing on  them  be  F,  and  F8  respectively. 

Let  R be  the  interna!  force  acting  on  the  particle  of  mass  m, 
due  to  that  of  mass  m,. 

Then  from  Newton’s  II  law  of  Motion,  we  have 

i-(™,..)-F1+R.ndi(B.,1)=F.-B,  • (No|e) 

/ Adding  these,  we  get  —■  (m1v1+m2vt)=F1+ F,  , ‘ 


Dynamics 


3S 


Now  if  the  sum  of  the  resolved  parts  of  Vx  and  F,  in  a given 
direction  vanishes  and  if  e be  the  unit  vector’  in  that  direction, 
then 

(Ft+I'ih*"®.  where  c is  a constant  vector 

~ (m^-f  mav,),  7 c is  constant 
from  (i) 

-0 


or  constant 

i,e,  the  resolved  part  of  the  total  momentum  of  the  system  in  the 
given  direction  is  constant.  Hence  provfed. 

Solved  Examples  on  loipnlse 


Ex.  1.  A force  acting  on  a body  of  mass  5 lbs.  changes  Us 
velocity  from  30  mllcs/hr  to  45  railes/hr.  Find  the  impulse  of  tbe 
force. 


Sol.  Wc  know  (from  § 11  Page  35)  that 
Impulse  of  forcc*=change  in  momentum 


Here  final  raomentum~5x 


60x60 
5x66  lbs.  ft/sec 


30  v 1760  X 3 

and  initial  momentum « 5 X — gox60 — 

—5x44  lbs.  ft/sec  ’ 

From  (i),  the  required  impulse 

*=(5x66)~(5x44)=O10  lbs.  ft/sec.  Ans. 

Ex.  2.  A mass  of  5 lbs  attached  to  a string  is  at  rest.  If  a 
sodden  jerk  of  tbe  string  produces  in  the  mass  a velocity  of  12 
ft/sec,  fin/1  the  impulse  of  the  jerk. 

Solution.  Initial  momentum*=5x0=0  lbs.  ft/sec. 


Final  momentum=*5x  12=60  lbs.  ft/sec. 

The  required  impulse  of  the  jerk 
e=change  in  momentum 
=(60~0)=60  lbs.  ft/sec.  Ans. 


Exercise  on  Impulse 

Ex.  Correct  the  following  sentence  : — 

“Impulsive  force  is  a. ..force  acting  for  ....  time.” 

Ans.  Impulsive  force  is  a very  large  force  acting  for  a very 
short  time. 


MISCELLANEOUS  SOLVED  EXAMPLES 


Ex.  t.  A jet  of  water  issues  vertically  at  a speed  of  30  ft  per 
^second  from  a nozzle  of  0*1  square  inch  section.  A ball  neighing  I 
‘ |b.  Js  balanced  in  the  air  by  the  impact  of  water  on  Us  inner  side. 
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Show  that  the  height  of  the  ball  above  Ibe  level  of  the  Jet  Is4  6 feci 
approximately.  (1  ca.  ft.  of  water  weighs  62*5  lbs). 

Solution.  The  section  of  the  nozzle«0*l  sq.  inch 
**1/1440  sq.ft. 

The  speed  of  the  jet  of  water  =*30  ft./sec. 

Mass  m of  water  issued  from  the  jet  per  second 
*=(I/1440)x 30  x 62-5  lbs.  (V  1 cu.  ft.*  of  watcr«62-5  lbs.) 


3x625 

144U 


lbs. 


Also  if  h be  the  height  of  the  ball  above  the  level  of  the  jet 
and  v the  velocity  of  the  water  at  the  time  ofstriking  the  ball,  then 
from  we  get  v,=(30)*— 2g.:»  or  v— ^(900— 2gA).  ...(ii) 

Now  the  mass  given  by  (i)  strikes  he  ball  with  velocity  v 
(given  by  (ii)l  and  reduces  to  rest  and  the  force  in  the  vertical 
direction  is  the  weight  of  the  bali  which,  is  1 Jb.  or  g-poundals 
(given). 

Also  by  Newton's  second  law,  rate  of  change  of  momentum 
tn  the  vertical  dircction=*thc  force  in  that  direction. 
m(v-0)-g 

or  X V<900-2S/0-ir.  from  (i)  anrl(ii) 


V(900-2$/0=l't'%/(3x625)«96,?/125 
90a-2*k-(9«/125)V,  wliere  g-}2  fi/stc* 


. 900  !96\'/g\  900  96x96x16  , , 

or  »-  2J  -[{jsl  (t)~  64  ~ i-25xio'-4-6aPPrM- 

Hence  proved. 

Ex.  2.  A cylindrical  cork  of  length  / and  • ' ■“  y 

extra rivl  f”* " *»--•*  * ( 


1 

l 

Solution.  Let  a length  h of  cork  be  in  the  contact  with  the 
neck  ot  the  bottle.  Then  the  area  of  the  surface  of  the  cork  in 
contact  with  the  neck  of  the  bottle  is  2nrh. 

Since  p :s  tu“  r~*"r*‘  ' " it  of  area  bet. 

ween:  . ■ ■■  k at  any  time, 

so  we  : ' 

and  ■ ' ■ 

H 1 ■ ..K  -«.*e  »u  extracting  a further  length  Bh  of  the  cork 

*=n2r.rh  P.Xh. 

P.equncd  work  done=2«'f«r/>  |*  k <ih=*2nitrP 

( __  ’ ' Atjs, 
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Ex.  3.  Water  Issuing  from  a nozzle  of  radius  r cmi.  wMl>  * 
reloclt  jvcrolacc..  Impinges  on  a vertical  wall,  the  Jet  being**  right 
angles  to  the  wall.  If  there  Is  no  splash,  find  the  pressure  exerted 
on  the  wall. 

Solnlfon.  When  the  jet  strikes  the  wall,  the  wall  exerts  a force 
R dynes  per  square  centimetre  (say)  on  the  jet  which  destroys  Its 
momentum  along  a normal  to  the  wall. 

Then  the  mass  of  water  that  reaches  the  wall  in  one  second 
— (r.r*)  v gnu. 

«*.  Change  in  roomentum*-R/’V(0— (— r)J,  Ana. 

in  the  direction  of  R which  is  opposite  to  the  direction  of  the  jet. 
l.e.  change  in  n)omentum*=>rrr,v*  gm-cm/sec.  •••(>) 

Also  the  impulse  of  the  force  R la  oae  second 

«»(f zr'RfA  gm-cm/sec.  (Note)  .~(ii) 

V Change  in  moraent;ura»  impulse  of  the  force. 
k rV— from  (i)  and  (ii) 
or  /J=ay*  dynes/cm*. 

From  Newton’s  III  Law,  the  pressure  exerted  on  the  wall 

. «=/?=>*  dy  ne$/cmf.  Ans. 

Ex.  4.  A uniform  chain  Is  called  lo  a heap  on  a horizontal 
plane,  a man  takes  bold  of  one  end  raises  It  nnl/brraly  with  a veto- 
city  v.  Show  that  when  bis  hand  Is  at  a height  h shore  the  plane, 
the  pressure  on  bis  hand  is  equal  to  the  weight  of  a length {h+v*lg) 
of  the  chain. 

Sojotion.  Let  m be  the  mass  per  unit  length  of  the  chain.  Let 
at  time  / the  length  of  the  chain  raised  above  the  plane  be  x. 

The  weight  of  the  length  x of  the  chaia=x/ng  and  itsmonten- 
tum«*m.r,  where  v is  its  velocity  (given) 

Total  force  on  this  mass  at  time  t^P—mgx, 
where  P is  the  uniform  pull  of  the  man. 

Also  by  Newton's  second  law  of  motion,  we  kornv  rate  of 
change  of  momentum  ^impressed  force. 

* ~(xm.v)*=P-mgx  . or  wv.~  <^P—mgx 
at  at 

or  mv*~P~mgx,  V dx\dt*=v 

or  P^mgx+tnv*. 

When  his  hand  is  at  a height  h above  the  plane,  the  pres- 
sure  on  his  hand •z-mgh +!&*'=*  mg  (A-f  v*/g).  Hence  proved. 

i • r | ■ *-*-  ” *’  ‘ -1,  so 

■ . . , ■ • the 

dan! 
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Solution.  The  chain  AB  of  length  / 
is  held  by  Its  upper  end  A so  that  the 
lower  end  B is  at  a height  a above  the 
horizontal  plane.  Let  m be  the  mass  per 
unit  length  of  the  chain.  p 

Take  a point  P of  the  chain,  such 
thatif/>=x  Also  the  height  of  P above  x 

the  horizontal  plane=(d-fx).  The  o 

velocity  of  P on  reaching  the  horizontal  ° 

plane«{2^  (d-fx)},  when  the  upper  end  ^ 

is  let  go  and  the  string  moves  vertically 

downward  and  under  gravity.  — — » 

In  the  time  3/  a length  (Fig.  13) 

V'{2g(d4-*)}.8/  of  chain  will  strike  the  horizontal  plane  with  a 
velocity  Vl2g(d+X)}  which  will  remain  the  same  for  each  point 
of  this  length  as  St  is  small. 

.*.  Change  in  momentum  in  time  St 

=*my/{2g  {d+x)).St.\/{2g  (d+x)}~>2mg  (d+x).Sl 

Rate  of  change  of  momentum  = «=2 nig(d+x) 

Now  we  know  that  rate  of  change  of  momentum  is  equal  to 
the  impressed  force. 

When  the  point  P strikes  the  horizontal  plane,  the  force 
due  to  striking=2m  (d+x). 

Hence  at  the  instant  when  a length  x of  the  chain  coiled  on 
upon  the  plaue,  total  pressure  on  the  plane 

= Pressure  due  to  striking -f- weight  of  the  chain  coiled  on 
the  plane*=2mg  (d+x)+ntxg~3mxg+2Mgd.  Ans. 

Ex.  6.  A block  of  mass  M rests  on  a smooth  horizontal  table 
and  a bullet  of  mass  m is  fired  into  it.  The  penetration  of  the  buJiet 
is  opposed  by  a constant  resisting  force.  If  the  experiment  is 
repeated  with  block  firmly  fixed,  show  that  the  depth  of  penetra- 
tion of  the  bullet  and  the  time  which  elapses  before  bullet  is  at 
rest  relatively  to  the  block  are  each  increased  in  the  ratio 

' ' Solution.  When  the  block  is  fixed.  Let  the  bullet  strike  the 
block  with  a velocity  u.  Let  x be  the  depth  of  penetration  and  t 
the  time  of  this  penetration.  Let  P be  the  constant  resisting  force. 

From  “change  in  momentum =impulse  ot  the  force*'  we 
have  mu=*P»t  ...(!) 

Also  from  “change  in  kinetic  en:rgy=work  done,”  we  have 

{mu'^P.x.  • ..  (,7) 
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Wbcn  the  block  Is  free  to  more.  In  this  case  let  x'  be  the 
depth  of  penetration  and  /'  the  time  of  this  penetration.  Let  the 
bullet  and  the  Mock  move  with  velocity  v after  *tbis  penetration 
ceases. 


Then,  from  "change  in  racmentum*=  impulse  of  the  force,’* 
wc  have  ^ 

And  from  "change  in  kinetic  energy®*  work  done,”  we  get 
pnn*--i  v*e*p.x'  (Note)  ,..(jv) 

Also  from  principle  of  conservation  of  momentum,  we  have 
mu—tm+Mfv. 

Dividing  (i)  by  (tii),  we  have 

’ ,mi(ntT.ir,  -Uma  W 


m+Af 


■('+£} 


r:  I. 

Also  from  fil)  and  (iv),  we  get 


Hence  proved. 


x __  } mui*  _ u* 

v«/m* 

*“  (nt + M)*  v*  _ ( m+Af  \ / ff0ra  < v> 
m*  \ m J v 

? nri’Af  . , m 

*“  1 -f-A/)}  *"  m *" 1 + A / 

or  * : 5 “(1  •Mwi/Af)] : I.  Hence  proved. 

7.  Two  particles  of  messes  3m  and  m are  attached  to  the 
ends  A,  B respectively  of  a light  red  3 m.  long  which  is  freely  htoped 
at  a fixed  point  O io  the  rod  where  BO =2  m.  and  the  rod  is  cons* 
trained  to  rotate  ia  a vertical  plane.  Initially  A Is  above  O.  short 
that  if  the  rod  is  just  disturbed  A will  pass  through  the  lowest  posi- 
tion with  velocity  J\/f28£). 

Solution,  Given  AB=> 3 metres,  £0= 2 m.  and  0A*=1  m. 

If  the  rod  is  slightly  displaced,  A and  B will  describle  circles 
with  common  centre  O but  radius  AO  and  SO  respectively.  At  A 
and  B,  there  are  two  forces  acting  viz.  tension  aod  weight.  Tension 
will  act  at  A in  the  sense  AO  and  at  B in  the  sense  BO.  But  there 
being  obstacle  at  0%  the  tension  in  two  parts  will  be  difBcrenf. 
Also  these  tensions  will  do  no  work. 

The  angular  velocity  of  the  particle  at  A is  the  same  as  that 
of  the  particle  at  B (angles  described  being  equal) 
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Let  the  angular  velo- 
city be  c*^dO/dt. 

The  linear  velocity 
of  A~,iadbldty,—OA:u>^  l.to 
and  the  linear  velocity  of  B 
— OB,(o= 2u). 

Kinetic  energy 
(3m)  «,*+*  (m)  (2a,)* 
and 


potential  energy=3 mg.AL—tng.BAf  (Fig.  14) 

•=3mg  OA  cos  0 — mg  OB  cos  0 
-*=3 nig  cos  0—2mg  cos  e.  v OA—  I m,  OB*=  2 m 
■ =uig  cos  0. 

V Sum  total  of  two  energies  is  constant. 

(7/2)  mta*+mg  cos  0c=constam=/:  (say).  ...(i) 

Initially  i.e.  when  A is  above  O,  0=0,  so  oi=0,  k=>mg  ..,(ii) 
Finally  when  A >s  the  lowe  point  and  4B  is  vertical 
0—r  and  let  <»=«»>„, 

From  (i),  (7/2)  ///a,,,*-  mp^L^ntg,  from  (ii)  or  <o0**s*g. 

••  velocity  of  A in  its  lowest  position=“n  dd/dt" 

t=*OA  ?£»■*-?  ^(28#).  Hence  proved. 


Ex.  8.  Two  cqa.il  weights  P and  P are  supported  by  a string 
passing  over  smooth  pegs  A and  15  in  the  same  horizontal  line,  a 
weight  Q=*2P/v'3  Is  attached  to  the  middle  point  of  the  string  bet- 
ween A and  B.  Prove  that  Q will  descend  until  QAB  forms  an  equi- 
lateral triangle. 

Solution.  Let  AFt=2a 

The  pegs’being  smooth,  the  tension  throughout  the  string 
(even  before  attachment)  will  remain  the  same.  When  0is  attach- 
ed, the  tension  will  be  different  in  two  parts,  but  due  to  perfect 
symmetry  these  tensions  will  be  equal.  Let  the  string  be  of  length 
21.  Then  initially  hanging  portions  are  each  equal  to  (l —a).  Also 
no 'Work  is  done  by  these  tersions  of  the  strings. 


Let  in  any  portion, 
LQAB^O.  Let  at  any 
instant  QD^z  and  the 
hanging  portions  •=/. 

We  know  sum  total 
of  two  encrgics=const. 

, For  the  whole 
system  we  have 


(Fig.  15) 
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[2  IPy* 4*1  Q;']  +[  —2 Pgy — Qgz]=*  cons  t, — k fray)  (Note) 

Imtiallyy=«(f—  a),  z«0,  y«0  and  4=0. 

0+0-2/^  (/-<7)~0=*  or  *«-2Fg(/-o} 

»*.  (/-  a).  ...(f) 

Also  from  the  figure  it  is  evident  that 

OA-f-AP**}  (length  ofstriDg) 

or  Vfa’-f  2*j-f  >"=/»  ...(H) 


Differentiating  with  respect  to  /,  we  get 

...(li|) 

When  motion  stops,  then  Q stops  or  i*»0  and  y«0  at  the 
same  time. 

Let  Q descend  »ipto  r—r,  and  y=y,. 

When  motion  stops  from  (i),  w..  «ave 

0+0—2Pgyt-~QgZt**—2Pg  (l -a) 
or  2Pyi+2P2J/v'3=2/'(/-a),  y g=2W3 

or  J, +(--,/ V3)-/-o.  ...(iv) 

And  when  the  motion  stops,  from  (ii),  we  have 
or 

Substituting  this  value  of  y,  in  (iv),  we  have 

/-V'(o»+r1»)+fr,/v/3)«^o  * 

or  v'fn*4-*J,)~ fl-H-j/v'S). 

Squaring,  o,+r,t='fl*+("i*/3)4-(2e2,/\/3) 
or  (221*/3)-(2^i/V3)  or  z^ay/3  or  0. 

But  2 =°  gives  the  original  level.  Hence  z^ay/3. 

' 1 n ° ° i 

...  In  A ABQ-  cot  e~DQ  '*z,  ““os/S  ‘"v'3 
' n_^3  or«=60"  or  Arfffg  is  d equilateral  triangle. 

or  tan  - - * ' inelastic  plal- 

■sy.  One  of  the 
ntre  of  grarltf 
t same  energy 
Iso  a height 


men  le»l*‘ut>  ” .*•  - 

throush  » XffJ  . 
from  the  pf'H'. 
(M+2^1*.  fottiall. 
fT/vT?^) 

{tin  Let  th 


I 

t if  he  l 
e of  g* 
being 


*r 
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and  V be  the  common  velocity  of  moving  system  which  comp- 
rises of  mass  m on  one  side  and  mass  { nt+M ) on  the  other. 

• A From  principle  of  momentum,  we  have 

F ...(t) 

If  due  to  leaping,  the  C.G.  of  the  man  rises  to  a height  hit 
then  from  “v,=n,+2/r’>  we  get  0=>ri—2ghl  or  v1=2ghl  ...(ii) 
Also  energy  of  the  jump-*  Mgh. 

By  the  principle  of  conservation  of  energy,  we  have 
<2m+A/)  V'-Mgh 

or\M  (2 ghj+i  (2m + M).{Mvj(2m -f- M )}* = Mgh,  from  (i)  and  (ii) 

otM^+2Wr,  h °r**‘+  ££%  ~*h- from  (ii) 

” A‘['+  2m7X?]  ”*  °f  Zxm+M)  ' Hence  proved. 

Ex.  10.  A platform  of  mass  m and  a connterpolse  of  mass 
(tn+M)  are  connected  by  a light  cord  which  passes  over  a small 
smooth  pulley,  A man  of  mass  M is  standing  on  the  platform  which 
Is  at  rest.  If  the  man  leaps  vertically  with  velocity,*/,  find  the  dis- 
tance through  Which  the  platform  will  descend  and  show  that  when 
the  man  meets  the  platform  again  both  are  In  their  original  positions. 

Solution.  Let  the  man  leap  from  the  platform  with  velocity  v ( 
and  V be  the  common  velocity  of  the  moving  system  which  com- 
prises of  mass  m on  one  side  aad  mass  (m  f A{)  on  the  other. 

From  principle  of  momentum,  we  have 
Mv*={m+(m+M)}  V or  V**Afvl(AI+2m).  ...(!) 

If/be  the  retardation  to  the  motion  of  the  system,  then 
i (Af-fm)-m  Mg 

s (Af+mj+m  (Af-t-2m)  * ...(ii) 

If  t be  the  time  taken  by  the  platform  in  coming  to  its  ori- 
ginal, then  we  have 

' _ ■ - H- 

t^2tx,  where  0«»  V—ftu  from  V=w+/V’ 

' » VH  ^2.  - Mv  ' (Af+2w)-_  2v 

1 1 1 f ' (M+2m)  ’ Mg  g 

* ta^c”  tfie  ma°  in  coming  to  his  original  position. 

' t Hence  when  thV  man  meets  the  platform  again  both  ate  in' 
their  original  position. 
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Also  from  “v1c=«^4•2/s*,  we  have  tlie  distance  moved  by  the 
system  before  coming  to  rest,  then 


a Vi~2fs  °r  5—  ~ * 


it/'v* 


W+2m) 

Mg  ' 


from  (i)  and  (ii)' 


2 [M+2my 

or  s — Mv*l[2g  ( A/+2»ri)  ] . 

*Ex.  11.  A mass  m is  attached  to  one  end  of  an  elastic  string  of 
length  a,  the  other  end  being  fixed  to  a peg.  Initially  m is  held 
near  the  peg  and  projected  with  a velocity  v vertically  downwards. 
If  the  particle  moves  all  along  in  a straight  line,  the  depth  h below 
the  peg  of  m when  it  is  first  at  Vest  is  given  by  the  equation  vJ+2 gh 
=A  (ft-aj’/ma,  where  A is  the  modulus  of  elasticity  of  the  string. 

• Sojntioo.  O is  the  fixed  peg  and  OA  is  the  natural  length  of 
the  string. 

As  the  mass  m falts  from  O to  A,  there  will  be  no  tension  in 
the  string  and  only  the  weight  of  the  particle  (of  mass  m)  will  do 


work  in  moving  downwards.  Let  u be 
the  velocity  of  this  mass  at  A. 

Then  from  “change  in  K.  Energy 
=»work  done”,  we  get 

(u*— v*)’=mg  a.  ...(i) 

After  the  natural  length  is  covered, 
the' weight  will  act  downwards  and  the 
tension  of  the  elastic  string  will  act  up* 
wards. 

The  work  will  be  done  against 

tension. 

From  “change  in  kinetic  energy=  work  done’ 


a 

(Fig.  16) 


i>n  (6—«/*)= mg  (h~a)— 


(h~a)\\(h~o) 


+0 


(h—a)— 


A f h-a)* 


] 


Adding  (i)  and  (ii),  we  get  ■ 

A a.  j A / 


or  mv*+2mg/i= 

Hence  proved. 

**E*.  12.  If  a particle  falls  under  gravity,  prove  that  the  sura 
of  Its  kinetic  and  potential  energies  is  constant  at  any  instant. 

(Kanpur  85) 


Impulse,  Work  and  Energy 
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Solution.  Refer  Fig.  16  Page  46. 

Let  the  particle  fall  from  the  point  0 which  is  at  a height  h 
above  the  ground  to  B on  the  ground.  Let  A be  a position  of  the 
particle  at  a depth  a below  O. 

At  Ot  the  point  of  start,  we  have 
Kinetic  energy«"£/m,l,,=0,  V v=0  at  0 
■ Potential  energy=work  done  if  the  particle.be  allowed  to  fall 
. from  O to  B 

=*ntghf  where  m is  the  mass  of  the  particle. 
Sum  of  the  energies  at  O—Q+mgh^mgh.  ...tf) 

At  A,  if  v be  the  velocity  of  the  particle,  then  from 
Uv*mu*+2f$*t  we  have  v***0+2ga. 

r\  Kinetic  energy  at  (2ga)**mga. 

Potential  energy  at  -4*=  work  done  if  the  particle  be  allowed  to 
fall  from  A to  B 
—nig  (h-o). 

■.*,  Sum  of  energies  at  A**mga+ing  (h~a)^mgh  ...(ii) 
At  B if,  V be  the  velocity  of  the  particle,  the  from 
we  have  V*~0+2gh. 

Kinetic  energy  at  *=}m  (2 gh)^mgh. ' 

Potential  energy  at  Z?=0,  since  the  particle  has  already 
reached  Its  standard  position 
(See  § 5 Pages  17-18  ofjbis  Chapter). 
.*.  Sum  of  energies  at  £= nigh +0*=  nigh.  ...(iii) 

From  (i),  (ii)  and  (ill),  we  observe  that  the  sum  of  energies  is 
constant  at  any  instant. 


••Ex.  13.  Prove  that  the  mean  kinetic  energy  of  a particle  of 
mass  m moving  under  a constant  acceleration,  in  any  interval  fo 
thne,  is  u, +«**)»  where  a,  and  ut  are  the  initial  and 

final  velocities. 

Solution.  Let  after  time  t,  the  velocity  of  the  particle  be  v. 
Let/be  the  constant  acceleration  and  T be  the  total  time  taken.' 

Then  from  "v— w-fZ/’*,  we  have 

v~Vx+/>  ..(i)  and  u^u^/T  ...(ii) 


Now  mean  K.  Energy-— ^ dt 

m F 

5 j«  +/0’  dt,  from  (i) 

rhH  “#r 


2TJ 
rn  ( 

a2rL 


(Note) 
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39/1  WE/3 


~ fr°m  (ii) 

and  putting/T*»«8--W| 
Hence  proved. 

EXERCISES  ON  IMPUISE,  WORK,  ENERGY  , 

Ex.  X.  Find  the  energy  of  an  elastic  extended  string. 

Ex.  2.  A heavy  chain  of  length  / is  held  by  its  upper  end,  so 
that  its  lower  end  is  at  a height  / above  a horizontal  plane,  if  the 
upper  end  is  let  go,  prove  that,  at  the  instant  when  half  the  chain 
is  coiled  upon  the  plane,  the  pressure  on  the  plane  is  to  the 
weight  of  the  chain  in  the  ratio  7:2. 

[Hint.  See  Ex.  5 Page  40]. 


Relative  Motion 


§ Relatire  Motion.  Everything  is  in  motion  or  in  rest  only 
relative  to  the  earth.  But  earth  Itself  is  in  motion  relative  to  the  sun. 
Hence  we  can  find  only  the  relative  motion  of  any  object  and  not  its 
absolute  motion. 

When  the  velocity  of  a moving  body  relative  to  another  moving 
body  is  obtained,  it  is  said  to  be  relative  velocity. 

§ 2.  Rclathe  velocity  and  acceleration. 

Consider  the  relative 
velocity  of  two  points  P 
and  Q moving  over  a 
plane. 

With  reference  to  the 
axes  of  coordinates  Ox 
and  Oy,  let  the  coordi- 
nates of  P and  Qbc(xt,yt) 
and(x2,  y2)  respectively. 

Referred  to  these  axes 
the  component  velocities 
of  p and  Q are  xj,  j> i and 
*2,  h.  respectively. 

• Pass  through  P two 
straight  lines  PX  and  PY 
parallel  (o  Ox  and  Oy  respectively. 

With  reference  to  P (as  if  it  is  fixed)  the  component  velocities 
of -Q  ore  dX/dt  and  dYjdt. 

Let  us  suppose  Ox  and  Oy  are  fixed  but  P is  a moving  ‘point. 
Hence  Px  and  Py  are  not  fixed.  From  P and  Q draw  PL  ana  QN 
perpendiculars  to  Ox. 

Then'OL=xi,  PL=?}’t,  PAf».Y— x2— .Yj  and  gA/~  yt 

Differentiating  (dX/dt)~X2—xt,  and  (dYjdt)=3yi~j>\ 

{dXfdt)  and  {dYjdt)  are  relative  component  velocities  of  Q referred 
to  point  P,  x2,  yt  are  the  absolute  velocities  of  the  point  Q referred 
to  the  point  O as  Ox  and  Oy  are  taken  to  be  fixed. 

Similarly  xt  and  pi  are  the  absolute  velocities  of  the  point  P 
referred  to  the  point  O.  , , 

. -From  above  we  find  ~ W*2— x,  and  — • 

which  show  that  the  velocity  .components  of  the  point  Q relative  to 
Pare  obtained  by  adding  to  the.  actual  velocity  components of  Q 
the  actual  velocity  components  of  P which  are  equal  but  opposite  to 
' ■ V . - 39/RM/l 


QcXj.i/t) 

(X,YY 


p . 

i 


i r 

(Fig-  1) 
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those  of  Q. 

Velocity  of  Q relative  to  P Is  the  resultant  of  the  absolute 
Telocity  of  Q and  reversed  velocity  of  P. 

d*X  ..  ..  . d*Y  ..  .. 

Also  gjj  =x2-xi  and  =yi~n 

ePX  d2Y 

Here  and  -^y  are  the  accelerations  of  Q,  relative  to  P 
and  as  before  we  conclude  that 


Acceleration  of  Q relative  to  P Is  the  resultant  of  the  absolafe 
velocity  of  Q and  reversed  velocity  of  p. 

§ 3.  Relative  Velocity  ( Vector  approach r). 

In  the  previous  chapters  we  have  so  far  considered  the  motion 
of  a particle  referred  to  some  origin  which  we  supposed  as  fixed  in 
space.  Kow'it  may  so  happen  that  this  origin  is  not  fixed  but  mo- 
ving in  space. 


Let  r be  the  position  vector  of  a moving 
point  P at  time  t referred  to  O as  origin. 

Let  R be  the  position  vector  of  the  point 
O'  at  time  t referred  to  O as  origin. 

Now  if  r'  be  the  position  vector  of  P at 
time  t referred  to  O'  as  origin,,  then  we  have 
(see  fig.  2)  r=*R-fr'  ...(i) 

If  V be  the  velocity  vector  of  O'  and  v that 

of  P relative  to  0,  then  V=  ~ and  v*=  ^ 

Let  v'=  then  >'  is  called  the  velocity 


...(H))  Fig.  2) 
vector’  of  P relative 


to  O'. 


Now 


"V— V,  from  (it) 


dr' 

**  dt  = 
dr^  dR 

* dt  dt' 

i.e.  ' V-v-V  . ..'(iu) 

which  shows  that  the  velocity  of  P relative"  -to  O'  is  obtained  by 
adding  the  reversed  velocity  of  O'  to  the  absolute  velocity  of  P.  Hence 
by  absolute  velocity  of  P is  meant  the  velocity  of  P referred  to  some 


fixed  origin.  / 

* Hence  we  conclude  that  if  u and.v  be  the  velocity  vectors  of  two 
moving  poipts  P.  and  Q,  then  the  velocity  vector  of  P relative  to  <3 
is  xx— v and  that  of  Q relative  to  P is  v— u. 


Relative  Motion 


§ 4.  Relative  angular  velocity. 

At  any  time  t,  let  A and  B be  the  positions  of  two  .moving 


points, 


Let  their  velocities  u and  v make  angles  ff  nrnl  ^ , with  the  Ihifi 


Reduce  A to  rest  by  applying  a velocity  |c>  jjfleh  of  ihfi 
points  A and  B i.e.  by  applying  velocities  -w  cos  0 ml  tin  (f 
along  and  perpendicular  to  AB  to  each  of  the  points  A ml  Jl, 

Then  the  components  pf  velocity  of  Jl  will  lie  [y  cos  cok  fi\ 
and  (v  sin  4>~-u  sin  0)  in  the  sense  of  AB  and  pcrpcnif/cnhif  (o  A ft, 

. . Angular  velocity  of  R relative  to  Am  ^ ' 

• (v  cos  u cos  6)  having  no  effect  In  rotating  A/lfibnvt  A, 
Solved  Examples  on  Relative  Motion, 

•Ex.!.  Wind  is  blowing  In  tlio  <Urcct/w,  of  (rack 

Two  trains  are  moving  with  the  same  •peed  In  npmfo  Mm'ilttu*  the 
steam  track  of  one  of  the  trains  Is  Mcejfat  oft}* 
the  speed  of  each  train  Is  three  time*  \hnt  of  tf*  */„/ 

pectivety."  M 

- The  relative  velocity  of  (lie  ^ ^ 


wind«= 


And  the  relative  velocity  of  lU,*.,  ,„{>1  , , , , ' 

the  direction  opposite  to  thstoftL. V/  l '^ 

“ The  lengths  of  the  tfrir  * /’ 

in  unit  time  are  (u-v).l  tajfytn  uS}£f  *!"*  *fy/Ve  * 
According  to  tU  th~  JL 


.or 

he. 


OH**).! 

"■2  **-*■*'  * 


SJ>CCCJ  C*  6 ftji,  t'f;j  i xYjeiJ*** 


-4 _p4 

^{q  tpa/m 

! 

44-TApt  A 

l/S. 

C ‘ 

Relative  Motion 
° SUCh  ’ 

velMiti'„r0.?  ''Presents  the 
rcv^l2j°j- the  ,ram.in  >he 
reversed  direction. 

. Complete  the  parallelo- 
0.BC7)  aCtTT,lly  ‘‘  /s  rectangle) 
af  ih.  Then  the  velocity 
' tra  J *Sinl  rclflt'v«  to  the 
tarn  will  ,be  represented  in. 

agmtude  and  direction  by  the  diagonal  OC.  (Fig.  ' J) 

• *•  '’-0.C=v'COAHOAt)=v/[(33)2+(44)J]=1]  V(3j+42)_J5 

Also  if  /_COD=0,  then  tan  9=  5?  = 33  _ 3 

OD  OD  44  “ T 

“ ’ tan  LAOC~ tan  (l8O°-0),  see  figure  above 
op  ‘ . . -tan  0=— (3/4) 

„ - j^^OC=tan~'  (—3/4) 

train,  to  Jove  w°bt!'VilliaP?ear’  t0'lhe  Pa,senSers  si“in6  in  the 
an  angle  tan-1  f 3ut  ”• 5.5.  “/second  in  a direction  making 
8 . • n ■ with  the  direction  of  motion  of  the  train. 

'cbuoeUnn.  Ttl.C  dr0'IS  °r  "aler  fa,li“E  frDm  ,hc  veiling  of  the 
clear  the  whtoTTtS*  f,/2J  ’Yi"‘  ,hc  "orlzodtoi 

decimetre,  „„  V "'  lr°  " ai"1  ,tc  vel°clty  of  the  drop,  is  24 
-i^iS,a„Pe  S '°  rd°Ci,y0f  ncg.ee, 

Sol..  Let  the  velocity  of  the  train  be  v decimetres/second. 

velocity  Jf  tbTtr«‘  VvIochy  of  the  dr°Ps  of  'va,er  and  the  reversed 

OJiand  on  U rcpr'sen,edln  maSni,ude  ""d  direction  by 

vn  and  OD,  then  we  have  Ofl=24,  OD=v.  , 

OAG»’<l?ple(J  tt<!  Parallelogram 
droos  rSC."  ,l)e  velocity  of  the 
be  £1  re  at,ve  to  the  train  - will 

duJSM  .maS°itude  and 
ration  by  the  diagonal  OC.  - 

the  ,t/„f,;Ure  -apparent  velocity  of 

tteh6?g,S^e5,annMe,ee'vith 

a“  S“1  (given)  or  cot  9=2 
that  ■N°'V  ‘ in  h0BC-  ’wc  had 


- ~'ec 

•J  ! sm"(90'— 9)  ’ 


OB  • 

; sTTF  (see  “Sore  above) 


II  &?aos 

, . 1 

c 

9 • 

(Fig.  6)' 
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or  dr  "dr  or  *-Meot«-M 

. /.  TTic  required  velocity  of  the  train=48  decimetres/tecond. 

A ns. 

Ex.  7.  To  an  observer  on  (lie  ground,  (he  aeroplane  A appears 
to  fly  at  a constant  height  towards  north  with  a speed  800  Icra./hr. 
To  thepilot  of  this  plane  nnother  plane  B appears  to  fly  at  the  same 
height  towards  west  with  a speed  600  km./hr.  To  the  observer  on 
ground  find  fa  what  direction  and  with  what  speed  the  plane  B w III 


appear  to  fly  7 

Sol.  Let  O be  the  position 
of  the  observer  on  the  ground. 
Let  to  the  pilot  of  the  plane  A, 
when  it  is  flying  exactly  over 
observer  O towards  north  with 
a speed  800  km./hr.,  the  second 
plane  B appears  to  fly  towards 
* west  with  a speed  of  600  km./hr. 

Tlic  velocity  600  km./hr. 
of  the  plane  B is  relative  to  th 
plane  A,  so  it  is  the  resultant  of 
the  reversed  velocity  of  ■ A and 
the  absolute  velocity  of  B. 

, • Let  OK’  and  OM  represent 
in  magnitude  and  direction  the 
reversed  velocity  of  the  plane  A 
and  the  absolute  velocity  of  2L 


(Roorkce. Entrance) 


(Fig.  7) 


Let  K be  the  absolute  velocity  of  the  plane  which  is  repre- 
sented in' magnitude  and  direction  by  OP  (see  Fig.  7 above). 

Join  MP  and  MK'  to  complete  the  parallelogram  PMK'O. 

Let  f_POK*=0,  then  LPOM^W-B 

; (N««e) 

or  cot  0*4/3  or  tan  0=3/4  or  0—tan"1  (3/4).  ...(i) 

Again  in  APOJf,  « And  sin  (9O°~0)=  or  cos  «•= 

or  y=s800  sec  0,  where  tan  0=3/4  which  gives  sec  0=5/4 
or  K=  800  (5/4)= 1000  km./hr. 

^Hence  to  the  observer  at  O on  the  ground,  the  plane  B will 
appear  (o  fly  at  a speed  of  1000  km./hr.  in  a direction  making  an 
angle  tan-1  (3/4)  towards  west  with  the  north.  Ans. 

Ex.  8..  From  a light  house  an  observer  obsenes  two  ships  A and  ' 
B,  the  ship  A proceeding  towards  east  at  a speed  of  20  -y/2  km./hr. 
and  the  ship  B proceeding  towards  north-east  at  a speed  of  20  km./hr.' 
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7 


Find  in  which  direction  and  with  what  speed  the  ship  B would  appear 
to  more  to  a man’  standing  on  the  deck  of  the  ship  A. 

. ' , (Roorkcc  Entrance) 

Sol.  Let  O be  the  position  of  the  observer  in  the  light-house. 
Let  the  velocities . of  the  ships  A and  B be  represented  in 
magnitude  and  direction  by  OA  and  OB 
' — ......  ~ ~/2,  OB*=20. 

>=O4»=20\/2. 

■ , ■ Tsed  velocity 

of  the  ship  A.  Complete  the  parallelogram 
ODCB,  Then  the  diagonal'  OC  represents 
m magnitude  and  direction  the  velocity  V 
of  B relative  to  A.  Also  /BO/?=45°+90’ 
or  £BOD~  135°. 

Then  V=  resultant  of  velocities  repre- 
sented by  OB  and  OD 
*~VKon)>+(ODy 
+2(0 B)  (OD)  cos  135°]  (Note) 

«VI(20p+(20V2)J 
;+2(20)  (20V2)  (—!/%/ 2)] 

« (20)  VII +2-21= 20 

20  sin  1355 

, then  tan  0=  20  V2+20  cosT35°' 

Wn  *"  “ *40—20  45 

0=. 450  i.e.  OC  is  in  the  south-east  direction. 


A 

> 

0 

/ys| 

f 

o 

. .(Fig.  8) 


Also  if  £COD*= 


(Note) 


Hence  to  the  man  standing  on  the  deck  of  A,  the  ship  B would 
appear  to  move  with  velocity  K=20  km./hr.  in  the  south-east 
direction.  ' Ans- 

Ex.  9 (a).  A ship  Is  sailing  at  a speed  of,  20  km./hr.  in  the 
north-east  direction -and  to  the  man  sitting  In  the  ship  the  wind 
appears  to  Mow  at  a speed  of  32  km./hr.  from  the  north.  Find  the 
absolute  velocity  (upto  one  decimal  place)  of  the  wind  and  also  the 
Angle  (In  degrees)  which  this  absolute  velocity  makes  with  the  north. 

7 (Roorkee  Entrance) 

' Sol.  Let  OA  and  OB  represent  in  magnitude  and  direction 
the  velocities  of  the  ship  moving  in ' the  north-east  .direction  ana 
the  relative  velocity  of  the  wind  from  the  north  relative  to  the  man 
O,  on  the  ship.  ,, 

, The  velocity  of  the  ship  is  given  to  be  20  km./hr.  and  the  rela- 
tive velocity  of  the  wind  to  be  32  km./hr. 

v Now  the  relative  velocity  of  the  wind  is  the  resultant  of  the 
.reversed  velocity  of  the  ship  and  the  absolute  velocity  of  the  wind. 

‘ Let  OC  and  OD  , represent  in  magnitude  and  djrecUon  the 


of  o* 


- fFlE'  ^ ...  . oD**V-  Hfofc!  Til'® 

Sr -0D-V™  .MSA5"-  -lon.oC 

«0«  ia  C>°BC' 

. ,02 4+A00-C  ot  -^r 

_L-  - '-^1280  ■ • 519.04or  V'**M'8. 

s - ^r:%.»*°sc  ■ 

/0&°  sin 
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m./jfc.  find  due  to  Si  -inViS »iS  °1  l,°t‘z°nl"1  r,lls  « speed  of  SS 
. rain  h faijiup  at  ' b'°',lnd'i  the  d reellon  of  the  lr,[D>  the 

the  vertltol  U’hfit  I.  sh?  22  m?klnS  »"  »°2le  of  30-  Trlth 
Silling  in  the  train  ’ * «PParent  'direction  of  the  rain  to  any  man 


OA  aml°Oflranri?«  p0,i,I0J1  of  the  (observer  in  the  train.  Let 
train  nnd°the  rain  ra“8n““de  and  dir,ctio“  the  vjlocities  of  the 


(Fig.  10) 

Produce  AO  to  A\  such  that  OA'-OJ*=44 

' Hide  «nd'dire6tiornPrCrnnlS  u?  r,lwsed  )?I0C‘>  °flh'  •«>"  ■“  m«*ni-' 

Th  ccl  on*  Complete  the  parallelogram  OACB . 

city  0fThe”tSf„aSnai!  °.c  "Prorapts  the  resultant  of  ravened  velo-, 

*I>=  app™o^aobfteraiVn',OC,ty  ^feprcnra 

. ■ In  Zi  BOC,  we  have  ’ 

■ • 11  - OB  44  J2 

Iln  S-  llOC  sin  Z BCO  0T  sin  (e+30*)”  sitt(90'— S) 
or  o„„  (see  Fig.  10  above)  • 

s O-sin  («+30’)=sin  6 cos  30*+ cos  > sin  30* 

■ , ^“<sin  «)  (V3/2)+(cos  ,0)  (1/2) 

or  Ms  9”V3  sin  0 or  tan  P-V3-tan  60* 

"“60*  tvhich  gives  Z FOC-«+30;-60”+30*-90* 

the  direction  of'r  aP1[’ar'nt  directi<’n  of  the  rain  is  at  right  angles  to 
..  ircctton  of  its  absolute  velocity. 

speed  of'  ion  !s  °lins  ,t"rards  east  over  a city  A at  a 

flying  in  the  nnw*’  * * mImfles  another  fighter  plane  starts 

sonth  of  A."  « ^ tdirCCt'0n,  fr0m  a P°int  B>  »««■■«  a t 40  to! 
5»y -catch  the  firsf-pTane  ?^peed  the  ,secoDd  P,ane  shoD>d  By  so  that  It . 

, Sol.  Let  the  second  plane  start  from  B with  a velocity  K ' ‘ 
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, Resultant  velocity  \/(«74-v5)  of  P will  be  in  the  direction  Al 
making  an  angle  « with  AC. 


tan  aw*(r/tf)  whence  sin  a^v/\/(u3+vJ),  cos  a— i//\/(uJ*f  v3), 
From  C draw  straight  line  CL  perpendicular  to  the  resultant 
velocity.  This  distance  CL  would  be  the  required  shortest  distance. 


CL^=AC  sin  «=AC  »'/\/(u3+v2).  from  (i) 
and  ' AL^AC. cos  m-AGuM («»+**),  from  (i) 

Time  taken  to  cover  the  distance  AL  with  resulting  velo- 
city vV+v3) 

AL  ACuJy/ftfi+v7)  u AC  „ 

" v'(u,+i'\)  “ ~V(u,+ri)  " (u’+t1)'  Hence  proved. 

Ex.  13.  Two  particles  A and  B are  atoriag  In  a plane  In  soch 
a manner  that  the  Hoc  joining  A and  B Is  of  constant  length  a and 
the  velocities  of  A and  B are  In  directions  which  make  angles  a and  p 
respectively  with  AB.  Prove  that  angular  velocity  of  AB  is 
{«  (sin  (a—/?))/(a  cos  P),  u being  the  velocity  of  A. 

Sol.  Let  v be  the  velocity  of  B 

The  angular  velocity  of  ^ / / 

ab ■ *y  w 

i.e.  the  angular  velocity  of  / / 

revive  to  A a . Z-  A* 

AB “ 7^ 

, (See  § 4 Page  2 of  this  chapter)  (Pig*  J3) 

Also  as' the  line  joining  A and  B is  of  constant  length  through- 
out the  motion,  so  in  the  direction  AB  the  velocity  of  A relative  to  B 
is  zero  t.e.  u cos  «— v cos  £=0  or  v=*  (u  cos  «)/cos  p. 

■ Substituting  this  value  of  v in  (i),  we  have  the  required  angular 
Velocity  of  AB 

u sin  a— (u  cos  «/cos  p)  sin  p __  u sin  (g— ff) 

~ AB  . " a cos  p.  * 

*ince  AB—a  (given).  Hence  proved. 

Ex.  14/  A crank  OP  rotates  about  a fixed  centre  O while  the 


Hence  proved. 


(Fig.  14) 


asr#'*’  =*££' 

Aaf  VC^cM  (gWetO  pi 

s*  ****#&-**■  oi-gi 

.or  N«*wve.»i0/  .,  >■ 

.Uoft0t0^  . ^ 

v. 

. u"'11  vc  JJ- -?*■'""*■ dt  j,  m(lv) 

••  ai  „,OP  s'n  ° d'  ' d» 

"3?  ad»  -OP«s  efif5d+0 

■ --'0,’-Sin  * - ® - IT  ed. . 

tswiSsJj£T+  tt'°cc  p„  ,i» : 

~'0?'  siB  i«Jri l ®'|°f  io««*L! 

. • ^°F  -** is *s.4i£& 


(gni^gr+  Sc»«T  Tio. 

-OP-  m „ >tWcUJ  & U 

,V°If;  vrt^i  *“4  w »\p 

So'-  ',vt\oe'"t5,L  Ml'10''’ 

^tfSi  ***** 


Relative  Motion 


AP<==u,t  <md  BQ  =»v./  . ' ...(i 

Let  /.APQ=*8,  then  tan  OPQ^t an  ( n—8)**0Q{0P 


OB-BQ  b-xt 


3 OA—AP  a a— vt 


, from  (i) 


flatan"5  {(vf— b))(a—ut)) 
Angular  velocity  of  PQ—dd}dt 

1 (a— Ut)  v—(vt~ 

-Sj/la- 


l+[(w- 


(a—ut)* 


b)  (-») 


from  (ii} 


• av—bu 
• * fa~U/)2 -f- ( V/ -~S)2~  ’ 

, ; This  angular  velocity  will  be  greatest  when  the  denominator 
(o-wOHtv/-*)’  *s  least 

Let  (a-f-r/0J+(»*~6)W. 

Then  dxfdt^~- 2u  (a— m/)+2v  0 

gives  /=s(ow+fcv)/(n2+v3).  Also  t/2v/<//2=*2»2-f  2v2«positive. 

.v  is  minimum  i.c.  the  angular  velocity  of  PQ  is  maximum 
when  *«(a«+hv)/(u2-{-v2). 

**Ex.  16.  A point  P describes  a circle  of  radius  r with  angular 
velocity  w*  about_ Its  centre  O.  Another  point.  Q mores  so  that  PQ 
(s  of  constant  length  a and  Is  turning  with  angular  velocity  w in  the 
plane  of  the  first  circle.  ProTe  that  angular  velocity  of  OQ,  when  its 
length  Is  B,  Is  [w  (i?2+o2-r2)+iv'  (-/?2+r2-o2)i/(2/?2), 

Sol.'  The  -linear  velocity  of  P and  Q are' rw>  and  aw  acting  in 
the  directions  as  shown  in  the  figure  ' 

• Angular  velocity  of  Q about  O 

_ velocity  of  Q perpendicular  to  OQ  ' * 

~ 7 ~ - - OQ  ...See  § 4 Page  3, 

, *=(II0Q)  (resolved  part  of  rw'  perpendicular  to  resolved 
-part  of  aw  perpendicular  to  OQ). 
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~=(aw  cos  $+rvr'  c os  <}>)IR 


...See  figure  16P- 13 


2aR 


, ('2+J£z£ 


')]■ 


-)  +nr’  ( 2rR~  li 

- - - ’ from“CoS^=(f>!+^-“’S, 

^jRarS^3g£55s 

's&ais;'  ^ 

,mC  ^Directions  ofvandu  are 
at  right  aogies  to  . (h, 

«nPtrelofth=cltcl5-- 

it  is  evident  that 


(Fig.  17)  ' 


.4) 


videntthat  «=*+''  04  O*— - 

Aiso  from  A AOB,  we  hod  that  ^JJbO ^ »»  LOAB  . 

a . ^3 or  roTB  5=3  cos  a 

p "h  cos  (8-*).  if““  © 

aCOS  ““h  (cos  8 cos  «+sin  « sm  «)  „.(li) 

/ h cos  0)  cos  a=&  sin  9 sm  tt.  rirrle  of  radius  r, 

'•  J&kj&s#--*1** by  thc 

re  linear  velocity  v and  aagn^  ^ _ ,.v(Wr)  ...(ilfl 


Hencefor«hcplvar^/<j)and„=V< W« 

If  .he  Place.  ' * *" 

«■«  °n8UlarVl  81  ,0,  See  § 4 Page  3 of  this  ebapte. 


ienateaog....^  - 

v sin  « — \ _ — - — * • - 

; Vt:+4"K->-V“»  . . - 
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•/ b sin  «-f  Va  (sin  ^ 008  <*— cos  6 sitf.a)=0 

\/a  sin  0 cos  ct=(\/0  cos  0—  v'h)  sin  a 

r\:  -j-  . » ».  , ..  x a*—  b cos  6 b sin  0 

Dividing  (n)  by  (iv)  we  get • -- 


...(iv) 


y/a  sin  6 (V'a  cos  d^tfb) 
ay/a  cos  6— by/ a cos2  B-ay/b-\-by/b  cos  0=by/a  sin2  Q 
(fly/a^by/b)  cos  B=b\/a  (cos2  0+sin2  0)-\?ay/bs*by/a-*cay/b 

, , “ y/  (ab)  (y/b+y/a) 

cos «.  V(^)  (VA+yfa)  ‘\/m(VI>+Vey  • 

(av'o-fb\/^)  (V #+  { ° ~ V(ab) + 6}  ...(Note) 


V(<*) 


Hence  proved. 


-vw)+i>  . 

T*.  18.  A point  P describes  a circle  of  radios  r with  uniform 
angular  velocity  to.  Show  that  the  angular  velocity  of  P abont  a 
point  Q distant  ir  from  the  centre  O fluctuates  between  2 to  and 
Sol.  Let  v be  the.  linear  velocity  of 
P,  which  describes  a circle  of  radius  r with 
uniform  angular  velocity  at. 

. Then  v=roi.  ...(i) 

Join  OQ  and  produce  it  meeting  the 
circle  in  A.  \ 

Let  /.POQ^Band  /_OPQ~*. 

Howangular  velocity  at  P about  Q 
___  velocity  of  P perpendicular  to  PQ 

...  r$ 

...See  § 4 Pages  3 of  this  chapter 
.1  v sin  (90°— a) 

PQ  5 


(Fig.  18) 


PQ 

Also  from  A pOQ,  cos  6** 


-r2  cos  6 


..(in) 


r2  cos  0=‘(5/4)  r2~PQ2  or  _Pfi2=(5/4)r2- 
From  Q draw  QN  perpendicular  .to  OP. 

Then  PN^  OP -ON 

PQ.c os  a=r — ($r)  cos  0 or  cos  a=(2— cos  B)  rf(2.PO ) ...(»v) 
• From  (ii)  angular  velocity  of  P about  R 
rat  (2  — cos  8)  r 


*2PQ2 


. from  (iv) 


(2— cos  B)  tor2 


, from  (iii) 


« " 2 [(5/4)  r2—r2  cos  0]  * 

‘ 2ai  (2 — CoS  0)  at  « 

. “ (5—4  cos  6)  ~ 2 5— 4-cos  0 _ 

,This  angular  velocity  is  greatest  when  (5—4  cos  6)  is 
when  cos  0 is  greatest  i.e.  when  0*0. 
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39/RM/l 


Maximum  angglar  velocity  of  P about  (I  +3 )=®2«< 

Also  angular  Velocity  of  P about  Q is  Jeast  when  (5—4  cos  &) 
is  greatest  i.e.  when  cos  6 is  least  i.e.  when  0«=  r. 

Minimum  angular  velocity  of  P about  Q 
3/9))**(2/3)  w. 

/,  Angular  velocity  of  P about  Q fluctuates  between  2<a 
and  (2/3)  o>. 

Ex.  19,  A wheel  rolls  a'  ' 

v.  Show  that  tbe  actual'vel  ’ 1 

point  of  contact  of  the  wheel 

Sol.  Actual  velocity  of  P is  the 
resultant  of  two  component  velocities 
(i)  a velocity  v along  the  tangent  at  P 
and  (ii)  a velocity  y parallel  to  the 
road. 

If  a be  the  angle  between  these 
two  equal  components,-  then  the 
velocity  of  F—resuItant  of  these  com- 
ponents 

2a  cos  Ja 
**2vcos  


(Fig.  9) 


t v AP**2a  cos  and  a is  the  radius  of  the  wheel 
y These  two  components  are  equal,  • their  resultant 

. ■ • . » ‘scribing  coplaoar  coocen- 

— J-  ••  *~J  •*  in  the  same 
,,  . ■ * to  P when 

ther  relative 

au-t-uv 

to  tbe  other  Is  zero  when  cos  ^v-fbu  * 

Sol.  Let  the  directions  of  motion 
of  P and  <?_  mate  angles  p ana  $ 
with  PQ- 

Then  from  &POQ. 
h~a  cot  e+PQ™  90  -« 
a„ft  cos  6~PQ  “s  P°  -W 
b'.acosS+PQsMft  •••(■> 

a->»  oast-PQ^f 
Eliminating  i>a;  from  0)  and  (.D 
we  set  •*  sin  p+<*  «n  £ 

B4  ~(asin  p+bsin  tycos  & 

■ g sin  sfop_ 
or  cos  #«= 

Angular  velocity  of  Q relative  lo  P 


and 

i.e. 

and 


(Fig.  20) 


39/RM/2  j 
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*=> » See  § 4 Page  3 of  this  chapter 

If  this  angular  velocity  is  zero,  then 

v sin  ^ — w sin  p=0  or  sin  <}>=(u  sin  P)fv 


Substituting  this  value  of  sin  <f>  in  (iii),  we  get 
cos  0=  a i£f sin  £)M±£ sin  /?_  g«+&v 
n sin  /3-f £ l(«  sin  /?)/v}  av+3w 


Hence  proved. 


Also  from  the  figure  we  can  prove  from  A PKQ  that 

9O’~0=/H*(9O’— $ or  0=<£~j 3 ...(iv) 


Now  velocity  of  Q relative  to  P 

= \ZI(v  Cos  u cos  P)2+(v  sin  <f>—u  s*n  /S)2],  See  § 4 Page  3 
“V[v2-f«2— 2«v  (cos  ^ cos  £-f-sin  $ sin  p)] 
t=v/[u2+yJ— 2«v  cos  fc5-£))=v'(«2*H2-2«v  cos  0),  from  (iv) 
Ex.  21.  Two  points  P and  Q start  simultaneously  from  the 
same  point  O,  move  uniformly  in  a circle  and  in  a straight  line  which 
touches  the  circle,  respectively,  each  with  a speed  v.  Find  the  magni- 
tude and  direction  of  relative  velocity  of  P with-respect  to  Q at  any 
instant,  and  also  its  respective  path.  * 


Sol.  OA  is  a line  touching 
- the  circle  with  centre  C at  O.  Let 
the  positions  of  the  particle  be  at 
P and  Q at  time  f,  where  P is  a 
.point  on  the  circle  and  Q is  a 
point  on  the  line  OA. 

Velocity  of  irrelative  to  Q is 
the  resultant  of  two  velocities  (i) 
absolute  velocity  v of  P acting 
along  the  tangent  PA  at  P and 
00  a velocity  acting  at  P in  the  ' (Fig.  21)  • 

• direction  opposite  to  that  in  which  the  velocity  y of  Q is  acting. 

These  two  components  being  equal,  their  resultant  wili  be  acting 
along  th«  bisector  of  the  angle  between  their  directions  and  if  2<f>  be 
the  angle  between  these  components  then  their  resultant=2v  cos 
acting  along-  PB  (see  figure)  and  it  can  be  proved  easily  that  PB  is 
parallel  to  CA.  Also  CA  is  perpendicular  to  OP.  Let  A POA—B, 
then  A OCA^B  or  L OCP=29.  Hence  .arc  OP=a.  20,  where  a is 
the  radius  of  the  circle  and  0P*=2.0C  sin  0=2a  sin  0. 

Since  velocities  of  P and  Q are ‘the  same,  so  OQ=*  arc  OP~2a9. 

Referred  to  Q as  origin  and  OA  and  OC  as  coordinate 
dxes  • we  have  the  coordinates  of  Q as  (2 aB,  0).  - 

. . And  the  coordinates  of  P are  (OP  cos  0,  OP  sin  0) 
or  - (a  sin  20,  2a  sin2  0),  y OP~2a  sin  0 

V.  If  the  coordinates  of  6 with  respect  to  P are  (xf  y) 
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then  xv=2a  0—a  sin  2&=a  (29~ sin  20)  —(0 

and  y^2a  sin1  Br^a  (1  —cos  2D)  ■ .**(«) 

Equations  (i)  and  (li)  show  that  the  path  of  Q relative  to  P is  a 
cycloid. 

Exercises  on  Relathe  Motion 

Ex.  1.  To  a man  walking  at  a rate  of  2 km/hr.themn 
appears  to  falJvcrtically,  When  he  increases  his  speed  to  4 kras/hr., 
it  appears  to  meet  him  at  an  angle  of  45°,  find  the  real  direction  and 
speed  of  the  rain. 

Ex.  2,  To  a man  walking  at  6 km/h r.  along  a road  running 

i*  • .*  * '*  r.  • ■ hile  to  a cyclist 

• 1 1 * ■ ‘ . • ■ . ■■  ■ -s  to  come  from 

■ ■ ‘ - of  the  wind.  • 

Ex.  3.  On  .board  a ship  steaming  due  east  with  velocity  2v* 
the  wind  appears  to  blow  from  the  sout-east,  while  on  board  ship 
steaming  due  north  with  velocity  v it  appears  to  blow  from  the  west. 
Find  the  actual  velocity  and.dircction  of  the  wind. 

Ex.  4.  A stream,  of  width  (1/2)  km.,  /lows  with  a velocity  of 
}£  km/hr.  Find  in  what  direction  a man.  who  swims  with  a .velocity 
of  2*  km./hr.,  should  start  in  order  to  cross  the  strerm  perpendi- 
cularly. 

' MISCELLANEOUS  SOLVED  EXAMPLES  . 


•tx,  r.  ah  nvivpmwi  Dies  in  a horizontal  line  with  velocity  u 
relati*e  to  the  air  which  has  a velocity  v Hue  east.  If  the  machine  is 
moving  in  a direction-  making  an  angle  a with  cast,  find  Jhe  direction 
in  which  it  is  pointed. 

Sol.  Let  A be  the  aeroplane’s 
position. ' It  is  m°vins  <»  tb.e,.d‘r=c; 
tion  /«!  making  angle  * with  the 

of  velocity  of  air. 

Let  the  verity  of  “f 

velocity  equal  and  opposite  «.(  , 

W ' Complete  the  , 

actually  woven  the  d,rec 
' "Let  L.  BAC-P-  \ 

' ' ThenfrontA^the 

CB  AC  , 


by  AD.  ■,  [' 
^D.  Them 
- velocity  «'  > 


will 
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§§4iilil;p5 

/,  “s  *■  "fare  « is  (he  angle  betmen  ih?  !b ,t,|“44  relative 
Also  sl,„,;  that  (heir  relative  path  Is  Hoes' 

Sol  ' Le,  „ " "~J'  C0S  sin  «)//]  ,, 

f «.C0«"-O,1“"dOJ'.*»™uE.,OperptDdicu,flrtoO/li  as  coord. 
Then  if  MW  


—0);  j>=i/»t_u-ao 


Pesitioittof^  ih»r  lim.e  ’•  <ie 
of 

respectively  i-r,\sia  *) 

‘reond’n.i!!?  '“Ordinates  of 
be  (jc,  y)_  -atlvc  t0  fast  particle 

Then  *-y»i 

, J^:::Tiasthestw^. 

- iv55S^S- fct  pis** a -< 

==  V(o!-2 u/i  cos  «+/^  m-vJ-p1  SU1  «H  f™n  (iii),  (iv) 
The  velocity^  |s  ,ras  + *»»  V • 

»«.»" c-  * , he  etpta.io 
w ■ ; ■ ' *.sin  «-"£.«  “S  “ a"d  subreacti„g  w 

or,  ' ; •„  *) !=fa!sms«)  ,2  . 

,E_  •(*  sin  «_j,  50s  a)jrarf2„(f  .sin!  «)  [2>Zfsin  a}  from  /m 

w£"?»  s,affafpi>(h\.,„c!.-enCf.Proved- 

race-  to  vcer 

,*  • fhe  ^nd  blows 


—wo 


■•■(iv) 


or' 


r.'Sllt  ""E'cs  <0  hi. 
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993-44 


coarse,  and  if  T be  the  time  of  race  ; show  that  the  length  of  course  is 
{(vT  tan  a)/«)  log  (2  cos  a).  ; ' 

Sol.  Let  O be  the  point  of  start  and  A that  of  finish  of  the 
race.  Actually  the  wind  blows  at  right  angles  to  the  course  OA  hut 


appears  to  the  man  making  angles  a and  2x  with  OA  at  0 and / 
respectively.  Let  actaal  velocity  of  the  wind  be  V which  is  umfonr 
*~and  always  acts  at  right  angles  to  OA.  . 

At  time  /,  let  the  man  be  at  P,  such  that  OP*=x,  say  and  Id 
the  wind  appear  to  blow  in  a direction  making  an  angle  8 withCM 
at  P.  * ■ 

Since  the  direction  of  the  wind  veers  round  uniformly 

</0/<ft=constants=a>  (say)  * — (0 

Also  in  time  T,  i.e.  in  moving. from  O to'^4,  change  in  the 
angle  . —2*— a=a 

eu=«/r  or  from  (i)  d0fdt*=*/T  ,..(») 

Also  at  start,  tan  a.—  Vjv  and  at  P,  tan  0^V/(dxldt) 
or  ~£-  = V$otdor'£-.‘^-=*VsotOor  |.=  Fcot0,  from  (ii) 

dx  TV  cot  0 Tcotfl  . ’ y . 

or  . -rr=  — = ■ v tan  a,  from  tan  «==  — 

dff  * a , v 

_ . Tv  tan  a[3*  . a Twtan  a f.  . „lu 

> Integrating,  OA «=  — J ^ cot  6 d6=*  — I log  sin 

Tv  tan « „ . . , . 

— [log  sin  2x— log  sm  a] 

„ jUBS?  l0B  gBi*}  = i„g  (?  cos  *> 

•Ex.  4.  To  the  man  walking  towards  east  with  a speed  of 
4 kms/hr.’tbe  wind  appears  to  blow  directly  from  the  north.  It 
appears  to  blow  from  north  east  when  be  doubles  bis  speed.  Find  the 

absolute  sclocity  and  direction  of  the  wind.  (Rootker  Entrance) 

Sol.  Let  V km./hr.  be  the  absolute  velocity  of  the  wind. 
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Case  I.  Wien  the  man  is  walking  at  a speed  of  4 km./hr. 


Let  OA  and  OB  represent  in 
magnitude  and  directidn  the  velo- 
cities of  the  man  in  eastern  direction 
and  the  relative  velocity  of  the  wind 
blowing  in  the  northern  direction 
respectively. 

Let  OA’  and  OD  represent  in 
magnitude  and  direction  the  reversed 
velocity  of  the  man  and  the  absolute 
velocity  V of  the  wind.  Complete  the 
.parallelogram  OA'BD. 


Let  / AOD*=0, 
then  4 ok'B^O, 


(Fig,  25) 


4 OBA’^90°-0 
. . . In  A OBA\  we  have  • 

OA' A’B 

sin  90° 


V 
= 1 


. • sin  " sinyo"  cosu  x 

or  V cos  0s=4  , 

Case.  II.  When  the  man  doubles  his  speed. 

In  this  case  the  speed  of  the  man  is  8 km./hr.  Hicection 

Let  OC;  OC\  OD  and  OF  represent  in  “aS^solute  velocity 
the  velocity,  of  the  man,  his  reversed  velocity,  ^ . Then 

of  the  wind  and  the  relative  velocity  of  the  wind  r p ' 

L FOC'~ 45°,  as  the  wind  appears  to  blow  from  noi 
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Let  the  bullet  strike  the  coach  at  A with  velocity  V kra./hr.  at  , 
an  angle  a,  where  sin  k=3/5  (given). 

Since  the  bullet  moves  in  the  direction  of  the  diagonal  AC  with* 
■in  the  coach,  so  this  is  the  direction  of  the  velocity  of  the  bullet 
relative  to  the  train. 

Let  AE  represent  in  magnitude  and  direction  the  reversed  velo- 
city of  the  train  and  AF  the  absolute  velocity  V of  the  bullet. 

Complete  the  parallelogram  EAFC,  then  A C will  represent  in 
magnitude  and  direction  the  velocity  of  the  bullet  relative  to  the 
train. 

Let  A BAC*=0,  then  tan  0=  jg  — 3 


Now  in  A ACF  we  have 


i.e. 


V 

sin  (180° 


28 


AF  ^ 
sin  A ACF 
V 

sin  0” 


sin  A CAF 
28 


-0)  sin  (0— a)  sin  0~  sin  (0— a) 

V (sin  0 cos  a— eos  0 sin  a) —28  sin  0,  where  sin  7=3/5  (given) 
and  tan  0=4/3  (Proved  above) 
or  V 1(4/5)  (4/5)— (3/5)  (3/5)] =28  or  V (7/25)  28  (4/5) 

«■  28x4x25  * 

or  ”7x5  **  '!  Henc©  proved. 

Again  if  Vi  kro./hr.  be  the  relative  velocity  of  the  bullet,  then 
AC  represents  V and  from  A ACF  we  have 

A C __  AF  n V'  _ V 
sin  A AFC  sin  A ACF°*  sin  a=  sin  (180'’— 0)“ 
or  V‘  sin  0=  V sin  <x.  or  V'  (4/5)=80  (3/S)  or  V'~60  krn./hr 
Also  in  A ABC>  we  have 

AC~  y/[{ABy+{BC?]=  V[(l8)2+(24)5]=30  dm. 


AC= 


30 

10x1000  ' 


' 1000 


k ~ km. 


The  time  taken  by  the  bullet  in  moving  from  A to  C 


AC 

= y< 


X ?rr-  hr.  • 


~\r  1000  '60 


■ 3 

: 1000" 


9 


JL  second.  ‘ 


= 50  “v’ • . ■ Hence  proved. 

*Ex.  7.  If  an  aviator  flies  round  a triangular  course,  each  side 
of  which  is  c kins'.-  long,  while  the  wind  blows  at  u kms.  per  horn- 
parallel  to  one  side,  show  that  he  takes  c [v*+-/(4»*-3 «2J 
hours  to'  complete  the  circuit  in  either  direction,  v being  his  velocity 
relative  to  the  air. 
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Sol.  ABC  is  the  triangular  course. 
4B,  BC  and  CA.  Let  the  wind  blow  at 
the  side  BC.  ' _ - 

' v is  the  velodty  of  the'  aviator 
relative  to  the  air  and  is  directed 
in  such  a ’way  that  the  apparent 
velocity  remains  along  the  side  AS. 

At  time  t,  let  the  aviator  be  at  B 
moving  with  a velocity  along  AB: 
Then  this  velocity  V at  P is  the 
resultant  of  (i)  a velocity  « of  the 
, wind  acting  parallel  to  BC  and  (ii) 
avelocity  v of  the  engine  making  an 
angle  <f>  (say)  with.  AB. 


The  aviator  flies  along 
u knis.-hour  ’’  parallel  to 


Then  we  get  -jn  j2qo  “ sin  (WT-ft  “ sin  $ ...(iV 

From  (i)  we  hove  s-_  - o t m*- — 

it'  ein  ::  cos  f = VU—  S'«J  ^)='\7(4vJ— 3«J)/2v 

Also  From  (i)  we  g«  = siTHc* 

or  siu  (60°— ^)=“-,[sin  60*  cos^—cos  60°  sin$ 

‘ J2v  fv^  V(4yi-3iF)  \ uVM  ■ - ' 

“ V3'  t'2  2t  >'  2v  J 
« V™W(*?-3ur)- 1»,  . . ' • ♦'  ...(!)) 

which  is*the  velocity  with  which  the  aviator  moves  along  AB.  ' This 
Will  also  be  the  velocity  with  which  the  aviator  will  move  along  ■ CA. 
Hence  the  time  taking  m moving  from  A to  B or  C to  A is  equal 
. c/V,  S'mce  A 1 **  " - 

Now  when  the  aviator  moves*^long  BC,  the  wind  is  also  blow- 
In? m l^c  sai^c  direction  and  as  - such  the  velocity  with  which  the 

aviator  moves  along  BC  is  (u+t).  , . ‘ 

*'*  t,me  tflhing  in  moving  from  B to 

H-fv  #-fy 

The  total  time  taken  in  completing  the  circuit 

■ + "+’  “ i^=b)=J5  .+~di ; fI'°®  00 

; ...  . . 

, rationalising,  the  'dehorn. 
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Sol.  ABC  is  the  triangular  course.  The  aviator  flies  along 
'AB,  BC  and  CA.  Let  the  wind  blow  at  u kms.-hour  parallel  to 
the  side  BC. 


’ v is  the'velocity  of  the-  aviator 
relative  to  the  air  and  is  directed 
in  such  a ’way  that  the  apparent 
velocity  remains  along  the  side  AB. 
At  time  t,  let  the  aviator  be  at  B 
moving  with  a velocity  along  AB. 
Then  this  velocity  V at  P is  the 
resultant  of  (i)  a velocity  u of  the 
wind  acting  parallel  to  BC  and  (ii) 
a-velocity  v of  the  engine  making  an 
angle  (say)  with  AB. 


Then  we  get  sjn  ,20>-  - sjn  " sjn  $ ...(i) 

,,  , v u sin  120° 

From  (i)  we  hove  = s1;n26-  °t  am  #-  v 

•^1  cos  ^ = \/(l—sin1  «=V(4v!-3o3)/2v 

2v  ’ * 

V 


sin 

Also  from  (i)  we  get 


-$) 


‘sin  1206 


K=  ^ sin  (60”-fl=  £ .[sin  60"  cos  ^-cos  60"  sin 


2v 

W3 


-i- 


nV3  1 
2v  J 


...(D) 


'V3  • 

fV3  vT4v*-3iF) 

[2  T? 

or  . 

which  islhe  velocity  with  which  the  aviator  moves  along  AB.  ims 
will  also  be  the  velocity  with  which  the  aviator  will  move  along  04. 
' Hence  the  time  taking  Jn  moving  from  A to  B or  ^ o i 
to  c/V,  since  AB=c=CA. 

‘ NoW  ivhen  the  aviator  moves  along  BC,  the  wind  « also  blow- 
ing in  the  same  direction  and  as  such  the  velocity  vvi  \ 
aviator  moves  along  BC  is  (u-fv)- 

_ sc.  c 

time  taking  in  moving  from  B to  C—  1=8  K-j-y 
' The  total  time  taken  in  completing  the  circuit 

4c  _ . — L , from  (ii) 
[Vr(4v2— 3«2)r'»]  - u+v 


=2v  + t 


1 4c  [V(4v2— 3h*)+»] 
(4v2— 3»2)— 


£_  rationalising,  the  denom. 
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Now  CF~  OC  sin  45°,  from  A COF 

—(15/2)  (1/v'2)=(!5/4)V2  km.  Ans. 

Also  time  taken  io  moving  from  6 to  F with  velocity  5y/2 
km./hr. 


=2  hr.=45  min. 


CF  _ 15\/2  _1_ 

~ 5v/2“  4 5-v/2 

Required  time  when  the  distance  between  the  person  will 
be  least  is  12—45  P.  M.  * Ans. 


Ex.  9.  Two  straight  roads  meet  at  nn  angle  of  60°.  Initially 
one  man  is  at  a distance  of  100  decimetres  on  one  road  from  the 
crossing  end  the  other  at  a distance  of  200  decimetres  on  the  other 
road  from  the  crossing.  They  start  moving  at  the  same  instant  with 
same  velocity  towards  the  crossing.  Find  the  distance  of  these  men 
from  the  crossing,  when  the  distance  between  them  Is  least. 


-dm.  and  OB^ 200  dm.,  be  A\  and  J3t  respectively. 

Then  AAi=vt—BBi 

CMi  = I00~vf  and  OB^lQQ-vt 

. . *.  ’ OAF+OBf-AtBf  ■ 

, ' In  A OAtBu  we  have  cos  60  — 2TdAK-dB\  ~ " 

AiBi*i=*OAy2.-\-OB{l~20Ai:OBi  cos  60° 

’or  - 52= (100 - v/)1  -f  (200— v/)2— 2 (i 00- >7)  (200- v/)  (1/2), 

* ' •’  where  AiRj—  i(say) 


DV.no' 


Ltn'c5 


^.q^VOO  vi+vlli’  ° dJ  1)„av1=s+V! 

^°°°\  ^00'+2v’,,3r  lv,^oo-° 

. 4-  C’1^  J (s*)  «=o  W-  1 ■ 

• ■ 1)1  . „m  when  "dT  . nctiOO 
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ontW 
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or  t= a ua~^v+(av—bu)  cos  a - 

H2+vJ-f  2uv  cos  a ...(i) 

We  find  from  geometrical  considerations-that  as  time  elapses 
the  distance  between  the  two  cars  increase,  hence  there  is  no  possi- 
bility of  getting  a maximum  value  of  the  distance  R. 

.**.  The  value  of  R corresponding  to  the  value  of  /,  given  by 
(i)  is  least. 


when  R is  least  we  have  the  required  ratio 

a— it  ua—bv+(av—bu)  cos  a "} 

OA{  a—ut_  i »2-f  v2+2uv  cos  g 
OB\  b+vt~~  , _ f au—bv+(av—bu)  cos  a 

» J_  m2+ vJ-b 2i/r  cos  a 

[v*a+-uav  cos  a+ubv+bu*  cos 
Su1  -f-  uva -\-buv  cos  a-j-av2  cos'aj 
_ \a  (v-f  u cos  a)  -f  bu  (t’+»  cos  g)  ' . 

~ bu  (k+v  cos  a)  + av  (r/-f  v cos  a) 

_ (v-f-u  cos  «)  (av+bu)  v-f-u  cos  « 

• — («+v  cos  a)  (bu+av)  1=5  w+v  cos  a 

(b)  In  this  case  at  start  first  car  is  at  a distance  d from  O and 
’second  is  at  O. 

1*.  In  part  (a)  above  OA=d and  05—0  *” 
i.e.  put  a~d  and  6=0  in  part  (a)  above. 


J 


, from  (i) 


From  (i)  of  part  (a),  we  have  time  t corresponding  to  the 
least  value  of  R as  d (u-f-v  cos«et)/(u2+v24-2;/r  cos  a).  Hence  proved. 

‘ Ex.  II,  A battle-ship  which  can  steam  at  12 y/3  knots  sights 
a cruiser  at  a distance  of  10  miles  due  to  east  of  her.  If  the  cruiser 
steam  dne  north  at  24  knots,  find  the  course  the  battleship  should 
steer  to  get  as  close  to  her  as  possible  and  find  also  the  shortest  dis- 
tance between  them.  ", 

Sol.  Let  A and  5 be  the  positions  of  the  battle-ship  and 
cruiser  respectively.  Let  the  battle-ship,  to  get  as  close  as  possible 
to  the  cruiser,  start  at  an  angle  6 north  of  east.  • . 

Now  Suppose  that  the  cruiser  is  at  rest  and  the  battle-ship  is 
moving  with  relative  velocity  (which  is  the  resultant  of  its  own  actual 
.velocity  12  V3  knots  and  that  of  cruiser’s  reversed  actual  velocity  24 
knots)  and  in  the  relative  direction. 
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As  the  battle-ship  is  to  get  as  close  to  the  crutser  as  possible  its 
velocity  relative  to  the  enmer  should  make  as  ' &iali  an  angle  as  , 
possible  with  AB.  , • ' (See  fig.  33  below) 


(Fig.  33) 

U.  angle  <f>  is  to  be  tniaimum  or  the  angle  FAD  is  to  be  the 
maximum.  The  angle  FAD  will  be  maximum  when  DF.  is  perpendi- 
cular to  A,F  and  in  that  case 

sin  A FAD~  ~ or  Jin  8=  ^ore~60°  ’ . 

• , A U 24  2 

Also  the  shortest  distance  between  them  / 

• (BC  is  perpendicular  distance  from  B upon 
the  relative  direction  of  A) 

=*A& sin  $=I0  sin  (90®— 9),  7 4.5=10  (given) 

= 10  cos  0=10  cos  60°~5  miles.  . Hence  the' result. 

Ex.  12.  Two  cars  A and  B are  running  on  mutually  perpendi- 
cular roads  at  speed  of  40  and  20  km/hr.  A crosses  the  crossing  of 
the  roads  when  B has  yet  ‘ to  cover  SO  km.  to  reach  the  crossing^  • . 

‘After  how  much  time  these  cars  will  be  nearest  to  each  other  and 
what  would  be  least  distance  between  them. 

Sol.  Let  the  car  A ’move  along  XOX'  and  the  car  B along 
YOY\  -* 

‘Let  the  car  B be  at  K when  the  car  A is  at  the  crossing  O. 

Then  according  to  the  problem  OK*=50  km. 

After  time  t hours  let  the  car  reach  the  point  P from  O and  the  . 
car  JB  reach  the  point  Q from  M. 

Then  according  to  the  problem,  wc  have  ■ j 
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OP~  40  t and  A'{?=  20  / 

. ; OQ~OK~KQ,^50-2Q 1 

Now 'in- A OPQ,  we  have  PQ'^OPt+OQ2 
or  (/>2)i^(40  /)J+(50  — 20  /)2=t600/*-f2500-M00f2-2000  t 
or  - ,(RG)-=500{4/*-4/+5) 


(Fig.  24) 

■ • ■ Let  (PQ)**=s,  then  from  (0  we  get  5=500  (4fJ— 4/-J-5) 

• Now  PQ  is  minimum  when  s is  minimum 

i.e,  when  ^--= 0 i.e.  when  500  (8 1— 4) =0  i.e.  when /=£ 

The  minimum-  value  of  i from  (i)  is  given  by 
(F02=5OO  [4 X (1/4)— 4 (t/2)+5j=2000 
or  pq=  v/(2000)=20v'5  km.  . 

• Hence  the  two  cars  A and  B will  be  nearest  after  £ hour  from 

the  instant  the  car  A crosses  O and  'the  least  distance  between  them 
would  be  20^5  km.  Ans. 

EXERCISES  ON  RELATIVE  MOTION 
.Ex.  1..  Thc'position  of  point  P is  defined  by  x=t,  y—2t  and 
that  of  another  Q by  x=3f,  y—5t\‘ 

Show  that  the  path  of  Q ' relative  to  P is  a parabola  and  find 
the  velocity  of  Q relative  to  P when  /= 3. 

: . (Hint.  See  Ex.  2 P.  IP  of  this  chapter)  Ans  V(I97)  units/sec.' 

Ex.  2.  Two*  straight  railways  converge  to  a level  crossing  at 
angle  a ; and  .two  trains  distant  respectively  a and  b from  this  point 
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are  moving  towards  it  with  speed  ,u  and  v respectively.  • Find  when 
and  where  they  are  nearest  to  each  other  and  prove  that  their  least 
distance  apart  is  {(av—bu)  sin  «}/V(w2-Fv2—  2uv  cos  a),  - ‘ - 
(Hint.  See  Ex.  10  Page  28  of  this  chapter). 

Ex.  3.  _ Two  points  A and  B move  with  - uniform  velocities  u,  v 
io  two  straight  lines  containing  an  angle  prove  that  the  time  from 
the  position  in  which  AB  is  least  to  that  in  which  it  is  double  its 
least  value  is  VO)  cm  sin  a/O^+v2— tiv  cos«),  where  c is  the  distance 
/IjBavhen  A crosses  the  path  ofJ3.’  * * 

Ex.  4.  To  a man  walking  towards  north-east,  the  wind  appears 
to  blow  from  'the  north.  But  when  he.doubles  his  speed,  then  the 
.wind  appears  to  blow  from  north  to  east  at  an  angle  cot-1  2.  Find 
the  direction  of  the  absolute  velocity  of  the  wind. 

Ans.  Wind  blows  from  east. 
Ex.‘  5.  A ship  A is  sailing  from  the  port  X .at  a speed  of  25 
kmihr.  towards  west.  Another  ship  B',  which  was  stationary  at  a 
port  Y situated  at  a distance  of  30  km.  from  X in  south  east  direc- 
tion, starts  sailing  after  half  an  hour  at  a speed  of  20  kra/hr.  in  the 
north-western  direction.  Find  at  what  time,  the  ships  will  be  nearest 
to  each  other,  after  A leaves  the  port  X.  - (Roorkec  Entrance) 


